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Understanding the order of operations 
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Rounding and decimal places 
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Polygons 
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Converting between units of measure 
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Congruence, symmetry and similarity 
Congruent triangles 
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Symmetry of special shapes 
Recognising similar shapes 

Similar triangles 
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Expanding brackets and factorising 
Expanding brackets 

Factorising by taking out common factors 
Expanding the product of two brackets 
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Area of triangles, parallelograms 
and trapeziums 

Problems involving perimeter and area 
Circumference and area of a circle 
Drawing 3D shapes 

Elevations and plans 

Volume of a cuboid 

Volume of a prism 

Volume of a cylinder 
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Finding the mode and median 
Calculating the mean 

Using the three types of average 

Using frequency tables to find averages 
Modal class and median of grouped data 
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Range, quartiles and interquartile range 
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Constructing triangles 
Perpendicular lines 

Constructing and bisecting angles 
Loci 

Regions 

Scale drawings and maps 
Chapter review 


Linear equations 

Solving simple equations 
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Working out a percentage of a quantity 
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All set to make the grade! 


Edexcel GCSE Mathematics is specially written to help 
you get your best grade in the exams. 


Loads of practice to help 


Section objectives show 
what you'll be learning. 


you feel secure before 
you move on. 
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Full coverage of the new- 
style assessment objective 
questions - AO2 and AOS. 


‘Focus on AO2/3’ pages 
demystify the new 
assessment objectives. 


A fully worked example of 
an AO2/3 question... 

... makes other AO2/3 
questions on the same 
topic easy to tackle. 


© Apre-check at the start of each chapter helps you recall what 
you know. 


© Functional elements highlighted — within ordinary exercises and 
on dedicated pages — so you can spend focused time polishing 
these skills. 


© End-of-chapter graded review exercises consolidate your 
learning and include past exam paper questions indicated by the 
month and year. 


Crystal-clear worked 
examples - step-by-step 
guides to answering 
questions correctly, with 
helpful hints and reminders. 
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The light frorQiGon the ship every 
The light fror@000in the ship ever (@aNEnHD 
Both lights started at the same moment, 

How often do both lights shine on the ship at once? 


active ActiveTeach is enriched 
with BBC Active video 


clips to bring maths to life. 


Scribble pad adds space to 
enable on-screen working. 
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"Page Resources 


Use tracking to 
record overall class | 
understanding of 

each topic. } 


examzone provides a range of 
exam preparation 


EX) The number 48 can be written in the form 2" X 3. 
Find the value of n. 


including ‘Watch the Examiner’ 

videos, examiner reports, 

graded mock exam answers, dont panic RF) 
and a dedicated section for 5m 
the classroom-based 

revision phase. 
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Assessment Objectives define the types of question that are set in the exam. 
Assessment oe ; Range % of marks 
eek What it is What this means e Z 
Objective in the exam 


Recall and use knowledge — Standard questions testing your 
A01 ’ : 45-55 
of the prescribed content. knowledge of each topic. 


Select and apply Deciding what method you need to 


mathematical methodsina use to get to the correct solution to 
range of contexts. a contextualised problem. 


Interpret and analyse 
problems and generate 
strategies to solve them. 


Solving problems by deciding how 
and explaining why. 


The proportion of marks available in the exam varies with each Assessment Objective. Don't miss out, make sure 
you know how to do AO2 and A03 questions! 


Katie wants to buy a car. 
, faa 4 a , She decides to borrow £3500 from her father. She adds interest of 3.5% to the 
is just needs you ‘ : F ‘ 
(a) readand understand | loan and this total is ne amount she must repay her father. How much will Katie 
the question and | pay back to her father in total? 


(b) decide how to get the : 
correct answer. aaa nae GEAR UINNEEE aI opengl eae ape ronEe en Bee taps cate dove eiana es inpananivandia cimneu A Sle ARR GAG 
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What does an AO3 question look like? 


Rashida wishes to invest £2000 in a building society account for one year. 
= - The Internet offers two suggestions. Which of these two investments 
Here you need to 
read and analyse the 
quection, Then nse your CHESTMAN BUILDING SOCIETY 
| mathematical knowledge 
to solve this problem. 


| gives Rashida the greatest return? 


DUNSTAN BUILDING SOCIETY 


£3.50 per month 


5 : 
Plus 1% bonus at the end of the year 4% per annum. Paid yearly by cheque 


We give you extra help with AO2 and AO3 on pages 274-287. 
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What does a question with functional maths look like? 
Functional maths is about being able to apply maths in everyday, real-life situations. 

MRSS SEE DPS OY. eRe Range % of marks inthe exam 
Foundation 30-40 
20-30 


Higher 


The proportion of functional maths marks in the GCSE exam depends on which tier you are taking. Don’t miss out, 
make sure you know how to do functional maths questions! 


In the exercises... 


A03: The Wildlife Trust are doing a Survey into the number of field mice on a farm of size 
240 acres. They look at one field of size 6 acres. In this field they count 35 field mice. 
a Estimate how many field mice there are on the whole farm. 


b Why might this be an unreliable estimate? | You need to read and understand the question. 
PSE Sdiamia ne sateieine <i S ea aS Hh Radinn anemia a Boece UASWaihe onmeneuoaciact Follow your plan. 
Think what maths you need and plan the order in 
which you'll work. 


Check your calculations and make a comment 
if required. 
Wc 
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-.-and on our special 
functional maths 
Pages: 288-299! 


Quality of written communication 
There will be marks in the exam for showing your working ‘properly’ and explaining clearly. In the exam paper, 
such questions will be marked with a star (*). You need to: 


© use the correct mathematical notation and vocabulary, to show that you can communicate effectively 
© organise the relevant information logically. 


ResultsPlus features combine exam performance data with examiner insight to give you more information on how 
to succeed. ResultsPlus tips in the student books show students how to avoid errors in solutions to questions. 


wh Plus 


== Exam Question Report 


Plus 
® Watch Out! 


Some students use the term average — make sure 
you specify mean, mode or median. 91% of students scored poorly on this question 
because they did not use the midpoint of the 


This warns you about common mistakes and range to find the mean of grouped data. 


misconceptions that examiners frequently see 
students make. 


This gives a breakdown of how students did on 
real past exam questions. 


Plus 


Examiner’s Tip 


Make sure the angles add up to 360°. 


This gives exam advice, useful checks, and 
methods to remember key facts. 


ResultsPlus in the ActiveTeach 
provides interactive practice for A02 
and AO3 questions... 


Calculate the answer to the question 
using your plan, then check your 
answer and compare your workings 
with our solutions, 
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HCF cannot be larger than 4, 6 ond 8 number) until you can no 
90 not HCF. LCM ts the smallest longer divide by 2. 
number that 4, 6 and 8 go into ~ so 


\ 
Lem. Part (b): Try looking for the 
HCF (Highest Common 
LCM of 4, 6 and 8 is 24, x Factor) and LCM (Lowest 
\ 


Common Multiple). 
24 hours aftor midday Is the next Gay's 
midday. _ 
bee Find the LCM af 4, 6 and 6 
ee 24 
= (24) 


a 
=n Translate the 24 hours into a 
time of day. 


84 ip 2x 2x 3x7 which is unlikely m 
to be linked to 4, 6 ond 8. =r Part (a). Use a factor tree 
Divide 84 by 2 (emallest primo 


Read the question carefully. Work 
out your answer and then check by 
clicking the button below. 


First work out the factors of 12, and then the factors of 18. For 
example, 2 x 6 = 12, 80 2 and 6 are factors of 12 


a) 34und6 


b) 2.Sund6 


Common factors are the numbers that are in both lists, c) A6and9 


_.. and multiple-choice quizzes for each 
chapter to reinforce learning 


a) 2,Gand9 


eo) 23and4 


f 
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We all use numbers as part of our everyday life. Some of the objects that you might use 
every day such as mobile phones and cash cards need to be protected by powerful codes. 
Most of the codes used involve very large prime numbers. 


Objectives (Before you start 
In this chapter you will: You need to: 
© find the lowest common multiple and highest © understand and use positive numbers and 
common factor of two numbers negative integers 
© understand the meaning of square root and © know how to use a number line 
cube root © know your multiplication tables 
© know the correct order to carry out the different © know how to find factors and multiples of 
arithmetic operations whole numbers 
© use a calculator © be able to identify prime numbers 
© apply the laws of indices. © understand index notation. moe 


Chapter 1 Number 


Understanding prime factors, LCM and HCF 


© Why do this? 


© You can express any whole number as the If burgers come in packs of 4 and buns come 

product of its prime factors. in packs of 6, being able to find out the LCM of 4and6 
© You can find the HCF of two or three numbers. is useful to make sure that there are equal numbers of 
© You can find the LCM of two or three numbers. burgers and buns at a barbeque. 


<>) Get Ready 


1. State whether the following numbers are factors of 18, multiples of 18 or neither. 


a 4 b 6 cag d 36 e 12 tars 
2. State whether the following numbers are prime numbers or not. 


a 35 b 31 c 39 d 43 e 5/7 


ee RAs ee “ 
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® Any factor of a number that is a prime number is a prime factor. For example, 2 and 3 are the prime factors of 6. 

© You can write any number as the product of its prime factors. 

© The Highest Common Factor (HCF) of two whole numbers is the highest factor that is common to them both. 
For example, 3, 5 and 15 are all common factors of 30 and 45 but 15 is their highest common factor. 

© The Lowest Common Multiple (LCM) of two whole numbers is the lowest number that is a multiple of both 


of them. For example, the common multiples of 10 and 15 are 30, 60, 90, 120, but 30 is their lowest common 
multiple. 


Wi Example 1 4 Write 120 as the product of its prime factors. 


Method 1 | Divide 120 into factors in stages. 
120=2X60 Each time, divide the last number into its 
=2x2x30 | lowest prime factor and one other factor. 
=2X2X2X15 
=O XxX? X2XS5XS 


“AN 


120=O9xXSX So Ss 


| 2x 2x 2canbewritten as 2°. 
| The prime factors of 120 are 2,3 and 5. 


t 
Risin ( A factor tree can be used to find prime factors. | 
(120) | Divide 120 up into two numbers that multiply to give 120. | 
10 X 12 is not the only way to divide 120. | 
(10) (12) You could use 2 and GO or 3 and 40, for example. | 
Se 5) a 8) l Continue dividing up numbers until prime numbers are obtained. | 


@) (3) P The shaded numbers at the ends of the branches i 
— : 
are the prime factors. 


\ 


So 120=2X2X2X3X5 
=72X% 3X5 


prime factor Highest Common Factor (HCF) common factor Lowest Common Multiple (LCM 


1.1 Understanding prime factors, LCM and HCF 


CEES Finda the HCFandb the LCM of 6 and 10, iad es 


Examiner’s Tip 


a The factors of 6 are 1,2, 3,6. List all the factors of 6. The method of listing factors 
and multiples is best used 
The factors of 1O are 1 ; a. 5, 10. List all the factors of 10. when the given numbers are 


small. 
The HCF of G6 and 10 is 2. 


2 is the highest number that 
appears in both lists. 


b Multiples of 6 are 6, 12, 18, 24,30, 36... <—{ se he ret fewmuitiesof6._| 


Multiples of 10 are 10, 20, 30,40, 50, 60... 


List the first few multiples of 10. 
You will need to continue listing the 

multiples until there is a number that 
appears in both lists. 


The LCM of 6 and 10 is 30. 30 is the smallest 
number that appears 


in both lists. 


CEESESSEED Finda the HCFandb the LCM of 140 and 210, 


140 =2X2X5X7 First express both numbers as the product of their prime factors. 
210=2X3X5xX7 


Method 1 


140=2X2X5X7 Identify the common factors; the numbers that appear in both lists. 
210=2X3X5X7 
= 70 


b LCMof 140 and210=70X2X3 
= 420 


Multiply the HCF by the numbers in both lists 
that were not highlighted to get the LCM. 


Method 2 


Put the prime factors into a Venn diagram. 
The prime factors of 140 are in the blue circle. 

The prime factors of 210 are in the red circle. 

The common factors of 140 and 210 are inside the 
part of the diagram where the two circles intersect. 


a HCFof 140 and210=2X5xX7 
= 70 


The HCF is the product of the numbers that 
are inside both circles. 


bh LCMof140and210=2X2X3X5X7 
= 420 


The LCM is the product of all the numbers 
that appear in the Venn diagram. 


Chapter 1 Number 
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Can the sum of two prime numbers be a prime number? 
Explain your answer. 
[Hint: Try adding some pairs of prime numbers.] 


The number 48 can be written in the form 2” X 3. 
Find the value of 7. 


The number 84 can be written in the form 2” x m X p where n, m and p are prime numbers. 
Find the values of n,m and p. 


Find the HCF and LCM of the following pairs of numbers. 
a Gand8 b 5and 10 c 4and 10 d Gand 18 


a Write 24 and 60 as products of their prime factors. 
b Find the HCF of 24 and 60. c Find the LCM of 24 and 60. 


a Write 72 and 120 as products of their prime factors. 
b Find the HCF of 72 and 120. c Find the LCM of 72 and 120. 


Find the HCF and LCM of the following pairs of numbers. 
a 36 and 90 b 54 and 72 c 60 and 96 d 144 and 180 


x=2X¥2X5,y=BX3X7 
a Find the HCF of x and y. b Find the LCM of x and y. 


m=2x3?x5x7n=2 x 5 
a Find the HCF of m and n. b Find the LCM of m and n. 


Bertrand’s theorem states that ‘Between any two numbers n and 2n, there always lies at least one 
prime number, providing n is bigger than 1’. Show that Bertrand’s theorem is true: 
a forn = 10 b forn = 20 ec forn = 34. 


A ship is at anchor between two lighthouses L and H. 
The light from L shines on the ship every 30 seconds. 
The light from H shines on the ship every 40 seconds. 
Both lights started at the same moment. 

How often do both lights shine on the ship at once? 


Burgers come in boxes of 8. 

Buns come in packets of 6. 

What is the smallest number of boxes of burgers and packets of buns that Mrs Moore must buy if she 
wants to ensure that there is a bun for every burger? 


Sally says that if you multiply two prime numbers then you will always get an odd number. 
Is Sally correct? Give a reason for your answer. 


1.2 Understanding squares and cubes 


Understanding squares and cubes 


© Why do this? 
© You know how to find squares and cubes of whole numbers. If things are packed in squares you can 
© You understand the meaning of square root. quickly work out how many you have 
© You understand the meaning of cube root. using square numbers, for example 


crates of strawberries or eggs. 


<>) Get Ready 
1. Workout a 6X6 Dis2 2? c —3 x —3 


© Asquare number is the result of multiplying a whole number by itself. 
The square numbers can be shown as a pattern of squares. 


cee ARBs 
| we dll Labia 
P=1X1=1 2=2x2=4 JsHsKs=9 4#=4x4=16 
Ist square number 2nd square number 3rd square number 4th square number 


© Acube number is the result of multiplying a whole number by itself then multiplying by that number again. 


The cube numbers can be shown as a pattern of cubes. ys 
SES 
ste Nees 
e Nee NaNges 
SE rg Ng 
B=1x1xX1=1 2=2x2xX2=8 3=3x3x3=2) 
1st cube number 2nd cube number 3rd cube number 


© To find the square of any number, multiply the number by itself. 
The square of —4 = (—4)? = -4 x -—4= 16. 
© 5 X 5 = 25, so we say that 5 is the square root of 25. It is a number that when multiplied by itself gives 25. 
You can write the square root of 25 as 25. The square root of 25 can also be —5 because —5 X —5 = 25. 
© To find the cube of any number, multiply the number by itself then multiply by the number again. 
The cube of —2 = (—2)) = —2 x -2 x -2= -8. 
© —2x —2 x —2 = —8, so we say that —2 is the cube root of —8. It is a number that when multiplied by itself, 
then multiplied by itself again, gives —8. You can write the cube root of —8 as V—8. 


” Example 4 Find a the 6th square number * Py 
b the 10th cube number. 
Examiner’s Tip 
a The 6th square number is 67 = 6 X 6 You need to know the integer squares and 
= 00 corresponding square roots up to 15 x 15, 
b The 10th cube number is 10° = 10 X 10 X 10 and the cubes of 2, 3, 4,5 and 10. 
= 1000 


square number cube nitimbher eqiiare enirare rant anha yin yay ye 
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¥ Exercise 1B 


Ty Write down: 
a_ the first 15 square numbers 
b the first 5 cube numbers. 


From each list write down all the numbers which are: 
i square numbers ii cube numbers. 


50, 20, 64, 30, 1, 80, 8, 49, 9 

10, 21, 57, 4, 60, 125, 7, 27, 48, 16, 90, 35 
137, 150, 75, 110, 50, 125, 64, 81, 144 

90, 180, 125, 100, 81, 75, 140, 169, 64 


a0 oo ® 


Py Example 5 


a (-3)%=-3x-3=9 


a (—3) b 100 


Two signs the same so 
answer is positive. 


b ¥100 = 10 


ce (-4)2=-4x -4X -4=-64 epee 
SFE — = so the 
ie eee cee 


Plus 


Examiner’s Tip 


You need to be able to recall 

e integer squares from 2 X 2 up to 
15 X 15 and the corresponding 
square roots 
the cubes of 2, 3, 4,5 and 10. 


ce (-48 + V125 


Plus 


Examiner’s Tip 


Remember, when multiplying or 


dividing: 
two signs the same give a + 
two different signs give a — 


= —59 
FF exercise 1c 
1 Work out 
; a 3? b 72 c 48 d 10° e 11? 
Write down 
a V36 b V16 c V8 d v1 e Vv64 
| Work out 
a (-6)? b (—2)3 ce (-9) d (-18 e (-12) 
| Wy Write down 
: a V8 b V-27 oc V1 d V64 e ¥1000 
= Work out 
a 3+28 b V4 x8 c 5¢x 100 d V—-8 +4 
e V1000 + V100 f +2 g (-18 + 8 -(-3)8 h 42+ (-3)8 


1.3 Understanding the order of operations 


(A) Key Points 


© BIDMAS gives the order in which each operation should be carried out. 


© Remember that SBS GDh GA SS stands for: 


(Brackets If there are brackets, work out the value of the expression inside the brackets first. 
Dadices Indices include square roots, cube roots and powers. 

(Divide If there are no brackets, do dividing and multiplying before adding and subtracting, no 
(uuttipty matter where they come in the expression. 

A dd 

Qurirace If an expression has only adding and subtracting then work it out from left to right. 


") Example 6 


10X%2°*-GXS=10K4-5xS 


=40-15 Work out 2? first, then do all the multiplying 
=925 before the subtraction. 


Y? Example 7 4 


(12-2x5)>=(12-10) 


- The sum in the bracket is worked out first. 
=2 Work out 2 X 5 and then do the subtraction. 


Exercise 1D 


° 


Work out 

a 5xX(2+3) b 5xX2+3 ce 20+4+1 d 20+(4+ 1) 

e (6+ 4)+-2 f 6+4+2 g 24+ (6-2) h 24+6-2 

i 7-—(4+4+2) j 7-4+2 k 5X4-2xX3 |! 28-—4x -6 

m14+3x6 n6+3xX5—-12+2 0 2-5X4+3 p (15—5) x (4+ 3) 

Work out 

a (3+ 4) b #+4 e 3x(4+5) d 3x#+3~x 5 
2 D icx: HD: 

e 2x (4+ 2) § 3xVB+2x3 5 Ste fs 


RINDMAS anneration vahie nower ty) 


Chapter 1 Number 


Bae Work out 
: a (2438 +725 b ((15—5) x 4) + ((2 + 3) x 2) 
: c 8+@+/9-4x3 d (V—-27 -2P + V8? x2 


: 
° 
eecee © © ene eee eee emma em wa esse reese sees esse eEsas ese eee se Se ees ee beesreeeeees ees sees seeereessesessssensssesesessesesessnsees 


S? 


@) Key Points 


© Ascientific calculator can be used to work out arithmetic calculations or to find the value of arithmetic 
expressions. 

© Scientific calculators have special keys to work out squares and square roots. 
Some have special keys for cubes and cube roots. 


© To work out other powers, your calculator will have a or or(4} key. 
1 


o a " . a 
© The inverse of x? is Vx or x?, and the inverse of x? is °/% or x. 


atl 
© The inverse operation of x? is x’. 
© You can use the calculator’s memory to help with more complicated numbers. 


3 
“0 Example 8 Workout a 467+ 37 b ae 
Give your answers correct to 3 significant figures. | 


a 4.6%+ 737 Keyin4.6x2+7¥37= 
4.6% + V37 = 27.242 762... 


ba 7) Round your answer to 3 significant figures. 
{2 +125 


(3.7 — 2.1)? Work out the sum on the top of the fraction. 


(Ls PAE 2 BS, Work out the sum on the bottom of the fraction. 
Keyin(3.7—2.1) x? 


14.228 + 2.56 = 5.557 8125 


Watch Out! 


Do not round your numbers 
part way through a 
calculation; use all the 
figures shown on your 
calculator. Only round the 
final answer. 


\ 


8 _ inverse operation 
Y 
% 


1.4 Using a calculator 


¥ Exercise 1E 


Work out: 
a v961 b 40.96 c V4913 d ¥3.375 e V1024 
Work out: 
a (3.7 +5.9) x 4.1 b 3.12 + 4.82 c (—8.7 + 6.3)? d 4.53 + 8? 
Work out, giving your answers correct to one decimal place. 
a 3.2 X67 b /24 + 6.78 c 922+ /14 d 7.59 — V120 
Work out, giving your answers correct to three significant figures. 
‘ 5.63 9.84 X 2.6 6.78 + 9.2 d 6.7? 
2.8 — 1.71 2.8 X 1.71 7.8 — 2.75 5.62 — 2,14 
Work out, giving your answers correct to three significant figures. 
/TWi.62 — 83 5.63, 1.7 __v342 | [56 ( 
a tTL2 ~ ge ° 28 103 o ig— 1 dl gag + 857 
6 | Work out, giving your answers correct to three significant figures. 
V45 + 6.32 8.9 X 2.3 ‘ 4.23 4 (23.5487) 
79.1 = 28.5 9.6 + 7.8 V7.82 + 3.52 652 + 82 
Reciprocals 
@ Key Points 


© The reciprocal of the number 7 is L It can also be written as n—'. 


© When a number is multiplied by its reciprocal the answer is always 1. 
© All numbers, except 0, have a reciprocal. 
© The reciprocal button on a calculator is usually (1/,) or (x= 


Example 9 4 Work out the reciprocalof a 8 b 0.25 c & 


a ~=0.125 


4 
6 
b1+025=4 


c 4° 


¥ Exercise 1F 


Find the reciprocal of each of the following numbers. 
a 4 b 0.625 c 6.4 ad 
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(@)Objectives_- © Why do this? 


ys 


( 


© Anumber written in the form a” is an index number. 

© The laws of indices are: 
a” xa" =q"*" — To multiply two powers of the same number add the indices. 
a"™+q?=q"-" — To divide two powers of the same number subtract the indices. 
(amr = qmxn To raise a power to a further power multiply the indices together. 


You will encounter negative and fractional indices in Chapter 25. 


" Set eel> Workout a3 ob 2 


Watch Out! 
a S=S3XSKSKS 
= 84 Remember that a* means that you 
b 26=2%2X2X2XK2X%2 multiply three as together. 
= Bt It does not mean a X 3. 
“0 Example 11 4 Write each expression as a power of5. a 5® x 54 hese © WP 
6 4—54+6 ——— Usetheindexlaw a™xq"=qmen 
a 5° xX 5*=5 | 
= 510 ‘ . 
b 5122 54=512-4 <————) Use the index law av’+qr=qr-n 
= 5° 
c (5%)? = 552 —= Use the indexlaw (a”)” = q”*” 
= 56 ’ 
Example 12 axe « . 
« seen 4 "= Examiner’s Tip 
47X4 _47x4! ‘Work out’ means ‘evaluate’ the expression, 
4° 4° rather than leaving the answer as a power. 


= - <— Simplify the top 
a | of the fraction, 
= 45 | add ‘7 and 1. 
— 
=AXAX4=64 <— Asthe question asks you 
| to ‘Work out’, the final 
| answer must be a number. 


10 index number laws of indices 


Chapter review 


Write as a power of a single number 


a # x6 b 47+ 42 c (728 d 59+ 58 e 3° x 32 
Work out 
a 102 x 103 b 57+ 54 c (23/2 d 34+ 32 e 4x4 


Find the value of n 
a 3h + 3 = 33 b 8° + 8" = 8 c 2x n= 210 d 3°x 3= 39 e 2x B= 2" 


Write as a power of a single number 


3 x 3 58 x 57 28 x 25 gis ax 4] 

a3 0 a 1 5x ° Bx 
Work out 

3 x 38 8 x 2 4] 108 x 108 x7 

a3 0 ° 1x# 1 9 © Bx 


Work out the value of n in the following 


a 40=5x2" b 32=2" c 20=2"x5 d 48=3x 2" e 54=2x 3" 


@ Key Points 


© Any factor of a number that is a prime number is a prime factor. 
You can write any number as the product of its prime factors. 


© The Highest Common Factor (HCF) of two whole numbers is the highest factor that is common to them 
both. 


© The Lowest Common Multiple (LCM) of two whole numbers is the lowest number that is a multiple of 
both of them. 


© A square number is the result of multiplying a whole number by itself. 
© Acube number is the result of multiplying a whole number by itself then multiplying by that number again. 
© To find the square of any number, multiply the number by itself. 


© The square root of 25 is a number that when multiplied by itself gives 25. 
You can write the square root of 25 as /25. 
The square root of 25 can also be —5 because —5 X —5 = 25. 


© To find the cube of any number, multiply the number by itself then multiply by the number again. 


© The cube root of —8 is a number that when multiplied by itself, then multiplied by itself again, gives —8. 
You can write the cube root of —8 as /—8. 


© BIDMAS gives the order in which operations should be carried out. 
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© Remember that BIDMAS stands for: 


Brackets If there are brackets, work out the value of the expression inside the brackets first. 
Indices Indices include square roots, cube roots and powers. 

Divide If there are no brackets, do dividing and multiplying before adding and subtracting, no 
Multiply matter where they come in the expression. 

Add If an expression has only adding and subtracting then work it out from left to right. 
Subtract 


© Ascientific calculator can be used to work out arithmetic calculations or to find the value of arithmetic 
expressions. 


© Scientific calculators have special keys to work out squares and square roots. 
Some have a special key for cubes and cube roots. 


© To work out other powers, your calculator will have a or or key. 

© The inverse of x? is VX or «2, and the inverse of 2° is VX or x 

© The inverse operation of x! is x. 

© You can use the calculator’s memory to help with more complicated numbers. 

© The reciprocal of the number n is 1 It can also be written as n7'. 

© When a number is multiplied by its reciprocal the answer is always 1. 

© All numbers, except 0, have a reciprocal. 

© The reciprocal button on a calculator is usually (1/,. or [x-}. 

® Anumber written in the form a” is an index number. 

© The laws of indices are: 
a™ xX a" =a™+" — To multiply two powers of the same number add the indices. 
qm +q"=am-" To divide two powers of the same number subtract the indices. 


(ar = qrxn To raise a power to a further power multiply the indices together. 


¥ Review exercise Except where indicated. 

Jim writes down the numbers from 1 to 100. Ben puts a red spot on all the even numbers and Helen puts 
é a blue spot on all the multiples of 3. 
a What is the largest number that has both a red and a blue spot? 

b How many numbers have neither a blue nor a red spot? 

Sophie puts a green spot on all the multiples of 5. 

c How many numbers have exactly two coloured spots on them? 


i Find the missing numbers in each case. 
a ?xX3=-12 b (—20) + (—5) =? e (-6)-+7=(-@) 
d (—5) x ? = (—20) e 6—-?=8 


Find the missing numbers in each case. 
a 2X?+(-3)=(-7) b (-4)X?+5=(-3) ¢ 2?+2+4=(—4) 


Chapter review 


: 4 | Neal works part time in a local supermarket, stacking shelves. FSi 
He has been asked to use the pattern below to advertise a new brand of beans. ae 


= 
SD E> 
aa ee 
hater [ et) 
Ca eee 
This stack is 3 cans high. 


a How many cans will he need to build a stack 10 cans high? 
b If he has been given 200 cans, how many cans high would his stack be? 
Next he is asked to stack cans of tomato soup in a similar shape, but this time it is two cans deep. 


Use your answers to parts a and b to answer the following questions. 
c How many cans will he need to build a stack 10 cans high? 
d_ Ifhe has been given 400 cans, how many cans high would his stack be? 


A chocolate company wishes to produce a presentation box of 36 chocolates for Valentine's Day. iG: 
It decides that a rectangular shaped box is the most efficient, but needs to decide how to arrange the 
chocolates. “BOB 
How many different possible arrangements are there: 
a using one layer 
b using two layers 
© using three layers. 
Which one do you think would look best? 


The number 1 is a square number and a cube number. Find another number which is a square number 
and a cube number. 


42 x 62 = 576 
Work outa 402 x 602 b 4002 x 62 c 5760 + 62 d 4 x 60? e Bx @ 


FE Workouta 2+4+4 b 592545 cc (2p—(232 
eo 5 x 33 4 7 12 
9 | Simplify a 3 36 3 b 4 ia c (24)8 d wig 


a Express 252 as a product of its prime factors. 
b Express 6 X 252 as a product of prime factors. 
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James thinks of two numbers. 
He says ‘The highest common factor (HCF) 
of my two numbers is 3. 
The lowest common multiple (LCM) 
of my two numbers is 45’. 
Write down the two numbers James could 
be thinking of. 


Plus 


Exam Question Report 


A03 : 


75% of students answered this sort of question 
well because they chose the right method to 
answer the question. 


June 2008 


= 
i) 


Write 84 as a product of its prime factors. 
Hence or otherwise write 168? as a product of its prime factors. 


fi! A car's service book states that the air filter must be replaced every 10000 miles and the diesel fuel FS) : 
filter every 24000 miles. 
After how many miles will both need replacing at the same time? 


V19.2 + 2.6 
27% 1.5 
Write down all the figures on your calculator display. 


Use your calculator to work out 


ry: FR 2+ 8 =2 
Work out the value of x. Nov 2007 


[Ke 16} Write whether each of the following statements is true or false. If the statement is false give an 
example to show it. 

a The sum of two prime numbers is always a prime number. 

b The sum of two square numbers is never a prime number. 

c The difference between consecutive prime numbers is never 2. 

d The product of two prime numbers is always a prime number. 

e No prime number is a square number. 


a Take a piece of scrap A4 paper. EFS 
If you fold it in half you create two equal pieces. Fold it in half again; you now have four equal pieces. 
It is said that no matter how large and how thin you make the paper, it cannot be folded more than 
seven times. Try it. 
If you fold it seven times, how many equal pieces does the paper now have? 
b In 2001, there were two rabbits left on an island. 
A simple growth model predicts that in 2002 there will be four rabbits and in 2003, eight rabbits. 
The population of rabbits continues to double every year. 
How long is it before there are 1 million rabbits on the island? 


WOOO EH HEHE ES EETE EHS EOE HES EOEHESEEEOHEEHHEEES ESHEETS ESSE EH OHSS HEHESHOESEESEEE EH OSESETEOEEEEEEESEOHEEEEEEESESOSEOEOS 


COTO H CREE HEE HEESEEE REESE HEEE EEE EEH OOH EEETOOEEESSORESS ESSE EEE EHEEE SESH EE EEEEEESOEEEE EEO EEESSSESESEEE EEE EEE OEEESES 


© © generate terms of a sequence using te | 


() derive > the e ase 


PROCS TESTES ESTES ESTOS SSE SEES EET EESE EE EH OT EEE ESET EES 


Before you start 


Unapter 4 cxpressions and sequences 


_ Collecting like terms 


© You can distinguish the different roles played by letter Waitresses use algebra to note people's 
symbols in algebra and use the correct notation. orders and then collect like terms to make 
© You can manipulate algebraic expressions by the order simple for the chef. 


collecting like terms. 
<>) Get Ready 


Simplify 
1.at+at+at+a 2a 56 


3. 3p? — 5p? + 4p? 


ern 


© 2x, 3y and 2x + 3y are called algebraic expressions. 
© Each part of an expression is called a term of the expression. 2x and 3y are terms of the expression 2x + 3y. 
© When adding or subtracting expressions, different letter symbols cannot be combined. For example 2x + 3y 
cannot be simplified further. 
© The sign of a term in an expression is always written before the term. 
For example, in the expression 4 + 2% — 3y the ‘+’ sign means add 2x and the ‘—’ sign means subtract 3y. 
© The term x can be written as 1x. 
© In algebra, BIDMAS describes the order of operations when collecting like terms 
(see Section 1.3 for use of BIDMAS). 


‘2 Examplel 4 Simplify the expression 4p — 2g + 1 — 3p + 5q. 


4p-—2q+1-3p+5 ad . 

p— <q pr og ee # Examiner’s Tip 
= 4p — op 2¢ + Sg+ 1 so —29 + 5g = +39 
=pt+3q+1 


Rewrite each expression with 
Ap — 3p = 1p which ie written as just p. the like terms next to each other. 


CEES Attic is n years old. Bilal is 3 years older than Alfie. Carla is twice as old as Alfie. 


Write down an expression, in terms of n, for the total of their ages in years. 
Give your answer in its simplest form. 


Alfie = n years This can be written as 3 + n. 
Bilal = (n+ 3) years “ 
Carla = 2n years a: This can be written as 2 X NornX2Z or 2n. 
Total=n+(n+3)+2n | This is a correct, un-simplified expression. 
=n+n+3+ 2n¢ 
=p+n+2n+3 Remove the brackets. 
= 4n-+ 3 years 
This is in its simplest form. 


algebraic expressions expression term _ collecting like terms 


2.2 Using substitution 


¥ Exercise 2A Questions in this chapter are targeted at the grades indicated. 


Simplify 

a b4+2x+3y+y b 3w+7w + 4z —2z c 3p+qt+pt+4q 

d 4a+ 3b-—a-—2b e c+2d+5c— 4d f 3m—In-—m+4n 

g be-3f—e-—4f h 2x + 8y—3+2y+5 i 30-—q+2-—5p+4q-7 


j 3+a-—2b—-5a+4—36 


Georgina, Samantha and Mason collect football stickers. Georgina has x stickers in her collection. 
Samantha has 9 stickers less than Georgina. Mason has 3 times as many stickers as Georgina. 
Write down an expression, in terms of x, for the total number of these stickers. 

Give your answer in its simplest form. 


The diagram shows a triangle. 
Write down an expression, in terms of x and y, for the perimeter of iil.” 2x + Sy pod 
this triangle. : 
Give your answer in its simplest form. 10y — x 


©» Why do this? 


a . 
MinmP Coe ose e eee see esse ssneeesereseesasaeteseses 


© If you are given the value for each letter in an expression then you can substitute the values into the 
expression and evaluate the expression. 


“2 Example 34 Work out the value of each of these expressions when a = 5 and b = —3. 


a 4a+ 3b bh a—2-—8 c 2a?+ 4b 
* ‘Plus 
= Examiner’s Tip 


a 4a+ 3b=4X54+3xX (-3) , 


=?20-9 <— Positive X negative = negative. 
=11 Replace each letter with its 
bh a—2o-2=5-—2% (-2)-6 numerical value. 
=5+6-8 . r 
=3 oN Work out the multiplication first (BIDMAS). 
c 2a? +4hb= 2% (5) +4X (—3) , Sarees X negative = positive. 
=2X25-12 
=50-12 ————_ It is only the value of a (=5) that is squared. | 
= 38 F sf 


ennhetitita avalhrata aa 


MNAVPle! & LAP CoolVils ail SoUuUCIIUGS 


¥ Exercise 2B 


Work out the value of each of these expressions when x = 4 and y = —1. 


a x+3y bxa-y c 2x—Sy+3 d 4x+1+2y 
Work out the value of each of these expressions when p = —2,qg = 3 andr = —5. 
: aptqtr b 2q+ 3r+ 5p ce 2qg-—r+3p 

d 6-—q-—2r+p e 5p + 3q? f p-2¢ +77 


BRST COTS H HEH EEE EEE SEER SEES EEE SEES SEO DESESEESES SESH OSES EESEEEEDS 


© You can use the laws of indices to simplify algebraic expressions. See Section 1.5 for the index laws. 


2 Simply & x 


b Simplify 5y%z> x 2y’z 


Plus 
Watch Out! 


Group like terms together before 
attempting to use the laws of indices. 


Zis the same as Z" 


aoxct=cxXxcxceXcxXcxXcXe 


ich Note: 3 +4=7. 


b 5y2z5 x 2y2z=5 Xy>X 2X2 Xy? Xz 
=5X2xXy> Ky? Xz°xz' 


= 410. gee x got 


= 10 X y® X z® 


Using x? xX x7 = xP +4 


= 10y°z® 


P rercise 2C 

Simplify 

amxXmxXmXmxXm b 2p X 3p 
Simplify 

a a'xa’ b nxn c xXx 
Simplify 

a 2p? x 6p b 4a x 3a‘ c 0’ x 5b? 
Simplify 

a 5é®u? x 4t5u3 b 2xy* x 3x5y* 


ad 4cd> x 2cd* e 2mn? X 3m3n? x Amn 


CSSD a Simplitye =x 


b Simply a 
6.70? _dxXdxXdxXdxd 
Se TT 
245 
Sat is the same as 10x7y° + 2xy® 
10xy? + 2xy® = (10 + 2) X (x? = x) X (y= y?) 


=5~x 2-1 x ye 


2 
= 5axy? 


? Exercise 2D 


Simplify 


a a’+a' 


Simplify 


b +b ¢& 


a 695 + 3q° b 12p7 + 4p? c <2 
=) Simplify 
5h6 = 273h2 3,4 ok. Bad 8c'd" 
a 15a°b® + 3a°b b 30p%q* + 6p2q C 5B 


5mn X Amn? 
e = 2 
2mn 


2.3 Using the index laws 


c q xX 4q xX 5g 


dyxyxy 


d 3n2xX6n 


c a’b® x 7a%b 


* ‘Plus 
= Examiner’s Tip 


5 
Write fractions, such as =“ 


asp* + p?. 


Chapter 2 cxpressions anda sequences 


CEM sinoity acer 


Method 1 
(2c8d)* = (2)*X (0%)* x @4 od Plus 

= 16 x ox4 x GIX4 # Examiner's Tip 

You must apply the power to 
= 16 X cl? x d# number terms as well as the 
algebraic terms. 

= 16c'*d* 

Method 2 | 


(2c2d)* can be written as 2c°d X 2c%d X 2c°d X 2c°d 
=2X2K2K2KOPXOCKEXOCXdxXdXdXa 


= 16 X c2+3+5+3 x qt 


Using: x? x 49 = xP Te 


= 16c'2d4 
¥ Exercise 2E 

Simplify 
a (a7)? b (b3) Cc (c3)8 d (d2)8 

Simplify 4\3 
a (2p° b (3q2) c (5x42 d (=) 

Simplify oye\9 
a (2x3y2)* b (7e5f3)? c (5p5q) d me ) 


2.4 Fractional and negative powers 


© The laws of indices used so far can be used to develop two further laws. 

xt = xt = xt-4 = 0 x8 + x4 

Also = _4XXXK _1 
x* + x4 = 1 since any term divided by itself = yA a je is 7 
: Also, using x? + x7 = xP-4 
rsa : : gah me 98s get 

erefore 1° = 

Therefore x! =1 


In general 
x=1 


© The laws of indices can be used further to solve problems with fractional indices. 
The square root of x is written /x, and you know that: 
VEX VK =X 


Using x? X x7 = yPt9 

eX gagtiagian 
hy 

and so, «? = Vx 


i i A Pe £ 
Also, x? X a3 X x8 = x, showing that x? = Vx 


In general 
a" = VE 
z | 
CEI simply ax'y)- | 


, « Plus | 

4,,\-2 — : SS ed . ) . | 

= U =— Examiner’s Ti 

OP) = Gry Sie Se | 

= == Using (x?) = xP *4 Remember that a negative 
Oxry power just means ‘one over’ or 


‘the reciprocal of’. | 


3 exercise 2F 
- | Simplify 
a aq b (b2)-1 cc? d (d3)-! 
Simplify 
a (e3)-2 b (f2)~* c (x—1)-2 d (yoy 
Simplify 
a (x*y’)? b (2x*y5)? c (5p2q‘)-' d (3c%d)-3 


Ge) 
ae 


LNapter 2 CXPessiONs dlG@ seQucnlees 


QED simpy ory 


_ 


(Ox°y*)3 = 8 X (x93 x (y? 


<——___ Using at = VE | Plus 
: a # Examiner’s Tip 
= VB x 2X3 x y*X3 = 
| Using (10)? = xP 4 ) Remember that the denominator 
= 3% yx ye \ ) of the index is the root. 
= 2x2y? 
Picax 2G 
Simplify 
: a (9a4)? b (16¢2): c (276-5 d (100x3y5)2 
; Simplify 
: a (at)? b (8c)73 © (32x8y8)~s ds (x2y8)~4 


. ° eee 


Term-to-term and position-to-term definitions 


© 


© You can generate terms of a sequence using 


term-to-term and position-to-term definitions of 
the sequence. 


© Why do this? 


To recognise world trends in specific illnesses, 
patterns linking data are often used. 


} Get Ready 
Continue these number patterns. 
4 pe ie re ae 2eAn 9 4 19) 24, 29)... See Ons ee Os on 


= : 


© Asequence is a pattern of shapes or numbers which are connected by a rule (or definition of the sequence). 


© The relationship between consecutive terms describes the rule which enables you to find subsequent terms of 
the sequence. 


Here is a sequence of 4 square patterns made up of squares: 


oR OER 


Pattern 1 Pattern 2 Pattern 3 Pattern 4 


22 sequence rule _ terms of the sequence 


2.5 Term-to-term and position-to-term definitions 


© Each pattern above is a term of the sequence; 


[ | is the 1st term in the sequence, 


H is the 2nd term in the sequence, etc. 


© The number of squares in each term form a sequence of numbers, 1, 4, 9, 16, ... 

© The odd numbers form a sequence, 1, 3, 5, ... 

© The even numbers form a sequence, 2, 4, 6, ... 

© You can continue a sequence if you know how the terms are related: the term-to-term rule. 

© You can continue a sequence if you know how the position of a term is related to the definition of the 
sequence: the position-to-term rule. 


& Example 9 Find a the next term, and 


b the 12th term of the sequence of numbers: 1, 4, 9, 16, ... 


dnd term 
“See” "eee See eee 
+7 


+3 +5 


The difference between consecutive terms 
increases by 2. 

This is the term-to-term rule which enables 
you to find subsequent terms of the sequence. 


a The difference between the 4th and the 5th term 
is +9 and so the Sthtermis 16 + 9 = 25. 


b The 6th term = 6% = 36, the 7thterm = 72 = 49, etc. 


The numbers 1 (=17), 4 (= 22), 9 (= 3), 

16 (= 47) and 25 (= 5?) are the first five square numbers. 
In this way a term of the sequence can be found 
by the position of the term in the sequence. 


The 12th term = 122 = 144. 


# Exercise 2H 


Find a the term-to-term rule, 
b the next two terms, and 
c the 10th term for each of the following number sequences. 


M25 84 


VNAPle!r 2 PAPI CooslVlls GH SeYUeHYeS 


# 


2.6 


3 a Re a a amy y es 
‘ 5 g? | oe 
i ieee 9) © Why dothie? Cf 
_ © Objecti rae 


° 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
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© An arithmetic sequence is a sequence of numbers where the rule is simply to add a fixed number. 
For example, 2, 5, 8, 11, 14, ... is an arithmetic sequence with the rule ‘add 3’. 
In this example the fixed number is 3. 

© This is sometimes called the difference between consecutive terms. 

© You can find the nth term using the result nth term = n X difference + zero term. 

© You can use the nth term to generate the terms of a sequence. 

© You can use the terms of a sequence to find out whether or not a given number is part of a sequence, and 
explain why. 


q Example 10 Here are the first five terms of an arithmetic sequence: 2, 5, 8, 11, 14, ... 


a Write down, in terms of n, an expression for the nth term of the arithmetic sequence. 
b Use your answer to part a to find the 20th term. 


ath term | Sth term 
14 
; 


ae 3 “a +3 $3 +3 


— NN “a - i 


~—~* difference — 


a The zero term is the term before the first term. 
Work out the zero term by using the difference of +3. 


Zeroterm=2-3=-1 (OY 
t Inverse of +3. 


ad Plus 
# Examiner’s Tip 


Always check your answer by substituting values 
of n into your nth term. 

For example, 

Istterm,whenn=1, 3n-1=3X1-1=2v 
2nd term, whenn = 2, 3n -1=3X2-—1=5v 
3rd term, whenn = 3, 3n -1=3X3-1=8v 
etc. 


The nthterm =n X difference + zero term 
nthterm=nX+3+4+ —-1 
= 3n—- 1 


b Forthe 20th term, n = 20 
Whenn = 20,3n-1=3X 20-1 
=60-1=59 
So the 20th term is 59. 


24 arithmetic sequence difference zero term 


Chapter review 


Write down i the difference between consecutive terms 
ii the zero term for each of the following arithmetic sequences. 
a 0,2,4,6,8,... b —7,—3,1,5,9,... c 14,9,4,—-1,—-6,... 


Here are the first five terms of an arithmetic sequence: 1, 7, 13, 19, 25), is. 
a Write down, in terms of n, an expression for the nth term of this arithmetic sequence. 
b Use your answer to part a to work outthe i 12th term, ii 50th term. 


Here are the first four terms of an arithmetic sequence: 7, 11, 15, 19, ... 
a Write down, in terms of n, an expression for the nth term of this arithmetic sequence. 
b Use your answer to part a to work outthe i 15th term, ii 100th term. 


Here are the first five terms of an arithmetic sequence: 32, 27, 22, 17, 12, ... 
a Write down, in terms of n, an expression for the nth term of this arithmetic sequence. 
b Use your answer to part ato work outthe i 20th term, ii 200th term. 


Here are the first four terms of an arithmetic sequence: 18, 25, 32, 39, ... 
Explain why the number 103 cannot be a term of this sequence. 


: * 6 | Here are the first five terms of an arithmetic sequence: 
: 7 1 #15 #19 23 
Pat says that 453 is a term in this sequence. Pat is wrong. 
Explain why. Nov 2005 


© 2x, 3y and 2x + 3y are called algebraic expressions. 

© Each part of an expression is called a term of the expression. 

© When adding or subtracting expressions, different letter symbols cannot be combined. 

© The sign of a term in an expression is always written before the term. 

© The term x can be written as 1x. 

© In algebra, BIDMAS describes the order of operations when collecting like terms. 

© Ifyou are given the value for each letter in an expression then you can substitute the values into the 
expression and evaluate the expression. 

© You can use the laws of indices to simplify algebraic expressions. 


© The basic index laws can be used to develop further laws: 
1 


1 * 
x° = 1, for all values of x, 2-™ = ym and x" = Vx where m and n are integers. 


© A sequence is a pattern of shapes or numbers which are connected by a rule (or definition of the sequence). 

© The relationship between consecutive terms describes the rule which enables you to find subsequent terms of 
the sequence. 

© You can continue a sequence if you know how the terms are related: the term-to-term rule. 

© You can continue a sequence if you know how the position of a term is related to the definition of the sequence: 
the position-to-term rule. 

© An arithmetic sequence is a sequence of numbers where the rule is simply to add a fixed number. This is 
called the difference between consecutive terms. 


A03 


Chapter 2 CXpressiOns dlG@ sequences 


© You can find the nth term of an arithmetic sequence using the result nth term = n X difference + zero term. 
© You can use the nth term of an arithmetic sequence to generate the terms of a sequence. 
© You can use the terms of a sequence to find out whether or not a given number is part of a sequence, and 


explain why. 
# Review exercise 
Simplify a 3x—4y+2x—-y b m—7In+5m— 3n 


Helen and Stuart collect stamps. 

Helen has 240 British stamps and 114 Australian stamps. 

a Write down an algebraic expression that could be used to represent Helen’s British and Australian 
stamps. Define the letters used. 

Stuart has 135 British stamps and 98 Australian stamps. 

b Using the same letters, write down an algebraic expression that could be used to represent the total 
of Helen’s and Stuart's British and Australian stamps. 


Work out the value of each of these expressions when x = 2,y = —3andz= —7 


a 3x+y b %— 2y c x+3y—2z d 5xy e v+yr4+2 
Simplify 

ayxyxXy b xX 3x exe d px p® e 2a’ x 8a° 
Simplify ‘ 

a &+a bh ose c 2ipt + 3p d a e 16a? + 2a°b? 


93% of students answered this sort of question 
well because they had learnt the rules for 
expressions involving indices. 


Find a therule b the next two terms c the 12th term for this number sequence. 
102 99 96 93 90 


Write down a the difference between consecutive terms, 
b the zero term of this arithmetic sequence. 
—-3 2 7 #12 ~«727 


Here are the first four terms of an arithmetic sequence: 204, 192, 180, 168, ... 
a Write down, in terms of n, an expression for the nth term of this arithmetic sequence. 
b Use your answer to part ato work outthe =i 13thterm ii ‘99th term. 


Here are the first four terms of an arithmetic sequence. 
5 8 11 14 
Is 140 a term in the sequence? You must give a reason for your answer. 


Chapter review 


Neal is asked to produce an advertising stand for a new variety of soup. 
He stacks the cans according to the pattern shown. 


The stack is 4 cans high and consists of 10 cans. 

a How many cans will there be in a stack 10 cans high? 

b Verify that the total number of cans (N) can be calculated by the formula 
ies ant 1) 


c Ifhe has 200 cans, how high can he make his stack? 


when kh = number of cans high. 


Naismith, an early Scottish mountain climber, devised a formula that is still used today to calculate * , 
how long it will take mountaineers to climb a mountain. The means version states: 

Allow one hour for every 5 km you walk forward and add on : hour for every 300 m of ascent. 

a How long should it take to walk 20 km with 900 m of ascent? 

A mountain walker's guide contains the following information for a particular walk. 


Helvellyn Horseshoe 
Glenridding to Helvellyn via the edges (circular walk) 
Length: 8.5 km 


Total ascent: 800m 
Time: 4 hour round trip 


b Calculate how long this walk should take according to Naismith’s formula. Give your answer to the 
nearest minute. 
c Suggest reasons why this time is different to the one in the guidebook. 


Simplify 
a (a5)* b (364)? c (3e5f)3 


The nth even number is 2n. 
Show algebraically that the sum of three consecutive even numbers is always a multiple of 6. 
Nov 2008, adapted 


._. bat 
The expression : Z 


can never take a negative value. Explain why. 


12xy?\; 
Saxby 


4\} bs 
a simpity (2 b Simplify (2g?) sc simply ( = 


A 4 by 4 by 4 cube is placed into a tin of yellow paint. 


\ 
Nh 
u 


When it has dried, the 64 individual cubes are examined. 
How many are covered in yellow paint on 0 sides, 1 side, 2 sides, 3 sides? 
Extension: Repeat the question for an n by n by n cube, and show that your expressions add up to n°. 


FRACTIONS 


Only one eighth of an iceberg shows above the surface of the water, which leaves most of 
it hidden. The largest northern hemisphere iceberg was encountered near Baffin Island in 
Canada in 1882. it was 13km long, 6km wide and had a height above water of about 20m. 


It had a mass of over 9 billion tonnes — enough water for everyone in the world to drink a 
litre a day for over four years. 


») Before you start 


In this chapter you will: You need to be able to: 
© add, subtract, multiply and divide fractions and © find the highest common factor (HCF) of two 
mixed numbers numbers 


© find a fraction of a quantity © find the lowest common multiple (LCM) of two 
© solve problems involving fractions. or three numbers 
© simplify and order fractions 
© convert between improper fractions and 
mixed numbers. 


3.1 Adding and subtracting fractions and mixed numbers 


Adding and subtracting fractions and 
mixed numbers 


© Why do this? 


© You can add and subtract fractions. 


Measurements are not always given in whole 
© You can add and subtract mixed numbers. 


numbers. You may need to find the total 
length of two distances given as fractions, for 
example, 2¢km and 11 km. 


GS Get Ready 


1. Write 2 in its simplestform. 2. Change 2: to an improper fraction. 3. Change = to a mixed number. 


pez 


© To add (or subtract) fractions, change them to equivalent fractions that have the same denominator. This 


new demonimator will be the LCM of the two denominators (see Section 1.1 for LCM). Then add (or subtract) the 
numerators but do not change the denominator. 


© To add (or subtract) mixed numbers, add (or subtract) the whole numbers, then add (or subtract) the fractions 
separately. 


/ 7 1 
CEE workout? -1 
x2 


_ eee 
Examiner’s Tip 


ale” The LCM of 4.and Bis 8. E 
a = 8 Convert + to the equivalent 
a | fraction with a denominator of. If you could use several numbers 
x2 J as the new denominator, using 


means you won't need to simplify 
later. 


5 7 
Example 2 ane 


Give your answer as a mixed number. 


1 Le wx L, j 
a Pi = a = = | Subtract the numerators only. ) the LCM of the two denominators 
5 = 
8 


x5 x3 
oe Fae | ri 
5B — 25 Tt. —. OF The LCM of G and 10 is 30. 
6 30 1 —— 30 Change each fraction to its equivalent 
Saat gad fraction with a denominator of 30. 
x5 x3 } 
2 oF Jf =2 + 21 Simplify the fraction. 
6 10 50 ‘estan each number in the fraction by 2. 


Il 


Convert the mixed number to an improper fraction. 
23 +15 = 1 remainder 8. J 


eal als oi 
je MG OO Of 


oa 


7 
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Chapter 3 Fractions 


P seocize a 
- Give each answer as a fraction in its simplest form. 
Work out 
ata bats CET d iota 
Work out 
ait} b its c $42 d 2+3 
eft tye aft} hati 
Work out 
ajo} bi-t ey-4 a g-2 
ei} 14-4 ag-3 ni] 


Give each answer as a fraction or a mixed number in its simplest form. 


4 | Work out 
247 344 5_2 fw dd 
agts bats Ce 3 d 07 4 
54 9 347 BY eee Mi oh 7420 
© st fats 95-2770 hgt3z-% 


CESTEM workouts) + | 


5. +4i=9741 Add the whole numbers. 
10 2 10 2 
t 
= + 2 Convert the fractions into equivalent fractions with a denominator of 10. 
= 932 = is an improper fraction. Change this into a mixed number. 


= 105 Simplify +. 
| 
—4101 
= TOS | 
er 
SF ixczcize 3B 
C { Work out a6+i ba+> Cc +32 0 d 128+ 55 


Becky cycled 22 miles to one village then a further 4! miles to her home. Whatis the total distance that 
Becky cycled? 


A bag weighs 3 Ib. The contents weigh 1b. What is the total weight of the bag and its contents? 


3.2 Multiplying fractions and mixed numbers 


‘2? Example 4 Work out 7} — 24 


Method 1 


+ = 25 = 52 - oa _ — will give a negative result. 
iS 5 — 425 
- i Write 55 as4+ Te5 = 40: 
= 450 ~ 20 
=4 11 
~ "20 
Method 2 
74- S = a — = Convert the mixed numbers to improper fractions. 
— 290 _ 108 
40 40 
182 
40 
Convert the improper fraction to a mixed number. 
= ss 182 +40 =4, remainder 22. 


Picci 3C 
Work out a 24-14 b 3#-1h c 6-5} d 8-@ 
Work out a 2h—14 b 3-18 c 2-18 d 74-33 
A box containing vegetables has a total weight of 5; kg. The empty box has a weight of 1Zkg. What is 


the weight of the vegetables? 


A tin contains i pints of oil. Julie pours out 42 pints from the tin. How much oil remains? 


« 
. 
. 
. 
. 
a 
. 
. 
. 
. 
. 
. 
. 
. 
. 
e 


Pat 
meme eee ae esscacessesesessseesscesssesesseeseseee 
7 , 
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() Key Points — 
© To multiply fractions: 
© Convert any mixed numbers to improper fractions. 
© Simplify if possible. 
© Multiply the numerators and multiply the denominators. 


CSSD work out? x7. 
xXx7= = x = Write 7 as an improper fraction. 


Write =: as a mixed number. 


4 
’ Example 6 Work out 2 of 9 metres. 


g xXx9= A x = To find the fraction of a quantity, multiply the fraction by the quantity. 
_oxe* ca di aT 
= BX Simplify by dividing the numerator and denominator by 3. 
2 


SB. 7 oxy 


9g Convert each mixed number into an improper fraction. 
5 


3.3 Dividing fractions and mixed numbers 


¥ Exercise 3D 


Work out 

a3X) baXs cnXs d 3X a 

eaxi td axe h Bx3 
Work out 

a 2xt b 3xt c 2x8 d 2x25 
Work out 

a 2of35kg b $of15m c of 12litres d+ of 25 pints 


Jomo delivers 56 newspapers on his round. On Fridays 3 of the newspapers have a magazine 
supplement. How many supplements does he deliver? 


Barry earns £130.60 in one week. He pays ; of this in tax. How much money does he pay in tax each 


week? 
TS Work out 
a 1;X4 b 1x4 c 8x15 d 12x 4h 
e 14X24 f 3x} g 6x h 82x 22 
Kieran takes 24 minutes to complete one lap at the Go Kart Centre. How long will it take him to complete 
6; laps? 


EA melon weighs 24 lb. Work out the weight of 81 melons. 


ee 


© Get Ready 


td 


(A) Key Points 


© To divide fractions: 
© Convert any mixed numbers to improper fractions. 
© Convert divide to multiply and invert the second fraction (inverted means turned upside down). 
© Multiply the top numbers and multiply the bottom numbers. 


MilaVler vy PIiauluvlils 


CSSD workouts =3 


aa gi bys is the same as dividing by 3. 
3 is called the reciprocal of 5. 


= 2 x 3 Change + to X and turn the second fraction upside down. 
Multiply the fractions. 
= 
15 
& 2 SD = Work out? + 2. Give your answer in its simplest form. 
= > = = 2 x S Turn $ upside down to get z. 
= 8 yf - ' 
=> xK=— Divide the numerator and denominator by 2. 
Gz 3B 
= 10 
9 


23 = at = +e pos a Write the mixed numbers as improper fractions. 


O 
5 Z| Turn £4 upside down to get 32. 
2 2 
= IF y 236 


ha Divide top and bottom by 7 and by 2. 
—3 


C 
ae 4.1 3. 44 2. 98 
1.3 4.2 T 2. wt 1. 41 


<3) Atin holds 102 litres of methylated spirit for a lamp. How many times will it fill a lamp holding z litre? 
A metal rod is 10% metres long. How many short rods 5 metre long can be cut from the longer rod? 
5 


Tar and Stone can resurface 2h km of road in a day. How many days will it take them to resurface a road 
of length 243 km? 


3.4 Fraction problems 


4) Key Point 


© You can use your knowledge of fractions to solve problems from real life. 


z, Example 12 In a cinema g of the audience are women, + of the audience are men. | 
All the rest of the audience are children. | 

What fraction of the audience are children? | 

| 


241 2%. Add 2 and 4 to find the fraction of 
5" 6 O 40 the audience who are women or men. f 
, 

= 21, 

O 


Subtract = from 1 to find the fraction 


of the audience who are children. 


3 of the audience are children. 


A school has 1800 pupils. 860 of these pupils are girls. Ao2 


3 of the girls like swimming. 2 of the boys like swimming. 
Work out the total number of pupils in the school who like swimming. 


| 


1021 pupils like swimming. 


¥ Exercise 3F 


36 


Ullapler o TractliOls 


=| 


Simon spends ; of his money on rent and i of his money on transport. 
a What fraction of his money does he spend on rent and transport altogether? 
b What fraction of his money is left? 


is 


& of an iceberg lies below the surface of the water. The total volume of an iceberg is 990 m*. 
What volume of this iceberg is below the surface? 


be 


DVDs are sold for £14 each. 2 of the £14 goes to the DVD company. 
How much of the £14 goes to the DVD company? 


An MP3 player usually costs £130. In a sale all prices are reduced by 2 
Work out the sale price of the MP3 player. 


Gt 


A factory has 1710 workers. 650 of the workers are female. 
2 of the female workers are under the age of 30, + of the male workers are under the age of 30. 
How many workers in total are aged under 30? 


There are 36 students in a class. Javed says that 3 of these students are boys. 
Explain why Javed cannot be right. 


~ 


Tammy watches two films. The first film is 13 hours long and the second one is 2 hours long. 
Work out the total length of the two films. 


£ of a square is shaded. z of the shaded part is shaded blue. 
What fraction of the whole square is shaded blue? 


Alison, Becky and Carol take part in a charity relay race. The race is over a total distance of 23 km. 
Each girl runs an equal distance. Work out how far each girl runs. 


= 
(2) 


In a book, 2 of the pages have pictures on them. 
Given that 72 pages have a picture on, work out the number of pages in the book. 


<3) 
=) 


Alex spent 4 of his pocket money on a computer game. 
He spent + of his pocket money on sweets. He saved the rest. 
Given that Alex saved £3.90, work out how much pocket money he got. 


© To add (or subtract) fractions, change them to equivalent fractions that have the same denominator. This new 
denominator will be the LCM of the two denominators. Then add (or subtract) the numerators but do not change 
the denominator. 

© To add or subtract mixed numbers, add or subtract the whole numbers, then add or subtract the fractions 
separately. 

© To multiply fractions, convert any mixed numbers to improper fractions, simplify if possible, then multiply the 
numerators and multiply the denominators. 

© To divide fractions, convert any mixed numbers to improper fractions, convert divide to multiply and invert the 
second fraction, then multiply the numerators and multiply the denominators. 

© You can use your knowledge of fractions to solve problems from real life. 


Chapter review 


Simplify these fractions 


12 28 32 96 84 
a ag os cB arr © 33 


a Change 32 to an improper fraction. b Change 2 to a mixed number. 


If they are required to work more than this, they are paid overtime. For example, overtime paid at 
‘time and a half’ would mean someone normally earning £8 per hour would receive £12 per hour for 
the extra hours. 

Copy and complete the table for the following workers. 


Overtime at Overtime at 
time and a half double time 


Many wage earners work a fixed number of hours, typically 35 hours a week. FS pod 


Cs oc 


Work out 


4 "3 33% of students answered this sort of question 
d 512 + 328 poorly because they simply added the numerators 
and added the denominators. 


a Using the table above find Aaron’s weekly wage if he works 35 hours at £8.50 per hour and 
6 hours’ overtime at time and a half. 

Chi normally works 36 hours a week and is paid for any overtime at time and a quarter. 

b One week she earned £522. How many extra hours did she work? 


Work out 
a i-2 wh = 
4 3 e—=2 Exam Question Report 
3. 9! 
b 5 —2, 7 
c 48-28 6 P 
4 "6 71% of students answered this sort of question 
well because they dealt with the integers and 
fractions separately. 
3 Diagram NOT 
13m 
3 accurately drawn 
aim 


2 
a Work out the area of this rectangle. Hint: Area of rectangle = length x width. 
b Work out the perimeter of this rectangle. 
c Work out the difference in lengths between the shortest and the longest side. 


SRT ee ce RO Te ERY Peet ever rn et eng 


Unapter so rractions 


8 | Diagram NOT 
accurately drawn 


<— 24cm —><«———- 33. cm ——> 


The diagram represents a part of a machine. 

In order to fit the machine, the part must be between 64 3m and 62 = cm long. 

Will the part fit the machine? 

You must explain your answer. June 2009 


9 | Ona farm, 2 3 of the land area is used to keep sheep. FS 
Half of the rest of the land area on the farm is used to grow crops. 
The land area of the farm used to grow crops is 600 000 m?. 
Work out the land area of the farm used to keep sheep. June 2009 


The distance from Granby to Hightown is 32 miles. The distance from Hightown to Islely is 25 miles. 
Jim walks from Granby to Islely via Hightown. He stops for a rest when he has walked half the total 
distance. How far has he walked when he stops for his rest? 


SS FS) 


| 4 


2 —_ 


+ _———— 
A 
a Here is a design for a book case with two shelves. All the measurements are in inches. 
The gap AB is the same as the gap CD. Work out the value of x. 
b In another design the bookcase is the same except the middle shelf has been moved so that the gap 
AB is twice the gap CD. 
Find the size of the gap AB. 


This is a magic square. The sum of the three numbers in each row, each column 
Parnes and each diagonal is the same. 
15 Work out the value of a, b, c and d. 
A scientist wants to estimate how many fish there are in a large pond. FS 
He catches 40 one day, tags them and puts them back into the pond. 


Next week he again catches 40 fish, 25 of which are tagged. 
Estimate how many fish there are in the pond. 


There are 960 pupils in a school. 
2 of the pupils are in lower school. 
4 of the pupils in the lower school are girls. 
Work out the number of girls in the lower school. 


Chapter review 


The diagram shows a square ABCD. 6b 
The points # and F are the midpoints of sides AD and CD respectively. _ 
What fraction of the square are the triangles: 

a ABE b DEF c BCF a BEF? 


A B 
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Before you start 
®) 


© convert between decimals < 
© ca a a) cing decimals 
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4.1 Conversion between fractions and decimals 


Conversion between fractions and decimals 


© Why do this? 
© You can convert between decimals and fractions. Parts of a whole can be given as fractions or 
© You can order integers, decimals and fractions. decimals. You need to be able to convert between 


these to make a comparison. One and a half 
kilograms can be written as 1.5 kilograms. 


(<>) Get Ready 


1. Write this set of numbers in order of size, smallest first. 
8.092, 8.9, 8.02, 8.09, 8.2, 8.29, 8.92 
2. Write these fractions in their simplest form. 


15 42 175 
as b © 20 


© Decimals are used as one way of writing parts of a whole number. 
The decimal point separates the whole number part from the part that is less than 1. 
© Aterminating decimal is a decimal which ends. 
0.34, 0.276 and 5.089 are terminating decimals. 
© Arecurring decimal is one in which one or more digits repeat. 
0.111 111..., 0.563 563 563..., 8.564 444... are all recurring decimals. 
© All fractions can be changed into a decimal. To work out if a fraction will be represented by a terminating or a 
recurring decimal: 
© write the fraction in its simplest form 
© write the denominator of the fraction in terms of its prime factors (see Section 1.1) 
© if these prime factors are only 2s and/or 5s then the fraction will convert to a terminating decimal 
© if any prime number other than 2 or 5 is a factor then the fraction will convert to a recurring decimal. 
© To convert a fraction to a decimal, either divide the numerator by the denominator, or, for a terminating decimal, 
create an equivalent fraction in lengths or hundredths. For example, 2 = 3 + 5 = 0.6, or? = 4 = 06. 
© Here are some common fraction-to-decimal conversions that you should remember. 


Vy Examplel 4 Work out whether these fractions will convert to terminating or recurring decimals. 


q 2 h & e Qh 
a 36 ” 3 © 355 
{ } 
a OL . © P | Simplify the fraction. | 


96° «32 S 
32=2X2X2X2X2, 
The only prime factor is 2. 


| Write the denominatorinterms | 


Qo... . : ; | of its prime factors. 
3 Will convert to a terminating decimal. * 
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a Simplify the fraction. 
Write the denominator in terms 
of its prime factors. 
= will convert to a recurring decimal. As 3 is a factor of 30. 
c oat Just look at the fraction part. | 


20=2X2X5 


ISS 5xX5 
3 is a prime factor as well as 5. 


Write the denominator in terms 
of its prime factors. 


= will convert to a terminating decimal. As only 2 and 5 are the factors. 
MW) Example 2 9 Rearrange these numbers in order of size, smallest first. 


z 0.34 3 0.41 Convert the fractions to decimals. 
5 » To 

2_~4_ O4 Multiply the numerator and denominator number by 2 

5 10 , to create an equivalent fraction as a tenth. 

2 =O ) 
10 : As the denominator is already 10, the fraction ; 


can immediately be written as a decimal. 


¥# Exercise 4A Questions in this chapter are targeted at the grades indicated. 


: Ea Write each of the set of numbers in order, starting with the smallest. 


9 86 
+, 0.8, 0.85, %, 0.98 


By writing the denominator in terms of its prime factors, decide whether these fractions will convert to 
recurring or terminating decimals. 


ag b 3 cs 
13 6 37 
dy © 5 0 


Linda says that Z can be converted to a terminating decimal. 
Mitch says that the fraction converts to a recurring decimal. 
Who is correct? You must give a reason for your answer. 


4.2 Carrying out arithmetic using decimals 


POSS SSE O TERE HHHHHEE HOSES ESESHHE SEO OSES 


Beever eereseeser eee 


©o Get Ready oy 
1. Work out eee 
a 13,1 4 5695 joan 


(A) Key Points 


© When adding or subtracting decimals, line up the decimal points first. 
© To multiply by a decimal, do the multiplication with whole numbers and then decide on the position of the 
decimal point. 


© To divide a number by a decimal, multiply both the number and the decimal by a power of 10 (10, 100, 1000 ...) 
to make the decimal a whole number. It is much easier to divide by a whole number than by a decimal. 


CEE Multiply 5.12 by 46 


512 
x46 
ZO72 Ignore the decimal points and do the 
20480 multiplication with whole numbers. 
ZO00e 
Estimate =5 X 5 
=25 An estimate for the answer is 5 X 5. 


= This means that the decimal point will go between 
BIZ RAG = 26052 the 3 and the 5 as 23.552 is close to 25. 


5.12 X 4.6 = 23.552 


The number of decimal places in the answer is 3, which is the same as the total 
number of decimal places in the question. 
This rule is another way of finding the position of the decimal point in the answer. 


Divide 20 by 0.4 


x10 
a ™ Convert the denominator number into a whole number. 
20 _ 200 0.4x10=4 
—_ * So multiply the numerator and denominator numbers in the fraction by 10. 
x10 
50 
4)200 Now divide 200 by 4. 
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CEE Divide 4.152 by 12 


4.15 


1.2 


Plus 


Examiner’s Tip 


2 _ 4152 


—" It does not matter that the 
AADA . #152 To make 1.2 into a whole top numberis still a decimal. 
i number, multiply it by 10. 
Mie oa 


x10 


abet 


604.152 +1.2=346 


P ssorciee 4B 

Work out 

a 03x04 b 0.006 x 0.2 ec 0.8 x 0.05 d 0.09 x 0.07 
Work out 

a 634 x 0.4 b 4.2103 c 0.723 x 0.06 d 3.15 x 0.8 

e 31X42 f 0.36 x 1.4 g 0.064 x 0.73 h 0.095 x 3.4 
Work out the cost of 0.6 kg of carrots at 25p per kilogram. 
4 Work out the cost of 1.6 m of material at £4.29 per metre. 
Work out 

a 12+0.2 b 42+03 c 19.2 + 0.03 d 26+04 

e 5+0.2 f 6.12 + 0.003 g 0.035 + 0.7 h 0.008 28 + 0.09 
Work out 

a 34.65 + 0.15 b 160.5 + 0.25 c 0.8673 + 0.021 d 9.706 + 0.23 
Five people share £130.65 equally. Work out how much each person will get. 
8 | A bottle of lemonade holds 1.5 litres. A glass will hold 0.3 litres. 


How many glasses can be filled from the bottle of lemonade? 


4.4 Significant figures 


(A) Key Points 


© Decimals can be rounded to a given number of decimal places. 


6.48 = 6.5 correct to 1 decimal place Round up because 6.48 is closer to 6.5 than to 6.4 
0.0748 = 0.07 correct to 2 decimal places Round down because 0.0748 is closer to 0.07 than to 0.08 


1.2475 = 1.248 correct to 3 decimal places If the figure in the fourth decimal place is 5 or more then 
round up 


Example 6 Write the following numbers correct to 2 decimal places. 


a 6.789 b 0.007 c 1.2999 


c 1.50 Note the difference between 1.3 (1 decimal place) and 1.30 (2 decimal places) 


Write the following numbers correct to 1 decimal place (1 d.p.). 


a 6.38 b 5.66 c 16.949 d 0.067 e 0.99 
Write the following numbers correct to 2 decimal places (2 d.p.). 

a 5.667 b 8.0582 e 0.125 d 3.044 e 0.076 
Write the following numbers correct to 3 decimal places (3 d.p.). 

a 6.4458 b 0.0792 c 5.0792 d 6.0079 e 0.0199 
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2. Write three num 


(A) Key Points 


© To write a number correct to 3 significant figures (3 s.f.), write down the first 3 figures, rounding up the last 
figure if the figure after it would be 5 or more. If necessary ignore any leading zeros. 
© Leading zeros in decimals are not counted as significant. 
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Vy Example 7 4 Round 436 to: a 2significant figures 


b 1 significant figure. 


a 436 = 440 correct to 2 significant figures. 


Round d b se 436 is 
b 436 = 400 correct to 1 significant figure. 
, Example 8 Round 0.0258 to: a 2s. b 1st 


a 0.0258 = 0.026 correct to 2 significant figures. 


b 0.0258 = 0.03 correct to 1 significant figure. 


Write the following numbers correctto: a 3 significant figures b 2 significant figures. 
i 2788, ii 4.7084, iii 0.006 675 


a i 2790(3sf) ii 4.71 (36) iii 0.006 68 (3 sf) 


b i 2800(2sf) ii 4.7(2 64) ili O.0067 (2 sf) 


& Example 10 Write the following numbers correct to 2 significant figures. 


a 7995 b 4.996 c 0.000 999 


Plus 
a 8000 (2 sf) @ Examiner’s Tip 


b 5.0(26f) 


Although there may only be one non-zero 
figure in your answer, the numbers could 
still be correct to 2 significant figures. 


Note the difference between 5 
(1 significant figure) and 5.0 
(2 significant figures). 


e 0.0010 (2s) 


Write the following numbers correct to 2 significant figures. 

a 3867 b 234.7 c 45.53 d 6.48 e 5.079 f —0.4318 
2 | Write the following numbers correct to 3 significant figures. 

a 2496 b 38.98 c 4.895 d 4.0899 e 0.01096 


Write the following numbers correct to 1 significant figure. 
a 3499 b 42.62 c 3.008 d 7.92 e 19.8 f 0.982 


4.5 Estimating calculations by rounding 


a a ae ae ae <i I TE 
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© You can use 


eeenecerse 
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3. Work out 


© Amethod of estimating the answer to a calculation is to write all numbers correct to 1 significant figure and 
then do the calculation. 


“Example 11 4 Work out an estimate for the area of a rectangle 38.6 cm by 12.2 cm. 


38.6 = 40 (1 sig fig) 
12.2 = 10(1 sig fig) 


Approximate area = 40 X 10 = 400 cm? 


: 38.9 < 19.9 
“) Example 12 4 a Calculate an estimate for the value of 703 Plus 


Watch Out! 


b Explain why your answer is an overestimate 


of the true answer. Remember not to round to the 
nearest whole number as that is 
a mistake. 


40 X 20 _ 800 _ 40 


& "20 20 


b 38.9 and 19.9 have been rounded up, so the new numerator is larger. 
20.3 has been rounded down, so the denominator is smaller and dividing by a smaller denominator 
results in a bigger answer. 


¥ Exercise 4E 


Estimate the value of the following calculations. 
a 69 x 58 b 112 x 68 c 295 x 19 d 4897 x 38 e 788 x 109 


Work out estimates for each of the following calculations. 
a 68+19 bh 99+ 49 c 58.6 + 6.1 d 211.8 + 39 e 577 + 97.8 


Unapter 4 Vecimals and estimation 


Work out estimates for each of the following. In each case state whether your answer is an 
overestimate or an underestimate of the true answer. 
a 189 x 38 b 19.9+ 5.1 c 61.9 + 5.92 d 28.4 x 1.89 x 4.8 


Work out estimates for each of the following calculations. 


State whether your answer is an underestimate or an overestimate. 
_ 48.9 x 9.9 , 203.8 ~ 999.8 q 9:95 X 79.9 
11.3 ~ 98X49 5.1 X 5.3 11.8 X 13.03 


E33) Work out an estimate for the value of 6.4 X 18.82. 


Estimating calculations involving decimals 


© You can work out an estimate for a calculation High-powered computers can perform calculations 
which involves decimals by writing all numbers with numbers that have hundreds of decimal 
correct to 1 significant figure. places. We need to round these numbers in order 


to work with them and estimate calculations. 


<>) Get Ready 
1. Write correct to 1 significant figure 

a 0.33 b 0.0466 e 0.00109 
2. Work out 

a 0.230 b 0.5 x 300 e 06X03 x03 
3. Work out 

600 6000 0.5 

oon . ao © 002 

Key P 


© You can round figures in a calculation to a given number of significant figures to make an estimate of the answer. 
This can help you to check that your answer is reasonable. 


, Example 13 4 a Work out an estimate for the value of 0.399 X 208.8 


2 Work out an estimate of the value of 4:89 X 0.088 
7 0.0052 Watch Out! 
0.4 X 200 = 80 Remember not to make the mistake 


of rounding a decimal down to zero. 


5X0.09_ 045 _ 450 _ 
0.005 0005 5 


90 
c 
| For division by a decimal, multiply the denominator and numerator 
| by anumber which produces a whole number in the denominator. 
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4.7 Manipulating decimals 


Work out estimates for the values of 


a 64 x 0.38 b 0.49 x 0.33 ce 12.1 x 0.128 d 0.089 x 0.021 
Work out estimates for the values of 
10.45 20.8 81.34 0.43 1.067 
a: ° oat * 081 * 012 © 5.49 


Work out estimates for the values of the following. 
State whether your answer is an overestimate or an underestimate. 


1.22 6.02 
a 5.4 x 0.32 b 0.48 x 0.38 © O19 d 0028 


Work out estimates for the values of the following. 
State whether your answer is an overestimate or an underestimate. 


_ 98 X 3.9 p §8X 29 ¢ 121 x 2.3 q 206 x 13.1 
0.14 0.11 0.83 0.48 


V = LWH, L = 0.046, W = 0.053, H = 122. Work out an estimate for the value of V. 


© Knowing the answer to one calculation can often be used to find the answer to a second calculation. 


Given that 348% 55 — 95 96, find the value of each of the following, 


346 X 25.5 p 2:995 x 0.34 


aa * 25.5 


a_Method.1 The final answer will be 100 times that of the given 
286 22.8 = BAC N00 X 285 calculation as one of the numbers on the top of the 
4 : 


fraction is 100 times the corresponding number in 
the original fraction. 


_3AG X 25.5 
=a K 


= 25.25 100 
= 2595 
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| 

Method 2 Write down an approximation sed Plus I 
346 X 25.5 _ 300 X 30 to the given sum. The answer S Examiner’s Tip 
BA ZB is approximately 3000. The . 


_ 9000 number closest to this gained by Round each number to 1 
~~ moving the decimal point in the ‘anit f 
= 3000 answer to the given calculation significant figure so you can 


is 2595 (rather than 259.5 or calculate an estimate quickly 


25 950 etc.). 


and easily. 


346 X 25.5 _ 
BAO NEES = 2595 


b Method 1 
2595. «0.54  2595>10* 64>10 
25.5 25.5 Two numbers on the top of the fraction 
_ 25.95. X.3A-.... 100 have been divided by 10 so divide the 
_ 255 : answer to the rearranged calculation 
= 346+ 100 my a. 
= 0.0346 
Method 2 
2,595 X 0.34 _ 3X03 
ead 30 From the original rearranged 
= 0.9 calculation, the number closest to 
30 0.03 that can be obtained by moving 
=0.03 the decimal point in 3.46 is 0.0346. 
2.59 BX*O BA 
iG 0.0346 
¥ Exercise 4G 


Given that 6.4 X 2.8 = 17.92 work out 
a 64x 28 b 640 x 2.8 c 0.64 x 28 d 0.64 x 0.028 


Given that 18.3 + 1.25 = 14.64 work out 
a 183+ 1.25 b 1.83 + 1.25 c 0.183 + 1.25 d 0.183 + 12.5 


Given that ae = 34.8 work out 


_ 23.2 X51 » 232 x51 _ 232X51 d 232 X 51 
3.4 3.4 34 34 
H§ Giventhat 23 x 56 = 1288 work out 
a 0.23 x 560 b 1288 + 5.6 c 12.88 + 0.23 d 1288 + (23 x 28) 
Given that 884 + 34= 26 work out 
a 8.84 + 340 b 884+ 2.6 c 8.84 + 260 d 884 + (3.4 x 2.6) 
6 | Given that ee = 1300 work out 
1872 » 18.72 _ 187.2 q 236 
12? ie 0.12? 120? 


4.8 Converting recurring decimals to fractions 
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@) Key Points 


© Allrecurring decimals can be converted to fractions. 
© To convert a recurring decimal to a fraction: 
© introduce a variable, usually x 
form an equation by putting x equal to the recurring decimal 
multiply both sides of the equation by 10 if 1 digit recurs, by 100 if 2 digits recur, by 1000 if 3 digits recur, and so on 
subtract the original equation from the new equation 
rearrange to find x as a fraction. 


(OO MOMEO) 


" Example 15 Convert the recurring decimal 0.54 to a fraction. Give your fraction in its simplest form. 


Letx = 0.5454... Put X equal to the recurring decimal. 
100x = 54.54... Multiply both sides of the equation by 100 as 2 digits recur. 


-— x= 05454... 


Ee Ce Convert the recurring decimal 0.2371 to a fraction. 


Put X equal to the recurring decimal. 
Care is needed here, the 2 does not recur. 


1000% = 257.1571... Multiply both sides of the equation by 1 000 as 3 digits recur. | 
- x“ O257 1.3: 
— 23569 
* = “999 Divide both sides by 999. 
_ 2369 


Letx = 0.237 1371... 


9990 
0.2 37 j _ 2369 Multiply both the numerator and denominator by 10 
~ 9980 to convert the decimal in the numerator to an integer. 


Pee Aa aN ld Ea 
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Convert each recurring decimal to a fraction. Give each fraction in its simplest form. 
Do not use a calculator. You must use algebra. 


0.77777... 0.343 434... 0.915915... 4 
0.317 GH 005 0.326 El 0.701 
: Bi 023 6.83 2.106 7.352 


Upper and lower bounds of accuracy 


© You know the upper bound and the lower bound of If you knew how tall the Blackpool Tower was to 
a number given the accuracy to which it has been 2 significant figures, then you could work out the 
written. maximum and minimum possible heights that it 

could be. 

<>) Get Ready 

1. Write the following numbers correct to 1 decimal place (1 d.p.). 
a 6.05 b 6.99 c 6.49 d 6.51 

2. Write the following numbers correct to 1 significant figure. 


a 0.33 b 0.339 c 0.26 d 0.349 
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© The upper bound of a number written to 1 decimal place is the highest value which rounds down to that number. 
© The lower bound of a number written to 1 decimal place is the lowest value which rounds up to that number. 


V~ Example 17 9 a x =6.4(correctto 1 decimal place) 


Write down the upper bound and the lower bound of x. 
by = 248 (correct to 3 significant figures) 
Write down the upper bound and the lower bound of y. 


‘Plus 


Examiner’s Tip 


Remember that the upper bound 
is the same distance above x as 
the lower bound is below x. 


For 1 decimal place the 


Upper bound of x = 6.45 — upper bound is 0.05 


| 

| 

| above the stated value. 

Lower bound of x = 6.35 «< —— : , 
ee | For 1 decimal place the lower bound is 0.05 below the stated value. 

ted 248.5 is the largest value which will round 
dofy = 2475 | down to 246 correct to 3 significant figures. 


pe ¥] 


] 


b Upper bound ofy = 248.5 < 


Lower boun 


upper bound lower bound 


4.10 Calculating the bounds of an expression 


BP ticicise 4I 
Write down: i the upper bound and ii the lower bound of these numbers. 


a 84 (2 significant figures) b 84.0 (3 significant figures) 
c 84.00 (4 significant figures) 


Write down: i the upper bound and ii the lower bound of these numbers. 
a 0.9(1 decimal place) b 0.90 (2 decimal places) 
c 0.09 (2 decimal places) 


The length of a line is 118 cm correct to the nearest cm. Write down: 
a the upper bound 
b the lower bound of the length of the line. 
Give your answers in cm. 


The mass of a stone is 6.4 kg correct to the nearest one tenth of a kg. Write down: 
a the upper bound 
b the lower bound of the mass of the stone. 
Give your answers in grams. 


The amount of fuel in a tank is 48.0 litres correct to the nearest tenth of a litre. Write down: 
a the upper bound 
b the lower bound of the amount of fuel in the tank. 
Give your answers in litres. 


6 | The length of a piece of wood is 1 metre correct to the nearest cm. Write down: 
a the upper bound 
b the lower bound of the length of the piece of wood. 
Give your answers in metres. 


Calculating the bounds of an expression 


© Why do this? 


© You can work out the upper bound and the If you had rough estimates for its length and width, 
lower bound of an expression when the you could work out the maximum and minimum 
numbers in it are approximate. possible areas of a basketball court. 

>) Get Ready 


1. Work out 6.45 + 3.65. 

2. a =3.4(1 decimal place), b = 5.6 (1 decimal place) 
Work out the difference between the upper bound of a and the lower bound of b. 

3. c,d, e and fare four positive numbers written in order of increasing size. Write down the pairs of numbers 
which will have the greatest: 
a sum b difference c product d quotient. 


> 
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© Let S = x + y. Then upper bound of S = upper bound of x + upper bound of y. 
© Let D = x — y. Then upper bound of D = upper bound of x — lower bound of y. 


© Let P = xy. Then upper bound of P = upper bound of x X upper bound of y. 
© Let Q ==. Then upper bound of Q = upper bound of x + lower bound of y. 


© For the lower bounds of S and P, use the lower bounds of x and y. 
© The lower bound of D = lower bound of x — upper bound of y. 
© The lower bound of Q = lower bound of x + upper bound of y. 


W. Example 18 4 x=34correcttold.p. y= 1.8correctto1d.p. 


Find i the upperbound ii the lower bound of 
axty bx-y c xy 


3.45 + 1.85 = 5.30 


ii 3.35+ 1.75 =5.10 


bi 345-—1.75 = 1.7 


is) 


c/a 


i 345X165 =6.3825 
ii 3.35 X 1.75 = 5.8625 


o 


d i 545+ 1.75 = 1.971 (dp) 
i, 3.55 + 165 = 1611 (Sdp) 


Example 19 Here is a formula from science. 
2 oj 2 
H= V%sin x) 
29 


V = 250 correct to 3 significant figures 
x = 72 correct to 2 significant figures 
g = 9.81 correct to 2 decimal places 


a Find the upper bound and the lower bound of H. 
b Write the value of H correct to an appropriate 
number of significant figures. 


250.5? X (sin 72.5)* 


a Upper bound 2X9 BO5 = 2910.5621 
_ 249.52 X (sin 71.5)? _ 
Lower bound — ——_3x9815. = 28651 O97 864. heed 


b H=2900 correct to 2 significant figures. 


Plus 


= Examiner’s Tip 


The lower and upper bounds may 
agree when written correct to 

a certain number of significant 
figures. Make sure you choose an 
appropriate degree of accuracy. 
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4.10 Calculating the bounds of an expression 


Example 20 The length of a rectangle is measured as 8.3 cm to the nearest mm and its width as 3.6 cm 
to the nearest mm. 


a Write down the lower bound of the width. 


b Write down the lower bound for the perimeter. 
c Work out the lower bound of the area. Give your answer correct to 1 decimal place. 


a 3.55cm 
b 2X355+2X825=25.6cm 


c 3.55 X 8.25 = 29.2875 
= 29.3.cm? (1 dp) 


# Exercise 4] 


p = 480 (3s.f.), q = 56 (2s.f.) Work out the lower bounds of 
apt+q b pq c p 


¢ = 2.44 (2d.p.), d = 4.45 (2 d.p.) Work out the lower bounds of 
act+d b cd ec 10c 


r = 200 (3s-.), s = 250 (3s-f.), ¢ = 224 (3s.f.) Work out the upper bounds of 
a rst b rs+st+ir 


c = 42 (2sf.), d = 30 (2s.f.) Work out the lower bounds of 
acd b c+d 


bo 


e = 3.4(1d.p.), f= 2.5 (1 d.p.) Work out the lower bounds of 

ae- b & 
: f 

p=qt+rs q = 18.7,r = —6.4, s = 7.7 all correct to 1d.p. 

a Find the lower bound of p. 

b Find the upper bound of p. 

c Write the value of p correct to an appropriate number of significant figures. 


E=mce c= 3.0 X 108 (2sf.), m = 2.4 (2s. 
Calculate the lower bound of £. Calculate the upper bound of E. 


A=lw 
a Suppose J = 10, w = 5, both exact. Work out the exact value of A. 
b Suppose / = 10, w = 5, both written correct to the nearest whole number. 
Work out the percentage difference between the upper bound of A and the exact value of A. 


Lnapter 4 Vecimals and estimation 


© Decimals are used as one way of writing parts of a whole number. | Decimal | Backon 

© The decimal point separates the whole number part from the part that 
is less than 1. 0.01 

© Aterminating decimal is a decimal which ends. 
0.34, 0.276 and 5.089 are terminating decimals. 

© Arecurring decimal is one in which one or more figures repeat. 
0.111 111..., 0.563 563 563..., 8.564 444... are all recurring decimals. 

© To work out if a fraction will be represented by a terminating ora 
recurring decimal: 

write the fraction in its simplest form 

write the denominator of the fraction in terms of its prime factors 0 

®» if these prime factors are only 2's and/or 5’s then the fraction will — 

convert to a terminating decimal 

if any prime number other than 2 or 5 is a factor then the fraction will convert to a recurring decimal. 

© When adding or subtracting decimals, line up the decimal points first. 

© To multiply by a decimal, do the multiplication with whole numbers and then decide on the position of the decimal 
point. 

© To divide a number by a decimal, multiply both the number and the decimal by a power of 10 (10, 100, 1000 ...) to 
make the decimal a whole number. It is much easier to divide by a whole number than by a decimal. 

© Decimals can be rounded to a given number of decimal places. 

© To write a number correct to 3 significant figures (3 s.f.), write down the first 3 figures, rounding up the last figure 
if the figure after it would be 5 or more. If necessary ignore any leading zeros. 

© Leading zeros in decimals are not counted as significant. 

© A method of estimating the answer to a calculation is to write all numbers correct to 1 significant figure. 

© You can round figures in a calculation to a given number of significant figures to make an estimate of the answer. 
This can help you to check that your answer is reasonable. 

© Knowing the answer to one calculation can often be used to find the answer to a second calculation. 

© All recurring decimals can be converted to fractions. 

© To convert a recurring decimal to a fraction: 

introduce a variable, usually x 


_ 
3|— 
Oo 


7 
| 0.25 
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| 
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@ 


® form an equation by putting x equal to the recurring decimal 
© multiply both sides of the equation by 10 if 1 digit recurs, by 100 if 2 digits recur, by 1000 if 3 digits recur, 
and so on 

© subtract the original equation from the new equation 

© rearrange to find x as a fraction. 
© The upper bound of a number written to 1 decimal place is the highest value which rounds down to that number. 
© The lower bound of a number written to 1 decimal place is the lowest value which rounds up to that number. 
© Let S = x + y. Then upper bound of S = the upper bound of x + upper bound of y. 
© Let D = x — y. Then upper bound of D = upper bound of x — lower bound of y. 
© Let P = xy. Then upper bound of P = upper bound of x X upper bound of y. 
© LetQ= 7 Then upper bound of Q = upper bound of x ~ lower bound of y. 
© For the lower bounds of S and P, use the lower bounds of x and y. 
© The lower bound of D = lower bound of x — upper bound of y. 
© The lower bound of Q = lower bound of x = upper bound of y. 


Chapter review 


# Review exercise 


go Here are the rates of pay in a company. FF | ped 


Basic pay for an | Overtime pay for 


Kaysha has a part-time job as an operative. 
Last week Kaysha earned basic pay for 24 hours and overtime pay for 3 hours. 
Work out Kaysha’s total pay for last week. June 2008, adapted 


Write down which of the following, when written as decimals, are recurring. 
3 2 7 9 3 


4 3 8 24 5 
PLS Put these numbers in order. Start with the smallest number. 
: 3 0.47 12 ul 


5 25 50 
ze ™ Ethan has a ‘5p off per litre’ voucher for use at a local petrol station. FS B02 
oan He fills up his tank with 43 litres of petrol normally costing 104.9p per litre. 03 
How much does he pay? 
5 | Write correct to 3 significant figures 
a 4778 b 106.74 c 3.228 x 10% d 6996 e 56.97 


'5 Write correct to 2 significant figures 
a 45.87 b 30.72 c 0.0457 d 19.97 e 4.098 


‘7 Write correct to 1 significant figure 


a 363 b 40.22 c 9.9 x 10” d 0.005 48 e —3.056 
"= Write the following numbers correct to 1 decimal place 
: a 3.142 b 0.567 c 2.091 d 3.99 
go Use the information that 
: 63 X 99 _ 77 
a BO) esutPhs 
Write down the value, as fractions or = Exam Question Report 
integers, of 2; 
_ 63x 9.9 
18? 97% of students answered this sort of question 
, 53 a well because they used the information provided. 
63 < 99 
0.18? 


Jim and Jenni are collecting money for charity. Jim collects a kilometre of 2p pieces. Jenni wants EFS 3 
to collect 1p pieces. How many 1p pieces does she need to collect to get the same amount of money as 
Jim? (Diameter of 2p piece = 2.6 cm, diameter of 1p piece = 2cm). 


Vnapter 4 Vecimails and estimation 


D An electricity bill includes a 
‘ag standard charge and an amount 
depending on how much you use. 
Avery Energy charges 12.61p per 
unit for the first 400 units and 15.02p 
per unit for any units used above this 
amount. 


AVERY ENERGY Total units = 573 


@ 1261p per unit | = | £50.44 
@ 15.02p per unit | = | £25.98 


Standing charge, 90 days | @ 14.01p per day £12.61 
CS tatue | = [280.08 


a Check the amounts on the bill are correct. 


Three electricity companies use different pricing structures. 
AVERY ENERGY 


Standing charge 


First 400 units 


Additional units 


BRAWN POWER 


Standing charge 
All units charged 


CC ELECTRICS 


14.01p per day 
@ 12.61p per unit 


@ 15.02p per unit 
16.30p per day 


@ 13.60p per unit 


Additional units @ 23.72p per unit 


b Advise the following people which electricity company they should use. (Take 90 days as a quarter.) 
i John is rarely in. He uses about 350 units a quarter. 
ii Vijay works from home and uses 1261 units a quarter. 


By writing each number correct to 1 significant figure, work out an estimate for the value of 
a 49x59 b 79X51 ce 41x59 d 499 x 691 e 61X 19.9 x 2.8 


By writing each number correct to 1 significant figure, work out an estimate for the value of 
a 199 + 39 b 19.9 + 4.1 c 411+49 d 4991 + 21.8 e 19.98 + 20.8 


The table gives information about the length of time in minutes and seconds, the tracks on a CD last. 


[Tracknumber | 1 | 
Work out an estimate for the total length of time for all the tracks on the CD. 
Give your answer in minutes. 


Estimate in fs the cost of: 

an ice cream in Italy costing 3 euros 

a T-shirt in the USA costing $30 

a meal in Japan costing 1500 yen 

a drink in Turkey costing 10 lira 

a souvenir in Thailand costing 300 baht 
f a camera in China costing 2000 yuan. 


£1 buys you ; 


ona oO os ff 


Chapter review 


Rob's tariff for his mobile phone is shown in the box on the right. No monthly fee FSi : ; 


a Calculate his monthly bill if he made 100 minutes of calls and 60 texts. | Calls 
b In one particular month, the number of texts and the number of 15p per minute anytime 
minutes of calls were the same. 


Texts 
If his bill was £8, how many texts did he send? 10p per text to any network 


Work out an estimate for the value of each of these. In each case state whether your answer is an 
overestimate or an underestimate. 

5.4 X 3.2 0.32 0.88 x 0.37 59 X 36 e 0.32 x 320 

0.187 0.001 95 0.131 0.415 0.195 < 0.012 

The height of a room is 285 cm. The width of the room is 790 cm and the length is 880 cm. 
A number of people are to work in the room. Building regulations state that for every person working in 
the room there must be 4.25 m*. 
Calculate an estimate for the number of people who could work in the room. 


Jason hired a van. 

The company charges £90 per day plus the cost of the 
fuel used. 

The van can travel 6 miles for each litre of fuel used. 
Fuel costs 98.9 p for 1 litre. 

On Monday, Jason hired the van and drove from 
London to Cardiff. 

On Tuesday, Jason drove from Cardiff to Edinburgh. 
On Wednesday, Jason drove from Edinburgh back to London and returned the van. 

Jason used this table for information about distances between cities. 

Jason thought the total cost would be about £400. 

Work out the total cost of hiring the van and the fuel used. May 2009 


: 3 4¢ 8 3 F 
Write the sum of the sequence = + 755 + qjg9 t+ --- aS a fraction. 


(Where the ... indicates the sequence goes on for ever). 

x = 4.9(1 decimal place), y = 12.1 (1 decimal place). Work out the upper bounds of 
axty b 4xn+y c xy d x 

p = 450 (2 significant figures), g = 240 (2 significant figures) Work out the lower bounds of 
ap-q b 2p-q c p+q s2-— 
The length of a metal rod is 200 cm correct to the nearest cm. 

Explain why the rod may be able to fit into a slot with a stated length of 199.8 cm. 


Katy drove for 238 km, correct to the nearest mile. PI 
She used 27.3 litres of petrol, to the nearest tenth == 
of a litre. 

Work out the upper bound for the petrol 
consumption in km per litre for Katy’s journey. 
Give your answer correct to 2 decimal places. 


Exam Question Report 


76% of students answered this question poorly 
because they selected the wrong bound for the 
numerator or the denominator. 


June 2008, adapted 
A cylinder has the label ‘Contents 330 m/’ printed on it. The diameter of the cylinder is 6.5 cm correct to 
the nearest mm and the height 10.0 cm to the nearest mm. Is the label correct? 
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Before you start 
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5.1 Angle properties of parallel lines 


POOH COSA HH EEE OEE EE TEESE ESOT ESESE OEE E THOSE O EE ESEO SEE EEeeEES 


© You can give reas 


@ Get Ready 


1. Find the sizes o 


(A) Key Points 


© When two parallel lines are crossed by a straight line, as in the diagram, angles are formed. 
The green angles are in corresponding positions so they are called corresponding angles. Corresponding 
angles are equal. 
The blue angles are also corresponding angles. 
The orange angles are on opposite or alternate sides of the line so they are called alternate angles. 
The yellow angles are also alternate angles. 


AA Ly 


The orange angles are on opposite or alternate sides of the line so they are called alternate angles. Alternate 
angles are equal. 
The yellow angles are also alternate angles. 


Find the size of angle a and angle b. fs 


a=67° Corresponding angles are equal. j-—f 
b= \e/ 
SO 

Alternate angles are equal. 
b= 67° 


Parallel lines 
are marked 

with arrows in 
diagrams. 


——————— 
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‘A02 i? Example 2 9 Explain why a + 6 = 180°. 
A03 
In the diagram Corresponding angles are equal. /a\ (Jc\ 


G26 
b+c= 180° 


S0 Angles ona straight line add up to 180°. 


b+a=a+b=180" 


# Exercise 5A Questions in this chapter are targeted at the grades indicated. : 


In questions 1—6 find the size of each lettered angle. Give reasons for your answers. 


> 
iy 

Vv 
A 


Here are two parallel lines crossed by a straight line. 


a List pairs of equal corresponding angles. (ab 
b List pairs of equal alternate angles. \e Sd) 
ce List pairs of angles which add up to 180°. 
Explain why the angles add up to 180°. — 
an 8 | ACE is a straight line. B D 


Explain why the lines AB and CD must be parallel. 
A (wf, 


5.2 Proving the angle properties of triangles and quadrilaterals 


ae a ae ae er 4 Te are a ar wr i i= 


SPOR OSH TESTO SEH ESSE TEESE EE SES EEEE OEE 


PCRS R SORES H TEESE EEE EHESECT EEE OEMESSE SEES E SECTS SOD ESSES ECO E EEE E EEE ee Eee eEeeeeDeeeeseceeees 


(A) Key Points 


© The angle marked e is called an exterior angle. 
© The angle of the triangle at this vertex, i, 
is sometimes called an interior angle. 


@® i+e=180° At 


“) Example 3 4 Prove that the angle sum of any triangle is 180°. 


For any triangle, a straight line can be drawn through a vertex parallel to the opposite 
side, as shown in the diagram. TAU 


a=p Alternate angles are equal. 
c=q Alternate angles are equal. fm fo, 


pt+b+q=180° Angles on a straight line add up to 180°. 


So 


at+b+c=180° The angle sum of a triangle is 180° 


SSS SS 
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¥ Exercise 5B 


: Here is a triangle with one side extended. 
A03 : 


C 


<\ 
VAN ACN 


Complete the following proof that e = a + 0 by giving a reason for each line of the proof. 


a+b+c=180° .......... 
e+c= 180° 
so 
e=at+b 
An exterior angle of a triangle is equal to the sum of the interior 
angles at the other two vertices. 


Mas Here is a quadrilateral. A diagonal has been drawn to divide the quadrilateral into two triangles. 


\t7 XD \y Ld 
ea PS Wry ES 
Copy and complete this proof that the angle sum of a quadrilateral is 360°. 


QB=FAS- === Lauinvtssigniounnnnddninmadoindiansoutinuiontonionians 


EAE TH GOP cassis oicnsieasisvniinarinerinibonsnio sncniotuatsseh 
c+q+t+s= 180° 


Adding 

at+ct+pt+qt+r+s=360° 
a+c+b+d=360° 

so 

a+b+c+d=360° 

The sum of the angles of a quadrilateral is 360°. 


a 


KL <o 


a Use properties of parallel lines to prove that 
a+b=c+d 
b Which angle property of triangles has this proved? 


5.3 Using the angle properties of triangles and quadrilaterals 
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(A) Key Points 


© An exterior angle of a triangle is equal to the sum Aa 


of the interior angles at the other two vertices. 
© The angle sum of a quadrilateral is 360°. \2/ LoS 


a+b+c+d=360° 


© Opposite angles of a parallelogram are equal. a=Cc 
b=d 
The two angles at the end of each side of a parallelogram add up to 180°. 
a+b=b+c=c+d=d+a= 180° 
Example 5 shows important angle properties of parallelograms. 


oN 


¥ Exercise 5C 


A02- 
A03 


VNAPler VAAIIYICS GNU PULYYyUTIS 


BCD is a straight line. 4 
angle ACD = 123° é 
angle CBA = 58° 
Work out the size of angle BAC. 
@= 123° — 5" Exterior angle is equal to the B A 


sum of the interior angles at 
the other two vertices. 


a = angle BAC = 65° 


ABCD is a parallelogram. 
Find the size of each angle of the parallelogram. 


a = 60° Alternate angles on parallel 
lines BC and AD are equal. 
b+ 60° = 180° A D 
= 180° — 60° 
‘ - Angles ona straight line add up to 180°. 
b= 120° 


c=60° Corresponding angles on parallel lines BA and CD are equal. 
at+b+c+d=360° Angle sum of a quadrilateral is 360°. 
60° + 120° + GO* + d = 360° 


240° + d= 360° 
d=120° 


BCDE is a quadrilateral. 
ABE is an equilateral triangle. 
Work out the size of angle ABC. 


a Work out the size of the angle e. fans 


Give reasons for your working. 


5.4 Angles of elevation and depression 


a Here is a kite. The diagonal shown dotted is an axis of symmetry. : 
Find the size of angle a and the size of angle 0. “ur? 


:A03 
Give reasons for your working. : : 


b Here is an isosceles trapezium. 
The line shown dotted is an axis of symmetry. 
The trapezium has an angle of 66° as shown. 
Find the sizes of the three other angles of the trapezium. 
Give reasons for your working. fan 


Here is a quadrilateral. 
Work out the size of angle a. 7 
Give reasons for your working. 


: A03 
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© You know tha 
from 


CCC CBee ee eeeeeeeseneeee 
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@ Key Points 


© The angle of elevation of point A from point B is the angle of 
turn above the horizontal to look directly from B to A. 


angle of 
elevation 


horizontal 


ANN ee RA ee z= 
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© The angle of depression of point B from point A is the angle of horizontal 
turn below the horizontal to look directly from A to B. 


angle of depression 


horizontal 
© Angles of elevation and depression are always measured from the horizontal. 
# Exercise 5D 
*: Here is a diagram of a lighthouse. harzantal 


“wag Explain why angle e = angle d. 


horizontal 


The angle of depression of a point A on horizontal ground from the top of a tree is 30°. 
a Show this information in a sketch. 
b Onyour sketch show and label the angle of elevation of the top of the tree from A. 


POVUERETT CC UCT EMUEEUEE EEE EEC errr) 
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BOSS SEE SEEE SEES SO SSESSO SHEESH EESEES 


68 angle of depression 


5.5 Bearings 


@) Points 


© Bearings are angles measured clockwise from North. 
© Bearings always have three figures. 


For each diagram, give the bearing of B from A. | 


a Nn ( 
B () | 
B Watch Out! 
Remember that a bearing 
Be has to have three figures and 
(I) that is why some start with 

A 


one or two zeros. 


a AtA, turn 47° clockwise from North to look towards B. 
The bearing of B from A is 047°. 


b The angle 351° is measured anticlockwise from North. 
Clockwise angle = 360° — 351° = 9° 
(as there are 360° in a complete turn). 
The bearing of B from A is O09”. 


“{ Example 7 The bearing of B from A is 106°. 


: 

@ Plus 

Work out the bearing of A from B. “= Examiner’s Tip 
N = 


Bearing of AfronB =106°+ 180° Remember that bearings are 
= 286° always measured clockwise 


from the North. 
ale 


Draw a North line at B. 


The angle marked in red is the angle 

j that is the bearing of A from B. ! 

The angle marked in blue is 106° 
(alternate angles). 


waves! wr es ee ee 


¥ Exercise 5E 


In each of the following, give the bearing of B from A. 
a N b N c N 


A 
p > 
B 
pe 
A 
B 
) The diagram shows three towns A, B and C. 
N 
The bearing of C from A is 038°. 
Angle ACB = 116° 
CA =CB 
Work out the bearing of 
a BfromA 
b Afrom C 
c BfromC 
The bearing of Norwich from Gloucester is 069°. 
Work out the bearing of Gloucester from Norwich. 
ne A plane flies from Skegness to Carlisle on a bearing of 132°. FF) 


Work out the bearing the plane needs to fly on for the return journey to Skegness. 


C AOD The diagram shows the position of three towns P, Q and R. 
Find the bearing of: N 
a RfromQ 


b PfromQ. 
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5.6 Using angle properties to solve problems 


Using angle properties to solve problems 


© You can use the angle properties in this chapter In the fashion industry, you can use angle 
to solve more involved problems. properties to fit pieces of material together for 
© You can give reasons for angle calculations. clothes without wasting cloth. 
(<>) Get Ready 


1. Find the size of each lettered angle. 
Give reasons for your answers. 


ki Example 8 Work out the size of: < 


i anglea , 
Watch Out! 
ii angle b. Se = : 


Questions will rarely just ask 


bat 75" 120° + 103° = 360" you to work out the size of the 
a+ 298° = 360° unknown angle of a triangle 
a= 62°’) \?/ or of a quadrilateral. In most 
\ cases you will need to use 


other angle properties. 


ii b=a | Sum of the angles of a quadrilateral is 360". 


b= 62° \ 
— 
Alternate angles are equal. 
} 


¥ Exercise 5F 


AFB and CIGD are parallel lines. 
EFGH is a straight line. 

GH = GI 

Angle GIH = 28° 

Work out the size of: 

a angle DGF 

b angle EFA. 


Chapter 5 Angles and polygons 


j: L, M and N are points, as shown, on the sides of triangle ABC. 
ML and AB are parallel. 

NL and AC are parallel. 

NM and BC are parallel. 

Angle BAC = 70° 

Angle ABC= 55° 

Work out the size of each angle of triangle LMN. 


Work out the size of: 
a angle p 


b angle g. 
Give reasons for your working. Jam (ur> \@\ 
Here is a parallelogram. xe 


a Explain why a =c. 
b Hence prove thata+b=c+d. 


Give reasons for your working. \o>4) 


c What property of parallelograms have you proved? 


Here is a quadrilateral. 
In this quadrilateral a + c = 180°. 
Prove that b + d = 180°. 
Give reasons for your working. 


~) 
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5.7 Polygons 


© Apolygon is a closed two-dimensional shape with straight sides. 


© Aregular polygon is a polygon with all its sides the same length and all its angles equal in size. 
© Here are the names of some special polygons. 


Triangle 3-sided polygon - Plus 
A = Examiner’s Tip 
Quadrilateral 4-sided polygon eee 


Pentagon 5-sided polygon @ 


Hexagon 6-sided polygon > Octagon 8-sided polygon & 
ED Decagon 10-sided polygon ©) 


These are the names of the polygons that 
are needed for GCSE. Other polygons also 
have special names. 


Heptagon 7-sided polygon 


Angles of a polygon 


MW) Example9 4 Here is a 7-sided polygon. 


Work out the sum of the angles of this polygon. 


The angle sum of each triangle is 180°. 


Sum of the angles of a heptagon = 5 X 180° = 900° 


As these angles are inside the polygon, they are also called the interior angles of the polygon. 


Unapter v rilgivs Se tae 


Sum of interior 
angles 


‘Number of — 
triangles 


Polygon 


] Number of sides 
de Paty «ae 


b Fora polygon with n sides, write down: 
i the number of diagonals that can be drawn from one vertex 
ii the number of triangles that are formed 
ii the sum of the interior angles of the polygon. 


é A rhombus has sides that are the same length. Explain why a rhombus is, in general, not a regular 
polygon. 


Sum of the interior angles of a polygon 


© A polygon can be divided into triangles when all diagonals are drawn from one vertex. For an n-sided polygon, 
the number of triangles will be (n-2). 
© Aregular polygon will tesselate if the interior angle is an exact divisor of 360°. Regular triangles, squares and 
hexagons will therefore tessellate. 
© Sum of the interior angles of a polygon with n sides = (n — 2) X 180° 
= (2n — 4) right angles 


iW Example 10 9 A polygon has 15 sides. 


4 Work out the sum of the interior angles of the polygon. 
b Find the size of each interior angle of a regular polygon with 15 sides. 


a 15-2=15 With n = 15, work out the number of triangles = (n — 2) 


13 X 180 = 2340 Work out (n — 2) X 180 
Sum of interior angles = 2340° 


The regular polygon has 15 interior 
angles that are all the same size. 


= 156° Divide the sum of the angles by 15. 


b Each interior angle = 2340° + 15 
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5.7 Polygons 


“Example 11 4 Here is a regular octagon with centre 0. 


a Work out the size of: 
ianglex ii angley. 
b Hence work out the size of each interior angle of a regular octagon. L| 


au 


Joining each vertex of the polygon to the centre 
Owill form in total 8 equal angles like angle x. 
These & angles make a complete turn of 360°. 


The triangle shown is an isosceles triangle, with 
angle y as one of the two equal base angles. 


b Each interior angle = 2 X 67.5° = 135° 


a ix=360°+8=45° 


ico"= 45° = 67.5° 


iy= 


By symmetry, angle y is half an 
interior angle of the regular polygon. 


Exercise 5H 


: John divides a regular polygon into 16 triangles by drawing all the diagonals from one vertex. 
a How many diagonals does John draw? 

b How many sides has the polygon? 

c Whatis the size of each of the interior angles of the polygon? 


Work out the size of each interior angle of: 
a aregular hexagon 
b aregular decagon 
© aregular polygon with 30 sides. 


Work out the size of each of the marked angles in these polygons. You must show your working. 


\2) (ae 


Explain why the size of the angle at the centre of a regular polygon cannot be 25°. 


os | 


Here is an octagon. 
a Work out the size of each of the angles marked with a letter. 
b Work out the value ofa+b+c+d+e+ftgth 


“Az 
»A03 


 AO2 
: A03 


:A03 


WHE VeSs wry aS eS ee 


B 02: — ABCD is a square. EFGHIJKL is an octagon. 
BAUS : AE = EF = FB = BG = GH=HC=Cl=IJ = JD = DK =KL=LA 
a Find the size of each interior angle of the octagon. 
Give reasons for your answers. Fa \ 
b Tracy says that the octagon is a regular octagon. J 
i Why might Tracy think that the octagon is regular? 


ii Explain why Tracy is wrong. h 4 


Exterior angles of a polygon 


@) Key Points — 
© When a side of a polygon is extended at a vertex, the angle between this extended line and the other side 
at the vertex is an exterior angle at this vertex. 


interior angle 
exterior angle 


© The sum of angles on a straight line = 180° 
So at a vertex, interior angle + exterior angle = 180° 
© The sum of the exterior angles of any polygon is 360°. 


ABCDEF is a hexagon. 

Imagine a spider is at vertex A facing in the direction of the arrow. 
The spider turns through angle a so that it is now facing in the 
direction AB. The spider now walks to vertex B. 

At B, the spider turns through angle to face in the direction BC. 
He continues to walk around the hexagon until he gets back to A. 
The spider has turned through one complete circle, so it has 
turned through an angle of 360°. 

The total angle turned through by the spider is also 
a+ob+ct+d+e+f, the sum of the exterior angles of the hexagon. 
Soatb+ct+d+e+t+f= 360°. 

The same argument holds for any polygon. 


W Example 12 J A regular polygon has 20 sides. 


a Work out the size of each exterior angle. 
b Work out the size of each interior angle. 


The polygon is regular so the 20 exterior 
angles are equal in size. 
The sum of these 20 equal angles is 360°. 


b Interior angle = 1 &0° — 18° = 162° Exterior angle + interior angle = 180° 


a Each exterior angle = 360° + 20 = 18° 


5.7 Polygons 


Mw? Example 13 9 The interior angle of a regular polygon is 160°. 


Work out how many sides the polygon has. 


Work out the size of an exterior angle. 
Exterior angle + interior angle = 180°. 
The polygon is regular so that all 
exterior angles are 20° with sum 360°. 


Exterior angle = 180° — 160° = 20° 


Number of sides = “—s =16 


¥ Exercise 51 


One vertex of a polygon is the point P. 
a Work out the size of the interior angle at P when the exterior angle at Pis: i 70° ij 37°. 
b Work out the size of the exterior angle at P when the interior angle at Pis: i 130° ii 144°. 


Work out the size of each exterior angle of: 
a aregular pentagon b aregular octagon 
c aregular polygon with 12sides dd aregular 25-sided polygon. 


The size of each exterior angle of a regular polygon is 15°. “02 
a Work out the number of sides the polygon has. ; 
b Whatis the sum of the interior angles of the polygon? 


The sizes of five of the exterior angles of a hexagon are 36°, 82°, 51°, 52° and 73°. 
Work out the size of each of the interior angles of the hexagon. 


A, B and C are three vertices of a regular polygon with 30 sides. 


C 
B Work out the size of angle BCA. 


Give reasons for your working. 


: ' 6 | The diagram shows three sides, AB, BC and CD, of a regular polygon with centre 0. 


The angle at the centre of the polygon is c. 0 

The exterior angle of the polygon at the vertex C is e. /\ 

Explain why c = e. D 
A 
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© When two parallel lines are crossed by a straight line, as in the diagram, angles are formed. 
Corresponding angles are equal, and altemmate angles are equal. 

© The angle sum of a triangle is 180°. 

© An exterior angle of a triangle is equal to the sum of / 


the interior angles at the other two vertices. 
© The angle sum of a quadrilateral is 360°. \@/ Loy 


at+b+c+d=360° 
© Opposite angles of a parallelogram are equal. \e) \e\ 


(a\ 


b=d 


© The angle of elevation of point A from point B is the angle 
of turn above the horizontal to look directly from B to A. 


angle of 
elevation 


horizontal 


© The angle of depression of point B from point A is the angle of horizontal 
turn below the horizontal to look directly from A to B. 


angle of depression 


B 
horizontal 


© Angles of elevation and depression are always measured from the horizontal. 
© Bearings are angles measured clockwise from North. 
© Bearings always have three figures. 
© A polygon is a closed two-dimensional shape with straight sides. 
© A regular polygon is a polygon with all its sides the same length and all its angles equal in size. 
© Sum of the interior angles of a polygon with n sides = (n — 2) X 180° 
= (2n — 4) right angles 
© Ata vertex of a polygon, interior angle + exterior angle = 180° 
© The sum of the exterior angles of any polygon is 360°. 


Chapter review 


A D 


Diagram NOT 
accurately drawn 


| 
88° (x | ; 
Q 93% of students answered this question poorly 
a because they did not justify their answers. 
James says, “The lines AB and DC are parallel.” 
Ben says, “The lines AB and DC are not parallel.” 


Who is right, James or Ben? 
Give a reason for your answer. May 2009 


wh ‘Plus 
—4 


Exam Question Report 


AB is a straight line. 


This diagram is wrong. Explain why. Diagram NOT 


<Z 4 accurately drawn 


A B Nov 2008 


a Write down the value of x. ; 
i. Diagram NOT 
b Give a reason for your answer. accurately drawn 


This diagram is wrong. 


c Explain why. <> ” ine 
iagram 
accurately drawn 


June 2008 


ABC is an isosceles triangle. A 
BCD is a straight line. Cigar NOT 

accurately drawn : 
AB = AC. 
Angle A = 54°. : 
a i Work out the size of the angle 


marked x. /:\ 


ii Give a reason for your answer. 8 D 
b Work out the size of the angle marked y. June 2007 
The diagram shows the position of two boats, P and Q. N 


The bearing of a boat R from boat P is 060°. 

The bearing of boat R from boat Q is 310°. 

Draw an accurate diagram to show the position of boat R. N 
Mark the position of boat R with a cross ( x ). Label it R. 


uv 


June 2009 
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Tl ABis parallel to CD. is 


a Write down the value of y. A B 
b Give a reason for your answer. eS " 
June 2008 


: 
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Exam Question Report 


92% of students answered this question well 
because they knew the difference between 
alternate and corresponding angles. 


D 
ABCD is a straight line. 
PQ is parallel to RS. 
Write down the size of angle x and y, 
giving reasons for your answer. March 2008 


8 | Work out the value of x. [ve] \05"\\ 


: Nov 2007 
Ey inthe diagram : 
AB =AC LN 
Angle ABC = 52° 
a Work out the size of the angle marked x. Ast 
b Give a reason for your answer. B C June 2009 
ABCDEF is a regular hexagon and ABOP is a square. E D 
Angle CBO = x°. 
Work out the value of x. 
F C 
A fs 
P a June 2007 


Chapter review 


In triangle ABC, angle BAC = 90°. 
Work out the sizeof a angleDAC 5b angle DCA. 


o> 


Work out the size of the angle p. 
Give reasons for your working. 


D 
W/ 


accurately drawn 


ol wal Plus 
->=3 Exam Question Report 


POR is a straight line. 


PQ = QS = OR. Angle SPO = 25°, ET ee 


a i Write down the size of angle w. 84% of students answered this question poorly 
(i Work out the size of angle x. because they did not use all of the information 
b Work out the size of angle y. given in the question. 
Nov 2008 
a Find the bearing of B from A. N 
b Ona copy of the diagram, draw a line B 
on a bearing of 135° from A. 
A Nov 2006 
The diagram shows part of a regular 10-sided polygon. am. 
Work out the size of the angle marked x. 
Nov 2008 
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In the diagram, ABC is a straight line and BD = CD. E 
a Work out the size of angle x. 


8) 


AAs 


b Work out the size of angle y. 


Nov 2006 


In triangle ABC, AB = AC. Angle ABC = (x + 20°). 


Show that angle BAC = (140° — 2x). 
Give reasons for each stage of your working. Diagram NOT 
accurately drawn 
A C 


Prove that angle FED = 205° — 3x 
Give reasons for each stage of your working. 


sp 


Diagram NOT 
E accurately drawn 


In a regular polygon each exterior angle is two thirds the size of each interior angle. 
a Calculate the size of each interior angle. 
b Calculate the number of sides of the polygon. 


-* BR) Inthe diagram, AC = BC. D 
Prove that angle BCD = 4(95° — x) Diagram NOT 
Give reasons for each stage of your working. wail accurately drawn 


; . POR is a triangle with PO = PR. 2 


Prove that PY = QY. X /a 
Diagram NOT 
iN accurately drawn 


Be Just after 1 o’clock the hour and minute hands of a clock are pointing in the same direction, meaning 
A03 : 


that the angle between them is 0°. What time is this? (Answer to the nearest second). 
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A local council wants to know whether the facilities for teenagers are adequate in the town. 
How could it find out people’s views? 
How could these views be recorded and presented? 


In this chapter you will: 

© learn about the statistical problem-solving process and consider different types of data 
© discover how to collect, record and interpret data 

© look at various sampling methods 

© learn how to identify possible sources of bias. 


Chapter 6 Collecting and recording data 


Introduction to statistics 


3S © Why do this? 
© You can understand the stages of an investigation. To find out how good teachers are at 
©) You can formulate a question in terms of the data needed. predicting the grades their students will get 
© You can classify data as qualitative (categorical) or in an exam, you could carry out a statistical 
quantitative (numerical). investigation. 


© You can classify quantitative data as discrete or continuous. 


<>) Get Ready 


How can you find the following information? 

a The average amount of lunch money for your classmates. 

b What flights there are from Manchester to Washington DC: 

c How many people voted for the Green Party in the last election. 


© Statistics is used to provide information. The statistical problem-solving process can be shown as a simple diagram: 


Process and 


Form an idea to 
be tested —the 
hypothesis. 


—_> represent ———ie 
the data. 


© Data that you collect yourself is called primary data; data collected by other people is called secondary data. 
© Qualitative data can be described in words. For example, the colours of shirts on sale in a shop. 
© Quantitative data are numerical observations. There are two types: 
© Discrete data can only take certain numerical values. For example the number of carriages on trains. 
- Continuous data can take any numerical value. For example weights, times, lengths and temperatures are 
continuous. 


¥ Example 1 An estate agent collects the following information about houses for sale. 


Type of house Number of bedrooms 


Semi-detached 


£321 000 
£184 000 
£177000 | 
£196 000 


— 


Terraced 


Describe the data in each column as qualitative or quantitative. If quantitative, state 
whether itis discrete or continuous. 


| See ifthe data item can be represented asa 
Type of house: qualitative —— number. If it cannot it is qualitative data. 
If it can be given as a number it is quantitative. 
If quantitative ask yourself ‘Can it only 
take certain values?’ If it can it is discrete; 
Price: quantitative and continuous | otherwise it is continuous. 


Number of bedrooms: quantitative and discrete 
Garden area: quantitative and continuous 


84 statistics hypothesis primarydata secondary data qualitative data quantitative data 


6.2 Sampling methods 


¥# Exercise 6A | Questions in this chapter are targeted at the grades indicated. 


Write down whether each of the following is secondary or primary data. 
a Data collected by you from a government website. 

Data collected by you from a newspaper. 
c Data collected by you questioning people in a shopping centre. 


Write down whether the following are qualitative or quantitative data. 
a The numbers of students in classes. b The colour of students’ eyes. 
c The weight of dogs. d The floor area of houses. 


Write down whether the following are continuous or discrete data. 
a The number of trees in a wood. b The time taken to run 100 m. 
c The length of flower stems. d The number of animals in a zoo. 


Fad A medical researcher wants to find out how effective Drug A is at curing malaria. 
a Write down a hypothesis he could use. 
b What is the next thing that he would need to do? 


Sampling methods 


© You can collect information about a population A city council wants to know how many people are 
by using a sample. likely to support the idea of building a swimming 

O You can select a simple random sample. pool. They can’t ask everybody in the city but they 

© You know that in a simple random sample each can ask a sample of people. 


member of the population has an equal chance 
of being selected. 


<>) Get Ready 


1. Ifittakes 15 seconds for one student to answer a question, how long would it take to get answers from 
everyone in your class? 


© Asmall, but carefully chosen, number of people can be used to represent the population of a country. These 
chosen individuals are called a sample and the investigation itself is called a sample survey. 


A sample. Information 
~<— is taken from this part of 
the population. 


Population 


dierreate data RANtTINIINIIC Anta i Ty) a GN ngs. t+ gee 
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© The sample must be representative of all the people or items being investigated, with each member of the 
population having an equal chance of being selected. If it isn’t it is biased. For example, ‘adults only’ would be 
biased. (See Section 6.7 for more information on bias.) 
© To make a sample representative, each individual in the sample should be picked at random. This process is 
known as taking a simple random sample. 
© To take a simple random sample: 
1. Each person or item in the population is given a number. 
2. Ifa sample of 10 is needed, then 10 numbers are selected. This can be either: from a random number table; by 
a random number generator on a calculator; by using a computer; or by putting the numbers in a hat. 
The people whose numbers are selected then form the sample. 


Heath 


Unwanted numbers are 
ignored. 

If the same number appears 
twice on a list itis ignored the 
second time. 


Brown 
Blair 
Major 
Thatcher 
Callaghan 


Wilson 
Wilson 
Heath 


Douglas-Home 


f + i -s ff 
Numbered list Random Sample 
numbers 


onoaunrwnr — 


é VY Example 2 John is collecting data from each of the 50 students in his year group about the number of 


brothers and sisters they have. 


a Give areason why he might use a simple random sample. 

This is an extract from a set of random numbers. 
335221 1705324821 46321 143059288234171412 

b Starting at 33 and working across, use the random numbers to give eight numbers less 
than 50. 

c Explain how John would use these numbers to take a sample of eight students. 


a The number of students is large and it would 


This is one reason for taking a sample. 
take along time to collect that data. 


Cost could be another reason. 


b 33 21 17 05 32 46 46 11 Start at 33 and take the digits in pairs. O5 counts as 
the number 5. Numbers like 211 which repeat are ignored 
when they appear a second time. If the population was 


150 you would take the digits in threes. 


c He would number the students and select the ones corresponding to these numbers. 


6.3 Stratified sampling 


Exercise 6B 


Write down two ways in which you can generate random numbers. 


S| = | 


Explain what is meant by a simple random sample. 


~ Acall centre has 60 workers. Eight are to be chosen for a new training scheme. 

The manager decides to choose a simple random sample of eight. 

He uses a calculator to generate random numbers. These are the first few numbers he generates. 
21 32 67 54 89 78 90 34 26 45 78 54 356422... 

Describe how he could use these numbers to get his sample of workers. 


Se eeevessctenccos OPP P eee esoressoeeeroosscorcceeseecceccecececceeecCCcoE 


© A population may contain groups in which the observation of interest is likely to differ. For example, if you are 
looking at the heights of students then the boys’ heights are likely to be different to the girls’ heights. These 
groups are called strata (singular stratum). 

© A stratified sample is one in which the population is split into strata, and a simple random sample is taken 
from each stratum. The number taken from each stratum should be in proportion to the total number in each 
stratum. 

© To find the number to be selected from a stratum: 


1. Find what fraction of the population is in the stratum. 
number in stratum 
number in population 
2. Multiply the fraction in the stratum by the total size of the sample. 


Fraction in stratum = 


The number sampled in a stratum =—Cumber in stratum, 44) sample size 
number in population 


Chapter 6 Collecting and recording data 


V2 Example 34 The table below shows the number in each year group of a school. 
A sample of 60 students is to be taken. 
How many students from each year group 
should be in the sample? 


Plus 
cc @ 


Examiner's Ti 
Number of y 
100 
students 


Always make sure your individual 
samples total the required sample size. 
Check: 15 + 15 + 10 + 10 + 10 = 60 


In each of Years 7 and & there are 
150 students out of GOO students. 
In each of Years 9, 10 and 11 there are 
100 students out of GOO students. 


? Exercise 6C 


The sample for Year 7 will be 170 x6O= 15 


The sample from Year 8 will be the same size as for Year 7. 


The sample for Year 9 will be 225 x GO = 10 


Years 10 and 11 willalso have a sample size of 10. 


: A head teacher wants to find out what Year 7 students think about their first term at their new school. 
He decides to ask a stratified sample of 50 students. The table shows the total number of boys and the 
total number of girls in Year 7. 


Work out the number of boys and the number of girls he should include in the sample. 


a ‘ A call centre allocates work according to the experience of its employees. Those with less than six months’ 
experience do the easier work; those with more than six months’ experience do more difficult tasks. 
There are 150 employees with less than six months’ experience and 400 with more than six months’ 
experience. Describe exactly how you would find a stratified sample of 10% of the employees. 


A02: - A factory owner wants to find out what his employees think about the parking facilities at his factory. 
He decides to ask a stratified sample of 90 of his workers. The table shows how many people are in 
each of the six strata he intends to use. 


as 


Calculate the number of workers he needs to ask in each strata and describe how he should pick the 
individual members of each strata. 


6.4 Collecting data by observation and experiment 


Collecting data by observation and experiment 


© You can design and use data collection sheets. If you are collecting data about the number of 
© You can use tallying methods. different types of vehicles passing by, itis easier to 
© You can group data into class intervals. keep a record in the form of a data collection sheet 
© You can collect data by observation, experiment or rather than trying to remember each total. 
data logging. 
(<>) Get Ready 
1. What are the numbers given by each set of marks? a HI} = b ITTT 


2. Is there a better way of grouping the marks in part b? 


© There are a number of ways of collecting data. 
® Collecting data by observation: if you want to investigate whether a lot of traffic is caused by people 
taking students to school, you could observe how much traffic there is at school opening time and compare 
it with how much traffic there is at other times. 
Collecting data by experiment: if you wish to find out how high a tennis ball bounces when dropped 
from different heights, you could drop a tennis ball from various heights and record how high it bounces. 
This would enable you to collect data on the bounce of tennis balls. 
Data logging: when you go toa supermarket till each item is bar coded so that it can be identified at the 
checkout. The number of each item sold is automatically recorded and this enables the supermarket to 
know what items are popular and what they need to stock up on. 
© When collecting data by observation a data collection sheet is used. The following diagram shows a data 
collection sheet for recording the different types of transport that might pass your door. 


/ “Vehicle Tally Frequency Each time a bicycle passes a tally mark is put next to 
= oe Bicycle’ 
Bicycle Ht II S 8 
Bins Mn 3 >~ When the survey is complete the tally marks are added 
= — together to give the total number of each vehicle. This is 
Car Heft Till 9 known as the frequency. 
Lorr 5 
pee ghall | F The marks are grouped into fives with the fifth tally mark 
Motorcycle | Lf _—$— drawn through the other four. 
[Man TFT Putting tally marks in fives makes totalling up easier. 


© If data is numerical, and widely spread, you can group the data into class intervals. These class intervals do 
not have to be the same size. 

© When dealing with continuous data you need to make sure the intervals do not overlap. For example, the class 
intervals for a variable such as weight (w) will be of the form: 
500g <w < 550g This means that w is greater than or equal to 500 g but less than 550 g. 
or 500g <w<550g This means that w is greater than 500 g but less than or equal to 550 g. 
In this case, 500 g and 550 g are the lower and upper class limits, while the class size is 550 — 500 = 50 g. 


llectingidataibyobservation — collectina datalbovnenmonn tn eee ee 
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¥ Example 4 30 students are asked how many books they read in the Easter holiday. Each student's 
response is shown below. Draw and fill in a data collection sheet for this information. 


1 5 9 9 6 13 
6 8 4 5 5 7 a / 
9 6 11 3 8 9 Watch Out! 
14 7 7 2 12 9 : 
9 4 0 5 Make sure classes don't 


overlap. 


3 
Tally 


The marks have been grouped 
together into four equal class 
groups. The first class includes all the 
numbers between O and 4 inclusive. 


20<a<30 
30<a=<40 
40<a=<50 


a Fillin the frequency column. 
b Write down the most popular age range in which men get married. 
c Work out how many men in total there were in the sample. 


Add together the tallies: 
5+5+3=13. 

Look for the class with 
the highest frequency. 


b 320to40 c 51 Add together all of the frequencies: 2 +13 +25 + 7+34+1=51. 


’ 
90 tally survey’ frequency spread class intervals limits 


Fo Exercise 6D 


A road traffic controller keeps a record of the types of traffic using a busy junction during a two-minute 
: rush-hour period. This data is listed below: 


Car Car Bus Car Car Car HGV Bike Car Car Car Bus 
Bus HGV Car Car Car Motorbike Bike Car Car Bus Car HGV 
Bus Car Car Car Car Bike HGV Car Car Car Car Bike 


a Draw a tally chart to show this data. 
b Write down the name of the least common type of traffic. 
c Write down the name of the most common type of traffic. 


A shopkeeper asks 30 people entering her shop how many DVDs they have bought in the last three 
months. The responses are shown below: 


3 5 8 9 2 7 4 10 12 3 
6 2 4 9 12 13 1 7 7 11 
14 3 6 L] 8 1 2 7 £ 3 


Draw and complete a data collection sheet showing this information. Use equal class intervals starting 
with the class 0—3, 


A gardener weighs 24 tomatoes produced from plants in his greenhouse. 
The weights, in grams, are shown below: 
60.5 65 64.5 59 67 61.5 67 69 
58 59.3 57.2 67 68.5 63 64.2 69 
57 57.8 62.4 65.5 67 58 70 75 


a Copy and complete the data collection sheet for this data. 
b Write down the most common class. 
c Write down the least common class. 


» Get Ready 


eee ee eee 


® A questionnaire is a list of questions designed to collect data. On questionnaires: 
© keep questions short 
© use words that are easily understood 
do not use biased questions that lead the respondent to a particular answer. For example, use 
‘Do you agree or disagree?’, rather than ‘You do agree, don’t you?’ 
© write questions that address a single issue. For example, use ‘Do you have a car?’ rather than 
‘Do you have a petrol engine car?’. 
© There are two types of question to use on questionnaires. 
© An open question is one that has no suggested answers. 
© Aclosed question is one that has a set of answers to choose from. It is easier to summarise the data 
from this type of question. Closed questions will often have an opinion scale to choose from. For example: 


@ 


These are response boxes. 


L 


Strongly disagree Don't know 


Statistics is an important subject. 


L LJ L L 


Strongly agree Agree Disagree 


This allows for 
other answers. 


Sometimes a numerical scale is used. For example: 


Tick one box to indicate your age group. 


L L L L L 


Under 20 21 to 30 31 to 40 41 to 50 Over 50 


The categories do 
not overlap. 


® When designing questionnaires, itis important to ensure that possible answers are clear, do not overlap and 
cover all possibilities. 


) Example 6 Write down what is wrong with each of these questions. 


a Tick one box to indicate your age group. 


L L L L 


Under 20 20 to 30 31 to 40 40 to 50 


b How often have you had a medical in the last 4 years? Tick one box. 


L L) L L L 


Never Seldom Sometimes Often Very often 


c Do you agree that people who have regular medicals are less likely to have major 
illness that goes undetected? 


L L 


Yes No 


a The categories overlap — 40-year-olds could go irtto two boxes. 
Other answers are not allowed for. Where does a GO-year-old tick? 
b ltis difficult to decide what these words mean. 
c Byasking Do you agree .. you are inviting the answer ‘Yes’. This is called a biased question. 


6.6 Two-way tables 


Exercise 6E 


A questionnaire includes the following question. 
‘Do you agree that we should build a new road?’ 


Yes No 
Write down what is wrong with this question. 


A local council wants to know whether or not the residents would like a new swimming pool in the 
town. It is decided to use a questionnaire. The following questions are suggested. 


A: What do you think about the idea of a new pool being built? 
B: Do you want a new pool? Yes/No 

C: Where should we build a new pool? 

D: Is a pool a good idea? Yes/No 

Which of the above are Open questions and which are closed? 


The management of a theme park have made some changes to the amusements. They want to use a 
questionnaire to find out what people think about the changes. The following questions are suggested. 
Write down what is wrong with each of them and design a new question for each that is more suitable. 
a What do you think of the new amusements? 


A03 


Very good L] Good LJ Satisfactory L] 

b How much money would you normally expect to pay for each amusement? 
5-27 [| 7-28 [_] Morethanes [_] 

© How often do you visit the park each year? 
Often L] Not very often L] 


. 4 | A supermarket manager wants to find out if people like the new layout. She decides to use a 
: questionnaire. Write down a suitable question she could use. 


© You can use information 
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® Get Ready 


2 left-handed girls 
4 left-handed boys 
a How many girls 


WHAPLSE DB VOUS ee ee 


Q) Key Points _ 
© Sometimes we collect two pieces of information, for example gender and eye-colour. To record this we 


would use a two-way table. A two-way table shows the frequency with which data falls into two different 
categories. 


This is the number of boys with brown eyes. 
This is the number of girls with brown eyes. 


This the total number with brown eyes. 


This is the total number of boys and girls. 


© Sometimes a table is incomplete and has to be filled in before you can answer a question. 


é Ww? Example 7 4 Students in Year 11 were asked to choose their favourite drink from a choice of three. 


Below are the boys’ and girls’ responses. 


Girls Boys 
Tea Coffee Coffee Tea Soft Coffee Coffee Tea Soft Tea 
Tea Coffee Tea Coffee Tea Tea Tea Soft Coffee Coffee 
Soft Soft Tea Tea Soft Soft Tea Tea Coffee Coffee 
Coffee Coffee Soft Soft Coffee Soft Tea Coffee Coffee Coffee 

a Show this information in a suitable table. 

b Write down the girls’ top choice of drink. 

c Write down the boys’ top choice of drink. 

4 Write down the drink that was chosen by most of the students. 


The most suitable table is a two- 
way table. Count up the number 

of boys that chose tea and enter 
it here. Do the same for the other 
drinks and the girls’ drinks. 


Total the rows and columns. 
b Tea and coffee tied. Look for the highest number in the girls’ row. 


c Coffee Look for the highest number in the boys’ row. 
d Coffee Look for the drink which has the highest total. 


6.6 Two-way tables 


, Example 8 The following two-way table gives information about people's hair and eye colour. ed 


Plus 


Examiner’s Tip 


Brown/Black 


Look for rows with only one 
number missing and fill these 


a Complete the table. in first. 


b Which eye colour was most frequent? The numbers in each row 


c Which eye colour was least frequent? must add up to the row 
total and the same goes for 
columns. 


Hair colour 


The number of blue-eyed black-haired = 16—4-4=8 
The number of brown-eyed ginger-haired = 4 — 1=7=2 
The number of green-eyed fair-haired = 8 — 4=1=3 
The total number of fair-haired =34+354+4= 10 

The total number of blue-eyed = 230 -8-9=7 “3. 


Exercise 6F 


: A number of men and women were asked which type of crisps they liked best. A total of twelve people 
said Plain, of which seven were men. Six women liked Salt and Vinegar. Fourteen men and twelve 
women liked Cheese and Onion. There were 28 men in total. 
a Draw and complete a table of the data. 
b How many people liked Salt and Vinegar crisps best? 
© How many people were asked altogether? 


: A02 


In a supermarket survey 30 men and 30 women were asked whether they preferred orange juice or 
grapefruit juice. 22 men preferred orange juice. 12 women preferred grapefruit juice. 
a Drawupa two-way table to show this information. 
b How many people liked orange juice best? 


A factory employs 12 supervisors, of which 2 are female; 14 office staff, of which 3 are male; and 120 
shop floor workers, of which 38 are female. 
a Draw up a two-way table to show this information. 
b Write down the number of female employees. 
c Write down the total number of employees. 
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€) Key Points 


© When collecting data you should make sure that the data is representative of the population it is taken from. 
Data that does not do this is said to be biased. There are several types of bias. 


Selection bias 


© Ifyou select only people who shop ata supermarket and ask them what they think about how that supermarket 
compares with a rival supermarket, you will get a biased opinion, since the people who use the other 
supermarket are not represented. This is called under-coverage bias. 


© Ifyou ask people to fill in a questionnaire and post it back to you, only a certain type of person will bother to 
respond. The respondents will not be representative of the general public. This is non-response bias. 


© Ifyou ask people to text a radio show about a controversial topic, you will get mainly people who have a strong 
opinion about that topic. This is voluntary response bias. 


© Selection bias can be avoided by random selection and random allocation. 


Measurement bias 


© Ifyou ask people if they are satisfied, dissatisfied or very dissatisfied, you are likely to get a biased opinion 
because there are two answers for dissatisfied and only one for satisfied. 


©® Ifyou ask a question such as, ‘You are satisfied, aren't you?’ you are more likely to get ‘Yes’ as an answer. These 
are called leading questions. 


© People like to present themselves in the best light, so if you ask them, ‘Do you often behave unreasonably?’ you 
are likely to get ‘No’ for an answer even if it should be ‘Yes’. 


Sampling error 
© If you take two random samples you are unlikely to get exactly the same result (though they should be close to 
each other). This is called the sampling error. 


© Increasing the sample size will reduce the sampling error. It is difficult to say how big a sample should be as this 
depends on how varied the population is. However, the larger the sample the more representative it will be of the 
population and the more accurate the information will be. 


_ leading question 


6.7 Sources of bias 


& Example 9 Write down, with reasons, whether or not each of the following is biased. og 


a You want to find out what people think abo 
they enter the ground before a match. 

b You wish to find out what proportion of the population has had flu in the last month. 
You interview people in the doctor's waiting room. 

c You ask the first 10 people you meet, ‘Do 
places is a good thing?’ 

d You ask, ‘Have you ever been convicted of drink driving?’ 

e You ask three people what they thought of the Eurovision Song Contest. 


ut a football team. You ask Supporters as 


you agree that banning smoking in public 


a Biased. Non-supporters are not represented, 
5 Biased. People who do not visit the doctor are not represented. 


© Biased. Not everyone has an equal chance of being asked. 
The question is leading the respondent to agree. 


Biased. This is a sensitive question. You are not likely to get a true answer 


e Biased. The sample is too small. 


a Exercise 6G 


: An examination board wants to get information on 
queries. They send a questionnaire to a sam 
Give one reason for your answer. 


schools’ views regarding how they respond to 
ple of schools in the London area. Is this a biased sample? 


Write down, with reasons, whether or not each of the following are biased. 

A: A hospital wants to know how often people use A & E. They ask all the people attending A &E on 
one particular Wednesday. 

B: An opinion poll company wants to find out how voters would vote if there were to be an election next 
week. They conduct a telephone poll of 20 voters in each of 10 towns. 

C: A manufacturer of climbing ropes wants to see if his ropes are of the Strength he advertises. He 
tests a sample. He tests every tenth rope made. 

D: You ask 50 people using a recycling facility what they think about recycling. 


; 3 | One hundred people attend a rally on ‘action for climate change’. 
David says, ‘That is a lot of people. They must be right.’ 

Jody says, ‘I disagree.’ 

Discuss the views of David and Jody. 


Chapter 0 CONC CU Ce 


@ Key Points 


© Secondary data can be obtained relatively quickly and cheaply from a number of sources, including reference 
books, journals, newspapers and the internet. Remember, however, that the data may be inaccurate or out of 
date. Only use data from a reliable source and check the data against another source if possible. 

© Itis also possible to obtain secondary data from a database. A database is an organised collection of 
information, usually stored on a computer. 

© The spreadsheet below shows part of a database kept on a computer. The entries at the top in red are fields. 
The entries below in black are the records. They can be easily changed to be arranged in numerical, 


alphabetical, gender or age order. iD number Forename Age 

raobot [baa (Me 
03 ralison [Paul [M45 
FBarber [Hassan [M5 


é = Example 10 Part of a database for second-hand Ford Mondeo cars is shown below. 
‘ 


Vehicle summary Colour Engine Mileage _‘ Price Year 
Ford Mondeo Edge Black 2000cc petrol 11549 £9995 2006 
Ford Mondeo Edge Blue 2000cc petrol 14100 £10499 2008 
Ford Mondeo Edge Grey 2000cc petrol 10 400 £11599 2008 
Ford Mondeo Edge Grey 2000cc petrol 12654 £11494 2007 
Ford Mondeo Edge Blue 2000cc petrol 7520 £11999 2008 


Ford Mondeo Zetec Silver 2000cc petrol 10078 £11995 2008 
Ford Mondeo Zetec Silver 2000cc petrol 12088 £14995 2008 
Ford Mondeo Titanium Grey 2000cc petrol 11555 £12395 2008 
Ford Mondeo Zetec Black 2000cc petrol 5800 £12895 2008 
Ford Mondeo Zetec Silver 2000cc petrol 12123 £12995 2008 


a Which four fields could be used to order the data? 

b What was the mileage of the car that cost over £13000? 

« What colour was the car that had driven the least number of miles? 
4 What was the maximum mileage driven by one of these cars? 


98 database 


a Mileage, price, year, colour. 


b 


c 


d 


Black 


¥ Exercise 6H 


I 


In the mileage column, find the car that had driven the least 
mileage then look across its row to the colour column. 


14 100 
Look for the largest number in the mileage column. 


Mileage price and year could be put in numerical order. 
Colour could be put in alphabetical order. 
12088 ; ; ia ; 
Find the car that hada price greater than £13 OOO and look in its mileage column. 


6.8 Secondary data 


The following database gives some information about the CO, emissions, in thousand tonnes of carbon 
dioxide equivalent, in a certain country. 


Railways 


a What were the emissions for motorcycles in 2007? 

b Which form of transport produced the most emissions? 

c Write down the year when emissions for railways were lowest. 
d Write down the method of transport for which the emissions have dropped each year. 


The following database gives information about the weather in a certain town during the first six 
months of the year. 


January 
February 
March 
April 
May 
June 


a How many days of air frost were there in March? 
b Write down the month that had the least number of days of rainfall. 
c Which was the sunniest month? 


6.4 
6.9 
8.8 
11.4 
15.0 
17.1 


1.2 
1.3 
2.5 
3.5 
6.1 
9.0 


10.7 
9.6 
6.3 
3.8 
1.0 
0 


44.3 
72.0 
107.9 


214.8 


197.7 


Max temp Air frost 
°C days 


101.9 


73.4 
78.3 
50.7 
55.0 
67.9 


Days of rainfall 
=1mm 
15:3 
11.3 
14.1 
10.6 
10.0 
10.7 


d Which month had the greatest difference between maximum and minimum temperatures? 


Chapter 6 Collecting anda records vase 


: The database below is part of an agricultural survey of cattle in England in 2006, 2007 and 2008. The 
: numbers of cattle are given in thousands. 


Year 

Female cattle Ff 
Aged 2 years or more 2550 2531 2475 

Total breeding herd (cattle that have calved) 2043 2027 | 1994 | 
Beef 767 768 758 

Other female cattle (not calved) 507 | 504 | 481 | 
Beef 224 220 216 
Dairy 293 265 
Aged between 1 and 2 years 825 799 718 
Beef 512 502 497 

mmo sess TT 
Aged 2 years or more 217 217 217 


a Write down the number of female cattle aged between one and two years in 2007. 

b What do you notice about the numbers of male cattle aged two years or more throughout the three 
years? 

© Were there more female beef or more female dairy cattle in 2008? 

4 What conclusions can you draw about the trend in the numbers of cattle over the three years? 


© Statistics is used to provide information. The statistical problem-solving process can be shown as a simple 
diagram: 


Form an idea to Collect Process and Calculate Drawa 
be tested—the | ——~> | relevant —>| represent |——>|summary |——~ conclusion. 
hypothesis. data. the data. statistics. 


© Primary data is data you collect yourself. 

® Secondary data is data that has been collected by others. 
© Qualitative data can be described in words. 

© Quantitative data are numerical observations. 

© Discrete data can only take certain numerical values. 

© Continuous data can take any numerical value. 


® Asample is part of a population that is used to give information about the population as a whole in a sample 
survey. The sample must be representative of all the people or items being investigated, with each member of 
the population having an equal chance of being selected. 


Chapter review 


© Asimple random sample is one where each person is given the same chance of being included. 


© Astratified sample is one in which the population is split into groups called strata and a simple random 
sample is taken from each stratum. The number taken from each stratum is proportional to the size of the 
stratum. 


© Data can be collected by observation, experiment or data logging. 
© When collecting data by observation a data collection sheet is used. 
© When dealing with continuous data you need to make sure the intervals do not overlap. 


© If data is numerical, and widely spread, you can group the data into class intervals. These class intervals 
do not have to be the same size. 


© A questionnaire is a list of questions designed to collect data. 
© An open question is one that has no suggested answers. 
© Aclosed question is one that has a set of answers to choose from. 


© When designing questionnaires, it is important to ensure that possible answers are clear, do not overlap and 
cover all possibilities. 


© A two-way table shows the frequency with which data falls into two different categories. 
© Biased data is data that does not represent the population that it is taken from. 


© A database is an organised collection of information. 


Review exercise 


James wants to find out how many text messages people send. 
; He uses this question ona questionnaire. 


‘How many text messages do you send?’ 
1010 L) ntw2 Ol atta O more than30 [_] 
a Write down two things wrong with this question. 


James asks 10 students in his class to complete his questionnaire. 
b Give one reason why this may not be a suitable sample. March 2009 


Poppy wants to find out how much time people use their computer for. 
She uses this questionnaire. 


For how much time do you use your computer? 
0-1 hours L] 3-4 hours L] 
1-2 hours LJ 4-5 hours L] 
2-3 hours L] 5-6 hours L] 


a Write down two things that are wrong with this question. 


Poppy gives her questionnaire to all the students in her class. Her sample is biased. 
b Give one reason why. Nov 2008 


UNapte©r Oo eles ee 


a Naomi wants to find out how often adults go to the cinema. 
3: ‘ : ee 
ae She uses this question on a questionnaire. 


‘How many times do you go to the cinema?’ 


L LO L 


Not very often Sometimes A lot 


4 Write down two things wrong with this question. 
b Design a better question for her questionnaire to find out how often adults go to the cinema. 
You should include some response boxes. Nov 2008 


= Yolande wants to collect information about the number of e-mails the students in her class send. 
Design a suitable question she could use on a questionnaire. 
You must include some response boxes. March 2008 


Melanie wants to find out how often people go to the cinema. 
She gives a questionnaire to all the women leaving a cinema. 


Her sample is biased. 
Give two possible reasons why. March 2008 


. 6 | Amberish is going to carry out a survey about zoo animals. 
He decides to ask some people whether they prefer lions, tigers, elephants, monkeys or giraffes. 


Design a data collection sheet that he can use to carry out his survey. March 2006 


02. . Angela asked 20 people in which country they spent their last holiday. 
Here are their answers. 


France Spain Italy England 
Spain England France Spain 
Italy France England Spain 
Spain Italy Spain France 
England Spain France Italy 


Design and complete a suitable data collection sheet that Angela could have used to show this 
information. March 2004 


8 | The manager of a Country Park asks the following two questions on a questionnaire. 
‘Do you go to the Country Park?’ Sometimes [| Often [| 

‘How old are you?’ Oto 10 years [| 10 to 20 years [| Over 20 years|_| 

a Whatis wrong with each of these questions? 


b For both questions above, write a better version that the manager can use. 


102 


9 | Write down, with reasons, whether or not each of the following is biased. 
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a Acall centre manager wants to know how easy it is to use the staff reference sheets when 
answering a call. He asks all the people working on the night shift. 


b Amobile phone company wants to find out what people think about their new pricing contract and 
randomly select 10% to ask. 


c Atown council poses the question ‘Do you agree that we are doing a good job in the area of 
recycling?’ 


The two-way table shows information 
about the number of students ina 
school. 


Robert carries outa Survey of these students, 
He uses a sample of 50 students stratified by gender and by year group. 
Calculate the number of girls from Year 9 that are in his sample. June 2008 


The table shows the number of boys in each of four groups. 


Number of boys 


Jamie takes a sample of 40 boys stratified by group. 
Calculate the number of boys from group B that should be in his sample. March 2008 


258 students each study one of three languages. 
The table shows information about these students. 


Language studied 


A sample, stratified by the language studied and by gender, of 50 of the 258 students is taken. 
a Work out the number of male Students studying Spanish in the sample. 
b Work out the number of female Students in the sample. June 2009 


Fisivear | 
[Second year [252 | 158 


The table gives information about the numbers 
of students in the two years of a college course. 
Anna wants to interview some of these students. 
She takes a random sample of 70 students 
Stratified by year and by gender. 

Work out the number of students in the sample who are male and in the first year. Nov 2008 


Plus 


Exam Question Report 


82% of students answered this sort of question 
poorly. 
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nas * 80 children went on a school trip. 
: They went to London or to York. 
23 boys and 19 girls went to London. 
14 boys went to York. 
Draw and complete a suitable table of this information. March 2009 


In 1¢ NASA s 


esigned to or mission 


ended in ki 


nl tn if al | - Ls “ r 
0 ciose to iVlars and burned up whilst skimmina 


the planet's thin atmosp ¥, Navigation 


rovided in impertal rather then m etric unt 


metric units since ; 
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Converting between units of measure 


© Why do this? 


© You know the relationship between metric units Itis important to be able to change from one 
and are able to convert between units in the unit to another when you are cooking as some 
metric system. measurements may be given in grams and some in 
© You know the approximate metric equivalents of kilograms. 


imperial units and are able to convert between 
metric units and imperial units. 

© You are able to convert between units in 
the imperial system when you are given the 
relationship between the imperial units. 


<>) Get Ready 


1. The following sentences do not make sense because the wrong unit has been used. 
Rewrite each sentence using the correct unit. 
a The weight of a packet of biscuits is 150 kg. b The thickness of a book is 3m. 
c The height of a giraffe is 5 km. d Ateacup can hold 300/ of tea. 


© To convert from one metric unit to another metric unit it is necessary to know the following facts. 


100 cl = 1 litre 
1000 mi = 1 litre 
1000 cm? = 1 litre 
1000 7 = 1 ms 


10mm =1cm 
100cm =1m 

1000 mm = 1m 
1000 m = 1km 


1000 mg = 19g 
1000 g = 1kg 
1000 kg = 1 tonne 


You then only need to multiply or divide by 10, 100 or 1000 in order to convert between the different metric units. 
® When you convert from a smaller unit to a larger unit, you need to divide. 


© When you convert from a larger unit to a smaller unit, you need to multiply. } Plus 
For example, for lengths: Watch Out! 
divide by 10 divide by 100 divide by 1000 na 
— Sl? SCS The values in the table are not exa‘ 
but they are the rough equivalents 
<_< -C—(—CSC( ||| that need to be used in examinatio: 
multiply by 10 multiply by 100 multiply by 1000 
© To convert between a metric unit and an imperial : z : : 
ae oh eo Metric unit Imperial unit 
unit it is necessary to know the facts in this table. 
1kg 2.2 pounds 
1 litre (Z) 12 pints = 1.75 pints 
| ee Le ; 
451 1 gallon | 
| 8km 5 miles 
30cm 1 foot 
2.54cm 1inch 
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7.1 Converting between units of measure 


“) Example1 a Convert 12 m into centimetres. 


b Convert 2670 g into kilograms. 


Centimetres are smaller than 
metres so there are more of them. 
As 100cm=11m, multiply by 100. 


a 12m=12X100cm=1200cm 


Kilograms are larger than grams so 
there are fewer of them. 
As 1000 g = 1 kg, divide by 1000. 


b 2670g = 2760 + 1000 = 2.76 kg 


Exercise 7A Questions in this chapter are targeted at the grades indicated. 


Convert these lengths to centimetres. 
: a 6m b 210mm ce 5.1m d 0.84m 
e 59mm f 483mm g 3km h 0.067 km 


Convert these weights to kilograms. 
a 3tonnes b 8.2tonnes ce 6000g d 900g 
e 430g f 4700g 


Convert these volumes to litres. 
a 2000 m/ b 700cl c 5900 ml d 45000 m/ 


A bottle of lemonade contains 70 cl. 
How many litres of lemonade are there in 10 of these bottles? 


+ Example2 a Convert 8 gallons into litres. b Convert 28 km into miles. 


a 8gallons = & X 4.5 litres = 36 litres There are more litres than gallons so multiply. 


b &5km=5miles 
1km=5 + 8miles 
26km = 28 X 5+ Biles 
= 140+8=175 miles 


There are fewer miles than km asa mile is longer than a km. 
Find 1 km. 
Multiply and then divide. 
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Convert 4 kg to pounds. Convert 110 pounds to kilograms. 
Convert 7 pints to litres. Convert 36 litres to gallons. 
Convert 10 litres to pints. 6 | Convert 12 feet to centimetres. 

Convert 96 km to miles. 8 | Convert 60 miles to kilometres. 


A? 9 | The price of petrol is 130p per litre. 
A03 Work out the price of the petrol per gallon. 


M Example 3 There are 12 inches in a foot. 


a Convert 7 feet into inches. 
b Convert 108 inches into feet. 


A foot is longer than 
an inch so there are 
more inches than feet. 

So to change from feet 
to inches you multiply. 


a 7 feet =7 X12 = &4 inches 


tl | 
= Examiner’s Tip } 


When converting between 


imperial units you will not 


be expected to know the 
b 108 inches = 108 +12 = 9 feet relationship between the units 


as the conversions will be given. 


To convert from inches to feet you divide. 


¥ Exercise 7C 


: There are 16 ounces in a pound. 
a Convert 5 pounds to ounces. b Convert 96 ounces to pounds. 


Eo There are 12 inches in a foot and 3 feet in a yard. 
: Work out the number of inches in 5 yards. 


There are 14 pounds ina stone. John’s weight is 9 stones and 6 pounds. 
a Work out John’s weight in pounds. b Work out John’s weight in kilograms. 


72 Compound measures 


Compound measures 


© Why do this? 


© You can solve problems with Compound measures are used when we wantto see how a quantity 
compound measures, giving the changes in relation to another quantity, such as by how much the 
correct units. temperature of water increases each second when heated. 
(<>) Get Ready 


1. How many minutes are there in 1 hour? 

2. What fraction of an hour is 15 minutes? 

3. What fraction of an hour is 36 minutes? Give your answer as a decimal. 
4. How many minutes is 0.3 hours? 

5. Write 5.7 hours in hours and minutes. 

6. Write 462 minutes in hours and minutes. 


© Acompound measure is a measure which involves two units such as km per hour, litres per second or grams 


per cm’. Compound measures are often a measure of a rate of change. 
For example, a tank is filled with 3000 litres of water in 20 minutes. When the rate of filling is constant, this rate 


means that in 1 minute, 3000 + 20 = 150 litres of water would be added to the tank. If the rate is not constant, the 


average rate of filling the tank is 150 litres in 1 minute. 
© Ina compound unit, the word ‘per’ means ‘each’ or ‘for every’. So, the rate of filling the tank is 150 litres per 


minute or 150 litres/minute. The ‘/’ is like a division sign showing that the rate is the amount of water divided by 
the time taken. 


& Example 4 Petrol is leaking from a tank at a rate of 5 litres/hour. 


a Work out how much petrol leaks from the tank in i 30 minutes; ii 4 hours. 


Initially there are 100 litres of petrol in the tank. 
b Work out how long it takes for all this petrol to * 
= Examiner’s Tip 
The units of a compound 


leak from the tank. 


| 5 litres/hour means in 1 hour 5 litres 


a = . mal | 
a | 30 minutes = > hour S| of petrol leak from the tank. 


A 


Amount of petrol = 5 X = = 2.5 litres. 
ii Amount of petrol= 5 X 4 = 2O litres. 
b Time taken = 100 + 5 = 20 hours. <4 


S| Amount = rate x time do, so km// will mean 


distance + volume. 


Time = amount + rate 


K Exercise 7D 


Bi) A car travels 260 km and uses 20 litres of petrol. 


a Work out the average rate of petrol usage. Give your answer in km/litre. 
Estimate the amount of petrol that would be used when the car has travelled 78 km. 
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measure will tell you what to 


Chapter 7 Measure 


A line is turning at a rate of 12° per second. 
a Work out how many degrees the line turns through in 20 seconds. 
b How long does it take for the line to make one complete turn? 


Water is flowing into a tank. In 5 minutes, 300 litres of water flows in. 
a Work out the average rate of flow of water into the tank. Give the units of your answer. 
b There were 90 litres of water in the tank immediately before the water started to flow in. When full, 
the tank holds 1200 litres of water. How long will it take for the tank to fill with water? Give your 
answer in minutes and seconds. 


Ona long journey, a car travels 16 km per litre of petrol. Work out how many litres of petrol the car uses 
per kilometre. 


eeeeeeveeerseeseserere eoevece cece rece cece ses eres sees essere eresene 


eeeeeesersee 


eeeveee ° . ceencccccccevcccccosccvcsesssesesssvesteseses 
(> Get Ready 


(4) Key Points 


© Speed is a compound measure because it involves a unit of length and a unit of time, for example kilometres 
per hour, miles per hour or metres per second. We write kilometres per hour as km/h; the ‘/' is a sort of 
division sign showing that speed is distance divided by time. 


total distance travelled 
total time taken 
lf the car travels at an average speed of 30 km/h, the car travels 30 km in 1 hour 


30 x 2 = 60 km in 2 hours 
30 x 3 = 90 km in 3 hours 
and so on. 


© Average speed = 


© Distance = average speed X time 
The time the car takes to travel 90 km at 30 km/h is q = 3 hours. 
distance 
average speed 
© The following diagram is a useful way to remember these results: D stands for distance, S stands for average 


speed and T stands for time. 


D=SxT 
s=2 


Therefore: time = 


110 average speed 


73 Speed 


“0 Example 5 9 The distance from Cardiff to Leeds is 335 km. Rhys drives from Cardiff to Leeds in 


6 hours 15 minutes. Work out his average speed for this journey. 


total distance travelled 


total time taken 
Time must be in hours. 


Time taken = 6.25 hours Average speed = 


~ 


Watch Out! 


It is important to be careful 


Average speed = a “‘Siminutes= # = 0.25 hours with time; it is best to use 
: The distance is inkm and the time is decimals and remember 
= 53.6kin/h in hours so the speed is in km/h. that there are 60 minutes in 


1 hour. 


“2 Example6 Michael decides to go for a cycle ride. He rides a distance of 80 km at an average speed 
of 24 km/h. Work out how long Michael's ride takes. 


distance 
average speed 
Speed is in km/h and distance is in km so the time is in hours. 


Time = 229 = 3.3333...h 


DA Time = 


O39 338 sc.X CO = 20 3.3333...h=3h+0.5333...h 


To change from hours to minutes, multiply by GO. 


Time = 3h 20 minutes 


Exercise 7E 


Paul takes part in a sponsored hike. He walks 18 km in 4i hours. What is his average speed? 
Give your answer correct to 3 significant figures. 


Tim left his home at 11 am and went for a 20km run. He arrived back at his home at 1 pm. Work out Tim's 
average speed. 


A horse runs 12 km at an average speed of 10 km/h. How long, in hours and minutes, does this take? 


4 | Change a speed of 85 m/s into km/h. 


In the 2008 Olympics, the men’s 100 m race was won in a time of 9.69s and the men’s 200m race was 
won in a time of 19.30s. Which race was won with the faster average speed? You must give a reason 
for your answer. 
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© Density is also a compound measure. To solve density-related problems, we can use the following equations: 


. mass 
density = —_—_ 
We volume 
mass = density x volume 
mass 
volume = ————_ 
density 


© The diagram below is a useful way to remember these equations: M stands for mass, D stands for density and V 
stands for volume. 


x 
< 


olJe<|Z 0 


© When the mass is measured in kilograms and the volume in cubic metres or m®, then density is measured in kg 
per m? or kg/m’. Density can also be measured in g/cm®. 


“Example 7 4 A piece of silver has a mass of 42 g and a volume of 4 cm’. Work out the density of silver. 


cj a AO 
Density = as | Density = mass _ 
volume 


As the mass is in g and the volume 
is in cm®, the density is in g/cm’. 


\ — 


| sd 

| ‘Plus | 
_ 3 ¢ | 
= 10.5 g/cm” <—~ divide the mass by the volume. | Examiner’s Tip 


Usually in GCSE mathematics 


the term weight is used as itis 
easier to understand. However 
in problems involving density, 

the correct term, mass, is used. 


112 density mass’ volume 
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The density of steel is 7700 kg/m®. 


a Asteel bar has a volume of 2.5 m3. Work out the mass of the bar. 
b A block of steel has a mass of 1540 kg. Work out the volume of the block. 


a Mass = 7700 X 2.5 Mass = density X volume 
Multiply the density by the volume. 


= 19250kg As the density is in kg/m? and the volume is in m®, the mass is in kg. 


1540 
7700 


mass 
density 
Divide the mass by the density. 


=02m? As the mass is in kg and the density is in kg/m® the volume is in m?®. 


Volume = 


b Volume = 


¥ Exercise 7F 


A slab of concrete has a volume of 60 cm? and a mass of 150 g. Work out the density of the concrete. 


Gold has a density of 19.3 g/cm. The gold in a ring has a mass of 15g. Work out the volume of gold in 
the ring. 


14.7 g of sulphur has a volume of 7.5 cm. Work out the density of sulphur. 


The density of aluminium is 2590 kg/m. The density of lead is 11 400 kg/m?. 
A block of aluminium has a volume of 0.5 m®. A block of lead has a volume of 0.1 m’. 
Which of the two blocks has the greater mass and by how many kilograms? 


© To convert from one metric unit to another metric unit it is necessary to know the following facts. 


Weight | Capacity/Volume 


1000mg = 1g 100 cl = 1 litre 
1000 g = 1kg 1000 mi = 1 litre 

1000 kg = 1 tonne 1000 cm? = 1 litre 
1000 7 = 1 m3 


10mm =1cm 
100cm =1m 
1000 mm = 1m 
1000 m = 1km 


You then only need to multiply or divide by 10, 100 or 1000 in order to convert between the different metric units. 
© When you convert from a smaller unit to a larger unit, you need to divide. 


© When you convert from a larger unit to a smaller unit, you need to multiply. 


~~ 


es a aE. os Sgn " 7, i) 
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© To convert between a metric unit and an imperial unit it is necessary to know the facts in the following table. 


Meicwnit ———([imperatwnit 


© A compound measure is a measure which involves two units such as km per hour, litres per second or grams 
per cm’. Compound measures are often a measure of a rate of change. 

© In acompound unit, the word ‘per’ means ‘each’ or ‘for every’. We write litres per minute as litres/minute; the ‘/’ 
is like a division sign showing that the rate is the amount of liquid divided by the time taken. 

© Speed is a compound measure because it involves a unit of length and a unit of time, for example kilometres per 
hour, miles per hour or metres per second. 

© The following diagram is a useful way to remember the relationships between speed, distance and time: D 
stands for distance, S stands for average speed and T stands for time. 


13 pints = 1.75 pints 


5 miles 


© Density is also a compound measure. The following diagram is a useful way to remember the relationships 
between mass, density and volume: M stands for mass, D stands for density and V stands for volume. 
M=DxVvV 


D= 


© When the mass is measured in kilograms and the volume in cubic metres or m3, then density is measured in kg 
per m? or kg/m’. Density can also be measured in g/cm®. 


Review exercise 


ee a Complete the table by writing a sensible metric unit for each measurement. 


6700 kilometres 


The length of the river Nile 
The height of the world’s tallest tree 


The weight of a chicken’s egg 
The amount of petrol in a full petrol tank of a car | 40 


b Convert 4 metres to centimetres. 
ec Convert 1500 grams to kilograms. June 2008 


Chapter review 


Shalim says 1.5 km is less than 1400 m. 
Is he right? 
Explain your answer. June 2007 


Stuart drives 180 km in 2 hours 15 minutes. 
Work out Stuart's average speed. Nov 2008 


4 | The distance from London to New York is 3456 miles. 
A plane takes 8 hours to fly from London to New York. 
Work out the average speed of the plane. June 2008 


John travelled 30 km in 1.5 hours. 
Kamala travelled 42 km in 2 hours. 
Who had the greater average speed? 
You must show your working. June 2009 


6 | There are 40 litres of water in a barrel. 
The water flows out of the barrel at a rate of 125 millilitres per second. 
1 litre = 1000 millilitres 


Work out the time it takes for the barrel to empty completely. June 2009 
The density of juice is 4 grams per cm’. 

The density of water is 1 gram per cm’. wih Plus 

315 cm? of drink is made by mixing 15 cm? <2 Exam Question Report 


of juice with 300 cm? of water. 
Work out the density of the drink. 


86% of students answered this question poorly 
because they could not remember the formula for 
calculating density. 


June 2009 
EE] The volume of a gold bar is 100 cm’, 
The density of gold is 19.3 grams per cm’. 
Work out the mass of the gold bar. Nov 2008 


SCUENGE, SYMMETRY 
| SIMILARITY 


The photo shows the Pyramide du Louvre in Paris. There are actually five pyramids, the 
large one, three smaller ones and an inverted pyramid which provides the entrance to the 
Louvre museum. The larger pyramid is made up of 603 diamond-shaped panes of glass 
with 70 triangular-shaped panes along the base of the pyramid. 


| Objectives (©)Before you start 
In this chapter you will: You need to: 
© prove two triangles are congruent © know the angle properties of triangles and 
© learn about line symmetry and rotational quadrilaterals 
symmetry © know what a vertex and a diagonal of a shape 
© learn about some special types of 2D shapes are. 


© recognise similar shapes and use scale factors 
to find missing sides in similar triangles 
© formally prove that triangles are similar. 


8.1 Congruent triangles 


Congruent triangles 


©» Why do this? 
© You will understand how to prove that two Designers, engineers and map makers often 
triangles are congruent. use scale drawings and plans. Using congruent 


and similar triangles enables them to find 
measurements for inaccessible lengths and angles. 


<>) Get Ready 


1. If two triangles have the same angles, are the triangles the same? 
2. Given the lengths of all three sides, is it possible to draw two different triangles? 
3. Given lengths of two sides and the size of the included angle, is it possible to draw two different triangles? 


© Two triangles are congruent if they have exactly the same shape and size. 
© For two triangles to be congruent one of the following conditions of congruence must be true. 
© The three sides of each triangle are equal (SSS). 
® Two sides and the included angle are equal (SAS). 
© Two angles and a corresponding side are equal (AAS). 
© Each triangle contains a right angle, and the hypotenuses and another side are equal (RHS). 


Vy Example 1 4 ABCD is a quadrilateral. 


AD = BC. 

AD is parallel to BC. 

Prove that triangle ADC is congruent to triangle ABC. 
Plus 


Watch Out! 


A B 


The only properties that can be 


used to prove congruence are 
those given in the question. 


AD = BC (given) 4 : 
= g | Each statement for a congruence 

Angle DAC = angle ACB (alternate angles) ; | provenauetbe justified | 

AC is common to both triangles. / 

Hence triangle ADC is congruent to triangle ABC 

(two sides and the included angle). 


ay oe ae tr R og Pa eget ais ae RS, atk a ee eee Te ee it it ot 
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¥# Exercise 8A Questions in this chapter are targeted at the grades indicated. 


— 7 P Qa 
- Prove that triangles POS and ORS are congruent. 
A03 
[| 
: SS) R 


a 4 Prove that triangles XYZ and XVW are congruent. 


Z Ww 
Hence prove that X is the midpoint of YW. 
X 
Y Vv 


- POR is an isosceles triangle. S and T are points on OR. P 
PQ = PR, QS = TR. 
Prove that triangle PST is isosceles. 


Qa s T R 
* 9 LMNis anisosceles triangle with LM = LN. Use congruent triangles to prove that the line from L which 


cuts the base MN of the triangle at right angles also bisects the base. 


* 


=), ABCis a triangle. D is the midpoint of AB. The line through D drawn parallel to the side BC meets the 
side AC at E. A line through D drawn parallel to the side AC meets the side BC at F. 
Prove that triangles ADE and DBF are congruent. 


Symmetry in 2D shapes 


© Why do this? 


© You can recognise line symmetry in 2D shapes. There are examples of 2D symmetry in 
© You can draw lines of symmetry on 2D shapes. the man-made and natural world, such 
© You can recognise rotational symmetry in 2D shapes. as wheels, flowers and butterflies. 


© You can find the order of rotational symmetry of a 2D shape. 
© You can draw shapes with given line symmetry and/or 
rotational symmetry. 


<>) Get Ready 


1. Trace this star. 
Fold your tracing along the dotted line. What do you notice? 
Place your tracing over the star and turn the tracing paper clockwise. 
Keep turning the tracing paper until you get back to the starting position. 
What do you notice? 


line symmetry line of symm 


8.2 Symmetry in 2D shapes 
Key Points 


A © Ashape has line symmetry if it can be folded so that one part of the 
shape fits exactly on top of the other part. 


as tine of __ © Every point of the shape on one side of the line of symmetry has a 


symmetry . ; ‘ : : : 

corresponding point on the mirror image the other side of the line. 
Notice that the point A and its corresponding point B are the same 
distance from the line of symmetry. 


© Ifa mirror were placed on the line of symmetry, the shape would look the same. This is why line symmetry is 
sometimes called reflection symmetry and the line of symmetry is sometimes called the mirror line. 

© Ashape has rotation symmetry if a tracing of the shape fits exactly on top of the shape in more than one 
position when it is rotated. 

© A tracing of a shape with rotation symmetry will fit exactly on top of the shape when turned through less than a 
complete turn. 

© The number of times that the tracing fits exactly on top of the shape is called the order of rotational symmetry. 

© Some two-dimensional shapes do not have any symmetry. 


") Example2 Draw in all the lines of symmetry on this flag. 


a 
= Examiner’s Tip 


‘All the lines’ suggests that 
accel eee there is more than one line 
of symmetry. 


Find the order of rotational symmetry of this shape. 


, ' 
The shape has rotational symmetry of order 3. me “atch Out! 


Many shapes have the same number 
of lines of symmetry as their order of 
rotational symmetry, but this is not 

always so. Don’t confuse the two! 


nips ioe emamtomipmaiee: _ — pape imine eetee et meee telat eee Pee ES AA Mo OPee ee ty nate, Ama eeiee SE SSCL A Sees a Oe oe ae ee ee ee en | ee -- Pan 
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Vv Example 4 4 Copy and complete the drawing of the Line of symmetry 


shape so that it has line symmetry. 


' 
1 
' 
' 
' 
1 
' 
1 
' 
1 
' 
4 / 
1 
1 
' 
' 
' 
1 
' 
1 
' 
' 
1 


Each corner has a mirror image the same distance 
away from the line of symmetry but on the other 
side of it. 


Mark the mirror images of the corners on the other 
side of the line of symmetry. 


Then complete the shape. 


Shade four more squares in the pattern 
so that the dotted line is a line of symmetry. 


1 
' 
' 
' 
' 
f 
1 
' 
1 
1 
1 
1 


Compare the two sides of the pattern. 
Shade four squares so that each shaded square has 
an image on the other side of the line of symmetry. 


Vy Example 6 4 The diagram shows part of a shape. 


Complete the shape so that it has no lines of symmetry and rotational symmetry of order 2. 


ee 
Examiner’s Tip 


Rotational symmetry of order 2 
means that the completed shape 
must look the same when it is 


rotated through a half turn. 


8.2 Symmetry in 2D shapes 


? Exercise 8B 


1 | For each shape, write down if it has line symmetry or not. If it has symmetry, copy the diagram and draw 


in all the lines. 
| 


a 

Using tracing paper if necessary, state which of the following shapes have rotational symmetry and 
which do not have rotational symmetry. 

For the shapes that have old symmetry, write down the order of the rotational symmetry. 


| | 
te | Y 
3 | a Copy and complete this shape so that it has line symmetry. 
b Write down the name of the complete shape. 


: Line of 
symmetry 
©) Each diagram shows an incomplete pattern. 
For part a, copy the diagram and shade six more squares so that both dotted lines are lines of symmetry 
of the complete pattern. For part b, shade three more squares so that the complete pattern has 


rotational symmetry of order 4. 
a 


' 
' 
' 
' 
1 
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= a Drawa shape that has two lines of symmetry and rotational symmetry of order 2. 
b Draw a shape with one line of symmetry and no rotational symmetry. 
c Drawa shape that has no lines of symmetry and rotational symmetry of order 4. 


Symmetry of special shapes 


© Why do this? 


© You know the symmetries of special triangles. Many architectural designs are symmetrical in 
© You can recognise and name special quadrilaterals. some way. The Taj Mahal, the Pyramids and the 
© You know the properties of special quadrilaterals. Greek Parthenon have impressive and beautiful 
© You know the symmetries of special quadrilaterals. uses of symmetry. 


© You know the symmetries of regular polygons. 


<>) Get Ready 


1. a Whatis i anisoscelestriangle ii an equilateral triangle? 
b Is an equilateral triangle an isosceles triangle? 
2. What is a quadrilateral? 


© Triangles 
A triangle is a polygon with three sides. 
Here is an isosceles triangle. It has two sides the same length. 
An isosceles triangle has one line of symmetry. 


Here is an equilateral triangle. All its sides are the same length. 
An equilateral triangle has three lines of symmetry and rotational symmetry of order 3. 
© Quadrilaterals = “3 
A quadrilateral is a polygon with four sides. Some quadrilaterals have special names. 
Here are some of the properties of special quadrilaterals. 


Square 

All sides equal in length. ] 

All angles are 90°. . 

4 lines of symmetry and rotational symmetry of order 4. ee. “i ae ie 
Rectangle Rhombus 


All sides equal in length. 

Opposite sides parallel. 
Opposite sides equal in length. Opposite angles equal. 
All angles are 90°. 2 lines of symmetry and 


rotational symmetry of order 4. 


122 triangle quadrilateral square rectangle rhombus 


8.4 Recognising similar shapes 


Parallelogram Trapezium 
Opposite sides equal in length ; ; 
and parallel. One pair of parallel sides. 
Opposite angles equal. No lines of symmetry and no 
No lines of symmetry and rotational rotational symmetry. 


symmetry of order 2. 


lsosceles trapezium Kite 
Two pairs of adjacent sides equal 
One pair of parallel sides. in length. 
Non-parallel sides equal in length. (Adjacent means ‘next to’.) 
One line of symmetry and no One line of symmetry and no 
rotational symmetry. rotational symmetry. 
FP exercise 8c 
a On squared paper, draw a right-angled triangle that has one line of symmetry. A02 
Draw the line of symmetry on your triangle. A03 
Write down what is special about this right-angled triangle. 
Janine says, ‘I am thinking of a quadrilateral. It has opposite sides that are parallel.’ 
Is there enough information to know what the quadrilateral is? Give reasons for your answer. 
Janine now says, ‘It has rotational symmetry of order 2.’ 
b Is there now enough information to know what the quadrilateral is? Give reasons for your answer. 
Janine now says, ‘It has two lines of symmetry.’ 
Is there now enough information to know what the quadrilateral is? Give reasons for your answer. 
Janine now says, ‘It has sides that are not all the same length.’ 
d What quadrilateral is Janine thinking of? 
. : A02 
Draw a non-regular polygon which has a line of symmetry. A03 
Draw a non-regular polygon which has rotational symmetry. A02 
State the order of rotational symmetry of your polygon. A03 


Recognising similar shapes 


© Why do this? 


© You can recognise similar shapes. Similar shapes allow us to calculate 
© You can find missing sides using facts you know missing dimensions from plans which may 
about similar shapes. be difficult to measure on the real objects. 
<>) Get Ready 
1. Which of these triangles 58cm 87cm ars 
are congruent? Hy (aN. iz 
10cm || (20. 10cm 
15em 
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GQ) Key Points 


© Shapes are similar if one shape is an enlargement of the other. 
© The corresponding angles are equal. 
© The corresponding sides are all in the same ratio. 


é “Example 7 4 Show that the parallelogram ABCD is not similar to parallelogram EFGH. 


F _ _9cm G 


= 0.66667 


_3_ | 
=a 0.75 Work out the ratios of the corresponding sides. 
6 
5) 


The lengths of the corresponding sides are not in the same proportion so the parallelograms are not 
similar. I 


¥ Exercise 8D 


State which of the pairs of shapes are similar. 
a _1.5cm 3cm 


2cm 6cm 


8.4 Recognising similar shapes 


& Example 8 These two rectangles are similar. Find the length L of the larger rectangle. 


The widths of these rectangles 
are in the ratio 2:3. 


Consider the ratio of the 
widths of the rectangles. 


The lengths must be in the The rectangles are similar 


same ratio. so the lengths must be in 
the same ratio. PA 
small _2_ 4 * US 
large 3 L # Examiner’s Tip 
2L=12 Make sure you keep corresponding 
L=6cm 


sides together by stating which 
rectangle they come from. 


Exercise 8E 


: A large packet of breakfast cereal has height 35 cm and width 21 cm. 
A small packet of cereal is similar to the large packet but has a height of 25 cm. 
Find the width of the small packet. 


The diagram shows a design for a metal part. 3.2cm ym 
The sizes of the plan are marked on diagram A. 
Diagram B is marked with the actual sizes. _—_ 
Calculate the value of: 


a < 6cm 
b y. 


0.72m 
0.84m 
These cylinders are similar. The height of the smaller cylinder is 5cm. 


Find the height of the larger cylinder. 


2cm 
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Similar triangles 


© Why do this? 


© You can use scale factors to find missing sides in Using the fact that triangles are similar can help 
similar triangles. us to measure lengths and distances which we 

© You can formally prove that triangles are similar. cannot measure practically. 

<>) Get Ready 


1. Copy these diagrams and mark the pairs of corresponding angles. 


© Two triangles are similar if any of the following is true. 


A 
© The corresponding angles are equal. A 
The corresponding sides are in the same ratio. 
© They have one angle equal and the adjacent sides are in the same ratio. C Ci 
B 
AB and A’B’, AC and A’C’, and BC and B’C’ are corresponding sides. 
B’ 


A'B' _ AC’ _ BC’ 
AB AC BC 


é ¥ Example 9 Show that triangle ABC is not similar to triangle DEF. 


B E 
4cm Sem 5cm isem * Plus 
= Examiner's Tip 
a Sha & D 12cm F 
Make sure you look carefully at 
ao = 3 =O8 the parallel lines in a diagram, 
as they can give you a lot of 
= 3 = 0.25 information about the angles. 


The lengths of the corresponding sides are not in the same proportion so the triangles are not similar. 
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8.5 Similar triangles 


A 
& Example 10 ABC is a triangle. 


2.5cem 


DE is parallel to BC. 


B 8cm c 


a Show that triangle ABC is similar to triangle ADE. 
b Find the length of BD. 


a ZADE = ZABC (corresponding angles). 
ZAED = ZACB (corresponding angles). 
ZDAE = ZBAC (common to both triangles). 
All angles are equal so triangle ABC is similar to triangle ADE. 


B A 


SXAB=8X25 
2AB =20 
AB =6.67cm 


=4.17cm 


Give reasons from what you 
know about parallel lines. 


Exercise 8F 


For each pair of similar triangles: 
i name the three pairs of corresponding sides 
ii state which pairs of angles are equal. 
aB b H c oN d 


Triangle ABC is similar to triangle DEF. E & 
ZABC = ZDEF B 3 
Calculate the length of: ies 
a EF iow 10.2cm 3 
b FD. c 
3.4cm ; 
F a 
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Ho The diagram shows triangle ABC which has 
a line DE drawn across it. 


ZACE = ZDEB 

a Prove that triangle ABC is similar to triangle DBE. 
b Calculate the length of AB. 

c Calculate the length of AD. 

d Calculate the length of EC. 


A ZY C 


QO 


4 | The diagram shows triangle ABC which has a line DE drawn across it. ZCAD = ZBDE 
a Prove that triangle ACB is similar to triangle DEB. 
b Calculate the length of DE. 
c Calculate the length of BC. 


A03: 


10.6cm E 


A 24cm D- 3.6cm B 


In the diagram AB is parallel to CD. : c 
a Prove that triangle ABM is similar to triangle CDM. 
b AC has length 20 cm. me M _ 
Calculate the lengths of: 
i AM ii MC. A 


© Two triangles are congruent if they have exactly the same shape and size. 

© For two triangles to be congruent one of the following conditions of congruence must be true. 
© The three sides of each triangle are equal (SSS). 
© Two sides and the included angle are equal (SAS). 
© Two angles and a corresponding side are equal (AAS). 
© Each triangle contains a right angle, and the hypotenuses and another side are equal (RHS). 

© Ashape has line symmetry if it can be folded so that one part of the shape fits exactly on top of the other part. 

© Every point of the shape on one side of the line of symmetry has a corresponding point on the mirror image 
the other side of the line. Notice that corresponding points are the same distance from the line of symmetry. 

© Ifa mirror were placed on the line of symmetry of a shape, the shape would look the same in the mirror. This is 
why line symmetry is sometimes called reflection symmetry and the line of symmetry is sometimes called the 
mirror line. 

© Ashape has rotation symmetry if a tracing of the shape fits exactly on top of the shape in more than one 
position when itis rotated. 

© Atracing of a shape with rotation symmetry will fit exactly on top of the shape when turned through less than a 
complete turn. 

© The number of times that the tracing fits exactly on top of the shape is called the order of rotational 
symmetry. 
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Chapter review 


© Some shapes do not have any symmetry. 
© Shapes are similar if one shape is an enlargement of the other. 
© The corresponding angles are equal. 
© The corresponding sides are all in the same ratio. 
© Two triangles are similar if any of the following is true. 
© The corresponding angles are equal. 
© The corresponding sides are in the same ratio. 
© They have one angle equal and the adjacent sides are in the same ratio. 


? Review exercise 
i a On the diagram below, shade one square b On the diagram below, shade one square 
so that the shape has exactly one line of so that the shape has rotational symmetry 
symmetry. of order 2. 


Nov 2008 


Ta Bs wa 12cm 12cm 


8cm 16cm 


Which of these rectangles are similar? 


12cm 


30m 12cm 


ABC is an equilateral triangle. A 
D lies on BC. AD is perpendicular to BC. 
a Prove that triangle ADC is congruent to triangle ADB. 
b Hence, prove that BD = 5BC. 


B D Cc June 2009 


Chapter 6 Congruence, symmetry and similarity 


In the diagram, AB = BC = CD = DA. 
Prove that triangle ADB is congruent to triangle CDB. 


B 
‘Plus 
Exam Question Report 
A Cc 
92% of students answered this sort of question 
poorly because they did not justify their answers 
or prove the conditions for congruency. 
D Nov 2008 


Tl) ABis parallel to DE. 
ACE and BCD are straight lines. 


AB =6cm 
AC =8cm Diagram NOT 
CD = 13.5cm accurately drawn 
DE=9cm 
a Work out the length of CE. 
b Work out the length of BC. 13.5cm 
E 
D —_ Nov 2005 


Parallelogram P is similar to parallelogram Q. 


xcm 
20cm 

Calculate the value of x. 

EE] intriangle FGJ, a line IH is drawn parallel to FG. 

G 

3cm 
6cm o 
4cm 
F | J 


a Prove that triangle HlJ is similar to triangle GFJ. 
b Calculate the length of HI. 
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Chapter review 


BE is parallel to CD. A 
: AB = 9cm, BC = 3cm, CD = 7cm, AE= 6cm. 
a Calculate the length of ED. 
b Calculate the length of BE. 


Cg SD June 2005 


EXPANDING BRACKETS AND 
FAGTORISING 


« de 


ONG ia: UL ly Lae 


== in: 


2 : i oma Romer 


Algebra is regularly used by Formula One teams to maximise the performance of their 
cars when racing. For example, new rules introduced into Formula One in 2009 have 
given teams a booster button which gives the car extra power and can be pushed for a 
maximum of 6.7 seconds during a race. In order to maximise the benefit of the ‘boost’, F1 
teams use algebra to work out the best moment for the driver to use it. 


©) Before you start 
In this chapter you will: You should be able to: 
© expand brackets © simplify algebraic expressions by collecting 
© factorise algebraic expressions like terms 
© simplify complicated algebraic expressions. © use the index law x” xX x® = ymtn 
© add, subtract, multiply and divide directed 
numbers. 
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9.1 Expanding brackets 


onee 


@Get Ready | 


(4) Key Points 


© When there is a number outside a bracket there is a hidden multiplication sign. So 20(n + 3) = 20 x (n + 3). 
© In algebra, expand usually means multiply out. 
© To expand a bracket you multiply each term inside the bracket by the term outside the bracket. 


C. 
‘ecm a Expand 20(n + 3). Remember to multiply both terms inside the bracket by 20. 


20(n + 3)=20Xn+20X3 


B(2x+1)=3X* 2x+5X1 
=6x+ 3 


Py Example 34 Expand plp + q — 5). 


=p’ + pq — Sp 


Expand —2x(3x + 1). Multiply both terms by —2x. 
—2x(3% + 1)= —22 X Sx + —2% X 1 For each term, negative X positive = negative. 


= —6x? — 2x 


¥ Exercise 9A Questions in this chapter are targeted at the grades indicated. 
Expand 


a 2(x +3) b 3(p — 2) c Am-+n) d 3(5—q) 
e 22x + y— 3) f 5(2¢ + 1) g A(x?— 2) h 3(n?—2n + 1) 


Chapter Y Expanding brackets and factorising 


Expand 

a yly +2) b gig — 3) c 2x(x +5) d n(4—n) 

e alb+c) f s(3s — 4) g 3t(2t+ 1) h 4x2(x — 3) 
Expand 

a —2(m + 3) b —3(2x + 2) c —m(m + 5) d —4y(2y + 3) 

e —5(p — 2) f —3g(1— q) g —2s(s — 3) h —3n(4m +n —5) 


V2 Example 5 9 Expand and simplify 3(2a + 1) + 2(3a + 5). 


3(2a + 1) + 2(3a+ 5)=6a+3+6at+10 
= 124+13 


M2 Example 6 Expand and simplify 3x(y — 2) — 2y(x — 3). 


Sx(y — 2) — 2y(x — 3)= Sxy — Gx — 2xy + Cy For the last term, 
=xy—- Gxt Gy negative X negative = positive. 


Y Example7 4 Expand and simplify 6p + 3p(2p — 7) + 4. EMA Watch Out! 


Op + Sp(2p — 7) +4=6p+ 6p? — 21p +4 You must multiply out the 
= 6p? —15p+ 4 brackets before you collect 
like terms. 
Check your signs. 


Expand and simplify 


a 3(t—1)+5¢ b 6p + 3(p + 2) ec 6(w+1)+5w 

d 3(d + 2) + 4(d — 2) e 3a+6+2(a+ b) f 2(5% — y) + 5(y —x +1) 
Expand and simplify 

a 3(y +10) — 2(y + 5) b 6(2a + 1) — 3(a + 4) © x —5(x%+ 3) 

d glg+3)-3(¢ +1) e 2n(n—2)—n(2n+1)  £ 3m(2+5m)—4m(1 +m) 
Expand and simplify 

a 5(t — 4) — 4(t — 1) b 3(x + 3) — 2(x — 5) c 2g9(g + 1) — g(g + 1) 


d 6c(2c — 3) — c(4—c) e 4s(s + 3) — 2(1 —s) f pip + q)—qlp—q) 


Expand and simplify 
a 7s—A(s +1) b 12m + 3(m + 2) c 8f? — 3f(f+ 1) 
d 5n+n(n—-1) e 2x — x(x — y) f Zp — 2p(1 — p) 
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9.2 Factorising by taking out common factors 


(A) Key Points 


© Factorising is the opposite of expanding brackets, as you will need to put brackets in. 

© To factorise an expression, find a common factor of the terms, take this factor outside the brackets, then decide 
what is needed inside the brackets. 

© You can check your answer by expanding the brackets. 

© Common factors are not always single terms such as 2, 5x, 3a7b. 

© Sometimes a common factor can have more than one term, for example x + 2 or 2a — 0. 


"2 Example 8 Factorise 12b + 8. 


The common factor of 120 and Bis 4. 
Note that you would not usually write the 4( ) but it 
is there to remind you to find the common factor first. 


Check this multiplies out to give 120 + 8. 
"2 Example 9 Factorise 2 — 6y. | 


Pick out the common factor first. 
1 is needed as the first term in the bracket. 


/ Example 10 Factorise x2 + 3x. f 


12b4+8=4( ) 
= 4(3b + 2) 


2-ey=2) 
= 2(1 — 3y) 


4 


The common factor of x? and 3x is x. 
Remember to check by multiplying out. 


a” + 3x = x ) 
= x(x + 3) 


Factorise 15p — 10g — 20pgq. : 


= 5(3p — 2q — 4pq) 


Chapter 9 cxpanding brackets and Tactorising 


ESE Factorise completely 602 + 9ab?, | 


The common factor of 
6xaxaxbandgo9xaxbdbxb 


6a*b + 9ab?= Zab(_—) 


= 3ab(2a + 3b) isBxaxb. 
# exercise 9C 
: Factorise 
a 3x+6 b 2y-—2 c 5p + 10q d 14¢-7 
e 8s+2t f 9a+ 18b g 15u+5v + 10w h xt — yt 
i ac-—c j 6%2+ 9x+3 k 2p? — 2p | g@-—q 
m 4x? + 3x n 2h — 5h? o p?+2p p *+s33 
Factorise completely 
a 5xy + 5xt b 3ad — 6ac c 6pq + 4hp d 8xy — 4y 
e 4pq + 2ps + 8pt f mn—kmn g 2x2 +4x h 12s? — 24s 
i 6f2+ 2f8 jyvt+y k 3ced? — 5ed | ab + abs 
m 8pqgr + 10prs n 140?b — 7ab? + 21ab 0 15x?y — 35x2y? p (3y) + 3y 


X? Example 13 9 Factorise 5(% + 2)? — 3(x + 2). 


B(x + 2)? — 3a + 2)= (x + 2)[ ] (% + 2) is a common factor. 
=(% + 2)(b@ +2) —3] 


=(e-~ 2) Set 10 — 3] Simplify the expression inside 
= (x + 2)(5x + 7) the square bracket. 
C2 Example 14 9 Factorise completely 12(s + 2t) — 4(s + 2¢)2. 


ei) | 
12(s+ 2t)-4(s+2t)? =4(s+20[ 
= A(s + 21)(3 —s — 20) 


_ Factorise 
a (x +3) + 2x + 3) b x(x —y) + y(x — y) c pip +4) — 3p 
d (2¢ + s)(2t — s) + (26-—s) e (a — 5)? — 2(a — 5) f (2d +1)? + (2d + 1) 


— ) Factorise completely 
: a 2y + 2)? + Aly + 2) b 15(x — 1)? —10(x — 1) c 8(p + 5)? + 10(p + 5) 
d 9g +1) + 6(g + 1) e (a — b\a + b) — 14(a + 6) f 4x%\(x + 1) — 6x(x + 1) 
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9.3 Expanding the product of two brackets 


(A) Key Points 


—— ¢ + d > Area of rectangle P = (a + b) x (c + d) 
= (a+ b)(c + a) 


a+b 


Area of rectangle O = a(c + d) 


t Area of rectangle R = b(c + d) 

Area of rectangle P = Area of rectangle Q + Area of rectangle R 
| (a + b)(c + d) =al(c+d)+ b(c + d) 
: =ac+ad+ be + bd 


© To multiply out the product of two brackets: 
© multiply each term in the first bracket by the second bracket 
© expand the brackets 
© simplify the resulting expression. 

© An alternative method is the grid method (see Example 15). 


Expand and simplify (x + 2)(x + 3). 


Method 1 Take each term in the first bracket, in turn, and 
(x + 2)(x + 3)= x(x + 3) + 2(x + 3) multiply it by the second bracket. 
=72+ 34+ 2%+6 
=a42+5x4+6 


Expand the brackets. 
Collect the like terms. 


Vnapter 9 Cxpanaing DOrackets and factorising 


Method 2 — the grid method 


=77+5x+6 Collect like terms. 


V2 Example 16 4 Expand and simplify (m + 2). 
a 


(m+ 2)? = (m+ 2)(m + 2) Write out (m + 2)? 
= m(m + 2) + 2(m + 2) in full. Watch Out! 
=m*+2m+2m+4 
=m2+4m+4 


Note that (a + 6) is not equal to 
a? + 62, 


‘2 Example 17 9 Expand and simplify (2¢ — 1)(3¢ — 2). 


Method 1 | 


= 6? -—4¢t-3t+2 | 


=67-7t+2 
Method 2 


[=a 


(2t —1)(St— 2) =6F —44—3t+2 
=6F = 7i+2 


¥ Exercise 9E 


VE Expand and simplify 


a (x + 3)(x + 4) b (x + 1)(x + 2) ce (x + 2)(x — 5) 
d (y — 2)(y + 3) e (y+ i)y — 2) { @&—2)le—38) 
g (a—4)(a — 5) h (x + 2) i (p+ 4 
j (k- 7 k (a+ bd) | (a — 0b) 


9.4 Factorising quadratic expressions 


Expand and simplify 


a (x + 1)(2x + 1) b (x — 1)(3x% + 1) ce (2x + 3)(x + 4) 
d (y — 3)(3y + 1) e (2p + 1)(p + 3) f (2¢ + 1)(3t + 2) 
g (3s + 2)(2s +5) h (2x — 3)(2x + 5) i (3y + 2)(4y — 1) 
j (2a — 1)(3a — 2) k (3x + 2) | (2k -—1) 
Expand and simplify 
a (w+ y)(x + 2y) b (x — y)(x + 2y) ce (x +y)(x — 2y) 
d(x — y\x — 2y) e (2p + 3g)(3p — g) f (3s — 2t)(2s — t) 
g (2a + 3b)? h (2a — 3b)? 


© You can factorise q 
© You can recognise ar 
© You can factorise | 


SOOTHE OTHE ESE OE SETHE HOHE E HOHE SEESEOSEEHESESESESET OSS EHSSESOSEE EDS 


© Get Ready 


1. Write down all poss 
of numbers whose pro 
a-6 b 15. 


(a) Key Points 


© Factorising is the reverse process to expanding brackets so, for example, factorising 
x? + 5x + 6 gives (x + 2)(x + 3). 


© To factorise the quadratic expression x* + bx + ¢ 
© find two numbers whose product is +c and whose sum is +b 
© use these two numbers, p and g, to write down the factorised form (x + p)(x + q). 


© To factorise the quadratic expression ax? + bx + c¢ 
© work out the value of ac 
© find a pair of numbers whose product is +ac and sum is +b 
© rewrite the x term in the expression using these two numbers 
© factorise the first two terms and the last two terms 
© pick out the common factor and write as the product of two brackets. 


© Any expression which may be written in the form a? — b?, known as the difference of two squares, can be 
factorised using the result a? — b? = (a + b)(a — 0). 


Chapter 9 Expanding brackets and factorising 


‘2 Example 18 Factorise x2 + 7x + 12. Plus 


Examiner’s Tip 


The pairs of numbers whose product is 12 are: 


You may find it helpful to start 


a uals by writing down all the pairs-of 
+246 —3 ¥ —G ry Ing a sand ia 
+3 x +4 = xX =4 numbers whose proaquctis - 


+3X+4=412 
+34+4+4=47 
2+ 7x+12=(4+3)(4+4) 


x Example 19 Factorise x? — 10x” + 25. 


The pairs of numbers whose product is +25 are: 
+1X+25 = LK = 25 You can check your answer by 
+5X+5 —5.X—5 expanding the brackets. 


Find two numbers whose product 
is +12 and whose sum is +7. 
Put into factorised form using 
the numbers +3 and +4. 


Examiner’s Tip 


—-5X-5=+4+25 i 


SS See Thi Iso be written as (x — 5)? 


¥# Exercise 9F 


; 1) Write down a pair of numbers: 
: a whose product is +15 and whose sum is +8 


b whose product is +24 and whose sum is —10 
c whose product is +18 and whose sum is —9 
d whose product is —8 and whose sum is +2 

e whose product is —8 and whose sum is —2 

f whose product is —9 and whose sum is 0. 


Factorise 


a xe+ 8415 b 22+ 8x+4+7 c x?+9x+4+ 20 
d 22+6x+9 e «*-—64%4+5 f x?@-2n +1 
g «2+ 3x — 18 h x22-—3x-18 i «2+ 3x — 28 
j x-x-12 k x? +2x—-24 | x2-4 

m x? — 81 


4 D 
Example 20 Factorise x? — n?. 


xP — ne =o? + On — 1? | 
The pair of numbers whose product is —n* and whose sum is O is +n X —n: 
x* —n? = (x +n)(x—n) | 
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9.4 Factorising quadratic expressions 


ae 
= ~=Examiner’s Tip 


x Example 21 Factorise x? — 100. 


x27-100 =x?-—10? 
= (x + 10)(x — 10) 


Substitute 
a=xandb=10into 
a? — b?=(a+ b)(a — 0). 


It will help you in the 
examination if you learn 
= (a + bla — 0). 


YY Example 22 4 a Factorise p* — q?. 


b Hence, without using a calculator, find the value of 1012 — 992. 


a pe—g° =(p + g)(p — 9) 
b 1012-992 Use the result a? — 6? = (a + b)(a — 0). 
= (101. + 99)(10'1 — 99) Substitute p = 101 and q = 99 in the answer to part (a). 


= 200 X2 


Y) Example 23 4 Factorise (x + y)? — 4(x — y)’. 


. 2 _— — 2 . 
= (x i y)2 _ (2(x _ y)/ Write (x + y) A(x — y)* in 
the form a? — b?. 


=[@+)+2e- Mlle +y-2@-y] <| Substitutea=(e+y) 
and b = 2(x — y) into 


— b?=(a+b)(a— bd). 


Expand and simplify 
the expression in 
each square bracket. 


(x + y)* — 4(@ — y)* = (Sx — y)(—x + Sy) Note that alternatively this answer 
may be written as (3% — y)(3y — x). 


= (ety t 22 = Cyl by = 2x + 2y] 


P rere 9G 
a Factorise 
a v— 36 b x*— 49 c yy — 144 
i a-% e w* — 2500 f 10000 — a? 
g @4 IF = h 81=—(9—y/ i (a+b) —(a— db} 


me Without using a calculator, find the value of: 
a 64? — 36? bh 2-2 e 085 — 0.127 d 1005? — 995? 


Chapter 9 Expanding brackets and factorising 


Factorise these expressions, simplifying your answers where possible. 

a 4x2 — 49 b 9y2—1 c 12122 — 400 
d 1-—(q¢+2/ e (2+ 1f —(r— 1P f @+q+1F-—(p+q-1F 
g 100p+3P—Alg+ 5 ih 25(s +t — 25(s — t? 


4 | Factorise completely 
a or — 12 b 5y* — 125 ce 10w* — 1000 
d 4p? — 64q? e 12a? — 270? f %xe+1 — Ax — 1) 


“) Example 24 Factorise 3x2 — 7x + 4. 


a=+3,b=-7,c=+4 Find two numbers whose product is +12 and whose sum is —7. 
a= 12,b=—-7 


-3xX-4=4+12 Replace —7% with —3x — 4x. 
-3+-4=-7 
= 3x(x — 1) -—4(@ — 1) Pick out the common factor and write 
as the product of two brackets. 
= (x — 1)(Sx — 4) 


3x? — 7x +4 =(x—1) (Sx —4) 


¥ Exercise 9H 


Factorise 


a 5x?+ 16x43 b 207+ 11¢4+5 c 3x2+ 4x41 d 842+ 6x+1 
e 6x2+ 134 +6 f 6x2 -7x+1 g 5x2-—7x+2 h 12x? -— 114 +2 
i 8x2+2x-3 j 2x? -— 7x —15 k 7x? — 19% —6 1 32?-— 10x -—8 
m 4y? + 12y +5 n 6y?— 13y +2 o Gy? — 25y + 25 

Factorise completely 

a 6x2 + 14% + 8 b 6y?— 15y +6 e 6 + 52-10 

Factorise 

a e+ ay — 27 b 2x? + Txy + 5y? c 6x? + 5ay — Gy? 


© When there is a number outside a bracket there is a hidden multiplication sign. 
© In algebra, expand usually means multiply out. 
© To expand a bracket you multiply each term inside the bracket by the term outside the bracket. 
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Chapter review 


© Factorising is the opposite of expanding brackets, as you will need to put brackets in. 

© To factorise an expression, find the common factor of the terms, take this factor outside the brackets, decide 
what is needed inside the brackets. 

© You can check your answer by expanding the brackets. 

© Common factors are not always single terms. 

© To multiply out the product of two brackets: 
© multiply each term in the first bracket by the second bracket 
© expand the brackets 

simplify the resulting expression. 

© An alternative method is the grid method. 

© Factorising is the reverse process to expanding brackets. 

© To factorise the quadratic expression x2 + bx + ¢ 
© find two numbers whose product is +c and whose sum is +b 
© use these two numbers, p and q, to write down the factorised form (x + p)(x + q). 

© Any expression which may be written in the form a? — 62, known as the difference of two squares, can be 
factorised using the result a2 — b* = (a + b)(a — D). 


© 


i) Expand and simplify 2(~ — 4) + 3(x + 2) 
al wh Plus 


==—& Exam Question Report 


87% of students answered this sort of question 
well because they remembered all of the 
necessary multiplications. 


June 2009 


a Factorise 5m + 10 b Factorise y* — 3y 


Plus 


Exam Question Report 


50% of students answered this question poorly 
because they did not put factors in the right place. 


Nov 2008 
Factorisea ax+by+bx+ay 5b Factorise ac — bd + ad — bc 


Expand and simplify (x + 4)(x — 3) June 2009 


Expanda (a+2) b (c—3" c (d+1 d (x+y) 


San 


Expand and simplify 
a (x+5)(x+10) b (y+ 9) c (x—A4A)lx+2) d (x+2)\(x-—3) e (t—1)(t-—6) 
f (x +4)(2x+3) g (839—1)(2p+1) h (2¢+d)\(2c—d) i (4y-—1) 


Chapter 9 Expanding brackets and Tactorising 


Factorise 
a + 11t+ 30 b 2+ 14% + 49 c pt+2p—15 
d y— 12y + 36 e #=—ba+4 f s?— 64 


a Factorisex?+8x+7 6 Express 187 as the product of 2 prime numbers. 


Jamie is planting flowers in a local park. FSi 


R R R R R 

R Y Y Y R 

R R R RR R 
When he plants three yellow flowers, he surrounds them with twelve red flowers, as shown in the diagram. 
a How many red flowers (R) does he plant with ten yellow flowers (Y)? 
b Write your answer in both factorised and unfactorised forms. 


Factorise 


a x*— 400 b 9-4 e 100—-y d 25 — 4p? 
A02 Use some of your answers to question 7 to work out the values of the following expressions without 
using a calculator. 
a 217-20 b 1029.92 c b= 3? 
Work out 1002? — 998? using algebra. 
i For any three consecutive numbers show that the difference between the product of the first and 


second and the product of the second and third is equal to double the second number. 
Factorise fully 3(x + 2)? — 3x(x + 2) 


a Inthe group stage of the Champions League, four teams play each other both at home and away. FS) 
Prove that this requires 12 matches in total. : 
h Similarly, in the Premier League all the teams play each other twice. 

There are 20 teams. How many games are there altogether? 
c How many games are there in a league with a teams? Write your answer in a factorised and 


unfactorised form. 
Factorise 
a 2x27+54*+2 b 2w?+ 5w —3 ec 3a?+ 14a+8 
d 30z?— 23z+2 e 8y?+ 23y —3 f 6p2?-pq-@ 


3xX8—2xX9=6and12 xX 17—11 xX 18=6 
Show that for any 2 by 2 square of numbers from the grid, the difference of the products of numbers 
from opposite corners is always 6. 


The Tower of Pisa is a circular bell tower. Construction began in the 1170s, and the tower 
started leaning almost immediately because of a poor foundation and loose soil. It is 56.7 
metres tall, with a diameter at the base of 15.5 metres, and there are 297 steps to the top. 
The tower continues to sink about 1mm each year. 


® Before you start 


Gai BM 


“ In this chapter you will: You need to know: 
F, © solve problems involving perimeters and areas © how to measure or calculate the perimeters of 
© know and use the formulae for the rectangles and triangles 
circumference and area of a circle © how to use the formula for the area of a 
" © draw the nets, elevations and plans for a variety rectangle 
of 3D shapes © whata circle, semicircle and quarter circle are, 
© work out the volume of cubiods, prisms and and be able to name the parts of a circle and 
cylinders. related terms 


© how to draw circles and arcs to a given radius. 
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(4) Key Point 


© The area of a 2D shape is a measure of the amount of space inside the shape. 


Area of a triangle 


(A) Key Points 


© The diagram below shows triangle ABC. A rectangle has been drawn around the triangle. 
The inside of the rectangle has been split into four triangles. 


Cc 
Triangles 1 and 2 are congruent 
so area triangle 1 = area triangle 2. 
Also area triangle 3 = area triangle 4. 
A D B 
The lengt he rectangle i 
© The length on e rectangle is the isenasaeianloarie 
base of the triangle and the width of triangle ABC is half the 
of the rectangle is the perpendicular area of the rectangle. 
height of the triangle. 
|_| 


A base b B 
Area of the rectangle = base X height 
So to find the area of a triangle, work out a half of its base its height. 


146 area base perpendicular height 


10.1 Area of triangles, parallelograms and trapeziums 


© Area of a triangle = 5 X base X height 


height (A) 


A= 7bh 


base (b) 


& Example 1 Work out the area of the triangle. 


Area of a triangle = = X base X height 


7X4=28 3x28=14 
# ~©Examiner’s Tip 


= 4 
Area = 5X 7 X 4 om® The height of a triangle is its 
vertical or perpendicular height. 


4cm 


7cm 


= 14cm? 


Area of a parallelogram 


G) Key Points 


Here are two congruent triangles. 


The triangles can be put together to form a parallelogram. 
The two triangles have equal areas so the area of the 
parallelogram is twice the area of one of the triangles. \ OO \ 
; ‘ \~A 
Area of one triangle = 5 X base X height 


Area of parallelogram = 2 x 5 xX base X height = base X height 


© Area of a parallelogram = base X height 


A= bh height (h) 


base (b) 


& Example 2 Work out the area of the parallelogram. 


Area = & X 9mm? 


Area of a parallelogram = base X height. 


As the lengths are in millimetres, 
the units of the area are mm’. 


9mm 


= 72mm? 


Chapter 10 Area and volume 1 


Fa Exercise 10A Questions in this chapter are targeted at the grades indicated. 


Work out the areas of these triangles and parallelograms. 


12cm 
12cm 


9mm 5cm 


93cm 


Copy and complete this table. 


ie a Arectangle has a length of 7 cm and an area of 35 cm2, Work out the width of the rectangle. 
b A-square has an area of 144 cm?. Work out the length of side of the square. 


Area of a trapezium 


Here is a trapezium. The trapezium is split into two triangles by a diagonal. a 
Area of trapezium = area of yellow triangle + area of pink triangle. 


Area = bh 
b 
b 


Area of trapezium = 
zah +5bh=}(a + djh 


Area = ah 


10.1 Area of triangles, parallelograms and trapeziums 
© Area of a trapezium = ; X sum of parallel sides < distance between them. 
A= 5 (a + b)h a 


“Example 3 Work out the area of the trapezium. 


7cm 


in @ oe 
= Examiner's Tip 


_y. Remember that unless the question tells you to 
take measurements from a diagram you should 
not do so as diagrams are not accurately drawn. 


13cm 


Area of a trapezium = 
= X sum of parallel sides X distance between them. 


Area=5X(7 +13) X11 


=4x20X11=10x11 
1 


# Exercise 10B 


Work out the area of each of these trapeziums. 


a 3cm b 18m 


11cm 


c 9cm d 


10cm 13cm 15cm 


Chapter 10 Area and volume 1 
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© Get Ready 


© The perimeter or area of a compound shape can be found by splitting the shape into its simpler parts. 


« Example 4 Work out the area of this pentagon. 
A03 


15cm 


10cm 


15cm 
The height of the triangle is 15 —-10 = 5m. 
10cm The base of the triangle is 8 cm. 
’ 8cm : 
AreaofrectandeA=8X10 =8Ocm? Area of a rectangle = length X width 
Area oftriangleB = - X8X5=20cm2 Area of a triangle =4 X base X height 


Area of pentagon =areaofA+ areaofB 


Area of pentagon =80+20 =100cm? 


10.2 Problems involving perimeter and area 


A rectangular wall is 450 cm long and 300 cm high. The wall is to be tiled. A02 
im A03 


The tiles are squares of side 50 cm. How many tiles are needed? 


No diagram is given with this question 
so it is a good idea to draw one. 


300cm 
450cm : 
50cm |tile 

aiken One way to answer questions like 
Method 1 this is to work out how many tiles 
Number of tiles needed for the length = 450 _ 9 are needed for the length and how | 

5O many are needed for the height. | 

Number of tiles needed for the height = age _ i 


So there are 6 rows of 
tiles, each with 9 tiles. 
Number of tiles = number of tiles in 
each row X number of rows. 


The other way to answer this question is to 
divide the area of the wall by the area of a tile. 
But remember that you should not use a calculator 
and the arithmetic is easier in the first method. 


Number of tiles needed = 9 X 6 
= 54 


Method 2 
Area of wall = 450 X 300 cm? = 135 OOO cm? 


Area of a tile = 50 X 50 = 2500 cm? 


TAS O00 — a4 


Number of tiles = 2500 


# Exercise 10C 


: The diagram shows the floor plan of a room. 
: a Work out the perimeter of the floor. 
Give the units of your answer. 
b Work out the area of the floor. 
Give the units of your answer. 


Karl wants to make a rectangular lawn in his garden. He wants the lawn to be 30 m by 10 m. FS 
Karl buys rectangular strips of turf 5m long and 1m wide. 
Work out how many strips of turf Karl needs to buy. 


A wall is a 300 cm by 250 cm rectangle. The wall is to be tiled. EFS 
The tiles are squares of side 50 cm. Work out how many tiles are needed. 


4 | A rectangle is 9cm by 4cm. A square has the same area as the rectangle. 
Work out the length of side of the square. 


Chapter 10 Area and volume 1 


Keith is going to wallpaper his living room and his bedroom. FF 
Here are the floor plans of these rooms. 


5m 


living room 4m 4m] bedroom 5m 


8m 2m 


a Work out the area of the floor in: 
i Keith’s living room 
ii Keith’s bedroom. 
b Work out the perimeter of the floor in Keith’s living room. 


To work out the number of rolls of wallpaper he needs, Keith uses this chart. 
Keith is going to use standard rolls of wallpaper. 


Standard rolls of wallpaper are approx 10 m long 


How ene eet walls 


|_| Distance around the room including doors & windows 


Wall height | 10m—33ft | 12m—39ft | 14m —46ft | 16m—52ft Lem 59 ft | 20m—66ft | 22m—72ft | 24m—79ft 


The height of the walls in Keith’s living room is 2.5 m. 

c Find how many rolls of wallpaper Keith needs for his living room. 
The height of the walls in Keith’s bedroom is 2.6 m. 

d Find the number of rolls of wallpaper Keith needs for his bedroom. 


6 | Here is a quadrilateral. 


7cm 
15cm 


24cm 


20cm 


a Work out the perimeter of the quadrilateral. 
b Work out the area of the quadrilateral. 


10.3 Circumference and area of a circle 


Work out the area of the yellow shaded region in this diagram. 


12cm 


8 | A kite has diagonals of length 10cm and 20 cm. 
Work out the area of the kite. 


Circumference and area of a circle 


© Why do this? 


© You can work out the circumference of a circle. 

© You can work out the area of a circle. 

© You can solve problems involving circles, including 
semicircles and quarter circles. 


To fit a new tyre on the wheel of your bike, you may 
need to know the circumference of the wheel to 
find the correct size. 


() Get Ready 


1. Draw a circle of radius 5 cm. For this circle, draw and label clearly: 
a aradius b adiameter c¢ achord d asector e anarc f asegment g a tangent. 


© Forall circles citcumference of circle _ x (pi). 
diameter of circle Plus 


This value cannot be found exactly. 

To 3 decimal places, a = 3.142. 

circumference of circle = a X diameter of circle 
C = 2ar 


Examiner’s Tip 


Calculator exam papers have the following instruction about 7, 
‘If your calculator does not have a 7 button, take the value of 7 
to be 3.142 unless the question instructs otherwise.’ 


G=ax*d 


Plus 


Watch Out! 


It is important not to confuse the diameter with the radius. 


Chapter 10 Area and volume 1 


ke Example 6 Work out the circumference of 
a circle with: e Plus 
a diameter 8.7 cm # Examiner’s Tip 
b radius 3.1m. 


: Remember thatthe circumference 
Give your answers correct to 


3 significant figures. 


= 27.5516... 


Circumference = 27.5.cm Use the 7 button or 3.142. 
Write down at least 4 figures of the calculator display. 
Give the answer correct to 3 significant figures. The 
units are the same as the diameter (cm). 


is approximately 3 times the 
diameter or 6 times the radius. 


The diameter can be worked out from d = 2r 
sod=2X 3.1 =6.2 and thenuse C = xd. 
Or use C = 2arwithr = 3.1 m. 

The units are the same as the radius (m). 


b C=2X7X31 
= 19.47787... 
Circumference = 19.5m 


& Example 7 The circumference of a circle is 84.3 cm. Work out the radius of the circle. 
Give your answer correct to 3 significant figures. 


Use C = 2 a9 with C = 84.3 cm as the radius is given in the question. 
Divide both sides by 2 77and write down at least 4 figures of the 
calculator display. 


04.35 =2X% 7Xr=27xXr 
r= 84.3 + (27) 
= 13.4167... 


Plus | 
Give the answer correct to Watch Out! 
3 significant figures. 

The units are the same as 


the circumference (cm). 


Radius = 13.4.cm 


Be careful when dividing by 27 
ona calculator. It is best to use 
brackets. 


In this exercise, if your calculator does not have a 7 button, take the value of zr to be 3.142. Give answers 
correct to 3 significant figures unless a question says differently. 


7 Work out the circumference of a circle with diameter: 
a 7cm b 12.9mm c 5.6cm d 40cm e 21.9m 


The radius of a basketball net hoop is 23 cm. 
a Work out the circumference of a basketball net hoop. 
A netball hoop has a radius of 19cm. 


b Work out how much longer is the circumference of a basketball net hoop than the circumference of 
a netball hoop. 
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10.3 Circumference and area of a circle 


The circumference of a CD is 37.7 cm. Work out the radius of the CD. 


ba The diameter of the front wheel of Michael's bicycle is 668 mm. 
a Work out the circumference of the wheel. 
Give your answer in cm correct to the nearest cm. 
Michael rides his bicycle. 
b Work out the distance cycled when the wheel makes 1000 complete turns. 
Give your answer in km correct to 2 significant figures. 
The distance Michael rides his bicycle is 6 km. 
c Work out the number of complete turns made by this wheel. 


The length of the minute hand of a watch is 1.2 cm. 
a Work out the distance moved by the point end of the hand in 1 hour. 
b Work out the distance moved by the point end of the handin: i 6hours ii 20 minutes. 


A circular table has a radius of 65 cm. 

a Work out the circumference of the table. 

The circumference of a circular tablecloth is 5 m. 

The tablecloth is put symmetrically on the table so that the distance 

from the table to the edge of the tablecloth is the same all around the table. 
b Work out the distance from the table to the edge of the tablecloth. 


The diagram shows a shape made from a = om 
semicircle, a rectangle and an equilateral 
triangle. 

The rectangle has length 18 cm and width 10 cm. 
Work out the perimeter of the shape. 


Area of a circle 


© To find the area of a circle means to find the area enclosed by the circle. 
Here is a circle that has been divided into four equal 
wedges or sectors. The sectors are then arranged as 
shown to form a parallelogram-like shape. 


es ge Wee 


area of the shape. 
Here is what happens when the circle is 
divided into more sectors. 


The length shown as ar is half the t 
circumference, 277, of the circle. r 
The area of the circle is the same as the ’ 
LE a ee 
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The shape looks more like a parallelogram and as the number of sectors increases the parallelogram becomes 
more like a rectangle. 


<< oop SS 


The width of this rectangle is equal to half of the circumference of the original circle and the height of the 
rectangle is equal to the radius of the circle. 


Area of circle = area of rectangle = mr X r = a7” 


Taking A as the area of a circle and ras the radius of the circle, A = a7” 
Thatis Area = a X radius X radius 


K Example 8 Work out the area of a circle with: a aradiusof9cm 5 a diameter of 12.8 m. 
Give your answers correct to 3 significant figures. 


a A=17x9? 
= 2544690... 


Use A = ar? withr = 9 cm. 
Write down at least 4 figures of 
the calculator display. 


Area = 254 cm? Give the answer correct to 
3 significant figures. 
As the units of the radius are cm, 


the units of the area are cm?. 


Divide the diameter by 2 to get 
the radius. 


b Radius =12.8+2m 


_ pee 
# Examiner’s Tip 


=64m Write down at least 4 figures of 
the calculator display. 
A=71X 64% aiuininigsieiaeiiematial When the diameter of a circle 
3 significant figures. . 4 
= 128.6796... is given, to work out the area of 
ircle first find th i 
_ " As the units of the radius are m, me ss ae a find! the cadiue by 
Area = 129m ‘ha unies oF the aveaarenic. dividing the diameter by 2. 


We Example 9 4 Work out the radius of a circle with area 46 cm’. 


4G = 1X r? UseA = ar withA = 46 cm?. 
r2=4A6 + w=1464225... Work out the value of r? by dividing both sides by 77. 
r=V14.64225...=3.8265... Take the square root to find the value of I. 


Radius = 3.63 cm 


10.3 Circumference and area of a circle 


¥ Exercise 10E 


In this exercise, if your calculator does not have a 7r button, take the value of arto be 3,142. 
Give answers correct to 3 significant figures unless the question says differently. 


Work out the area of a circle with radius: 
a 8cm b 12.7cm ec 285mm d 9.72cm e 12.6m 


Work out the area of a circle with diameter: 
a 24cm b 83cm ec 0.95m d 584mm e 18.26cm 


The diagram shows a pond surrounded by a path. 

a Work out the area of the blue region of the pond. 

b Work out the area of the path. 

c The path is made of shingle that costs £1.95 per 
square metre of path. Work out the cost of the 
shingle to make the path. 


The diagram represents the plan of a sports field. The field is a rectangle with semicircular ends. FS 
The rectangle has length 100 m and width 70 m. The semicircles have diameter 70 m. 
a Work out the area of the field. 


The field is to be covered in fertiliser that costs 23p per square metre. 
b Use your answer to part a to work out the cost of the fertiliser for the field. 


A circle of diameter 8 cm is cut from a piece of yellow card. 
The card is in the shape of a square of side 11 cm. 

The card shown yellow in the diagram is thrown away. Sar 
Work out the area of the card thrown away. ap 


A,B and C are three circles. Circle A has radius 5 cm and circle B has radius 12 cm. Circle C is such that 
area of circle C = area of circle A + area of circle B. Work out the radius of circle C. 


The diagram shows a star made by removing four identical 
quarter circles from the corners of a square of side 30 cm. 
Work out the area of the star. 


30cm + 
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Drawing 3D shapes 


© Why do this? 


© You can recognise and draw the net of a 3D shape. A manufacturer of chocolate boxes would have 
to consider the nets of different sizes of boxes in 
order to see how best to package their product. 


<>) Get Ready 
1. Sketch these shapes. 
a a triangular prism b asquare-based pyramid 


e acylinder d atriangular-based pyramid 


© lsometric paper will help you to make scale drawings of three-dimensional objects. 

© Isometric paper must be the right way up i.e. vertical lines down the page and no horizontal lines. 
© Anet of a3D shape is a 2D shape that can be folded to make the 3D shape. 

© A3D shape can have more than one net. 


Gio ea 


This cube has sides This cuboid has height 4, This prism has a Shapes can be 
of length 2. length 3 and width 2. triangular face. joined together 


Example 10 Draw two different nets for this cuboid. 


| There are six different nets that 
| will make this cuboid. 


Watch Out! 


A 3D shape may have many different nets. 
The shape of the net will depend on where 
the 3D shape has been split apart. 


158 three-dimensional net cuboid 


10.5 Elevations and plans 


¥ Exercise 10F 


Use isometric paper to draw a cuboid with height 2 cm, width 4cm and length 3 cm. 
Sketch six different nets that will make a cube. 


Here are the nets of some 3D shapes. Identify the shapes. 
: a b c d 


- [2 Draw an accurate net for each of these. 


@ Key Points 


© The front elevation is the view from the front. plan 
© The side elevation is the view from the side. 


© The plan is the view from above. side siauatinn 
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Y Example 11 4 Draw the front elevation, 


side elevation and plan 
of this 3D shape. 


There are six cubes in this 
shape but you can see only five 


of them. There must be a cube 
under the top one. 


plan 


Draw the elevations and plan like this: 
1. Plan at the top. 

2. Front elevation under the plan. 

3. Side elevation (view from the right) 


| : : to the right of the front elevation. 


front elevation side elevation 
2 Example 12 4 Sketch the shape represented by the 
front and side elevations and plan. plan 


TTT} LE 


front elevation side elevation 


¥ Exercise 10G 


EE) Draw the elevations and plans of these shapes. 
0 <a b aa 


5cem 3cm 


5cm 


3cm 


6cm 


5cm 


10.6 Volume of a cubiod 


Sketch the shapes represented by these elevations and plans. 


a b c 
st plan plan 
5 =n 7% 7s front elevation side elevation 


frontelevation side elevation 


front elevation side elevation 


FESS H EC ET HSH SS ESE SEE SEEH OE EHEESES SEES EEES 


ete eeersesesessen 


Peeeseceseecessceeeesees POPC ECE EE HEHE EE EETESEEEOSEE EEE ESEEESEH SESE TEESE SES OO EEE SES ESEEES 


Lg Example 13 This shape is made from two cuboids. 9m 


Work out the total volume of the shape. 


4m 
Work out the volume of each cuboid. 
Use volume of cuboid =1x w x h. 3m I 
2m 
3m 
2m 
9m 
4m For the larger cuboid For the smaller cuboid 
l=9m,w=3m , l=2m,w=3mand 
andh=4m. ” 3m h=2m. 
3m 2m 
Volune =9X3X4=108m°* Volune = 2X 3X2=12m? 


To work out the total volume of the shape add the volumes of 
the cuboids. 


Total volume = 108 +12 =120m° 
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¥ Exercise 10H 


These shapes are made from cuboids. Work out the volumes of the shapes. 
: a 2cm b 4cm c 


8cm 


<— 39cm —> 2cm 


10cm 


eceeeoseceseres 


° 
POCO eee OSES H EHO HE SEH AESEHH ETH HETESTESEOEEEEEEESSTESEETESEOSEEES 


(A) Key Point 


© Volume of prism = area of cross-section x length 


162 prism 


10.7 Volume of a prism 


“Example 14 9 The area of the cross-section of this prism is 25 cm2. The length of the prism is 10 cm. 


Work out the volume of the prism. 


Use volume of prism = area of cross-section X length. 
Here, the area of cross-section = 25 cm? and 
the length = 10cm. 


Give the unit with your answer. The unit of area is 
cm’, the length is in cm so the unit of volume is cm?. 


The cross-section of the prism is a triangle. 
Remember: area of a triangle = + X base X height. 
Here the base = 3 cmand height = 4 cm. 


Use volume of prism = area of cross-section X length. 


Area of cross-section = 5X 3X 4=6cm? 
Here the area of cross-section = 6 cm? and length = 6.5 cm. 


Volume of prism = 6 X 6.5 = 39cm? 


Exercise 10I 


Work out the volumes of these prisms. 


a b 
6.5cm 
c d 
1.75m 
6 
09m == 
Work out the volumes of these prisms. 
a b 


93cm 
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5.9cm - wa 


46cm 


The area of the cross-section of a prism is 45 cm? The volume of the prism is 405 cm’. 
Work out the length of the prism. 


Here is a prism. Show that the volume of the prism is 8x3 cm®. 


ea 
Bm 


~The diagram shows a triangular prism. 
The volume of the prism is 45y? cm’. 
Find an expression for h in terms of y. 


® Volume of cylinder = area of cross-section X length 
= ah 
where r is the radius and h is the height. 


164 = cylinder 


10.8 Volume of a cylinder 


& Example 16 Work out the volume of this cylinder. 


Give your answer in terms of 7 and to 3 significant figures. 


The cross-section of the cylinder is a circle with 
radius 6 cm. Remember: area of circle = 7 X radius2. 
Take 7 as 3.142. 


12cm 


Area of cross-section = 7 X 62 


= 367 
Volume of cylinder = 3.142 X6X6X12 Use volume of cylinder = area of cross-section X length. 
= 1357.344 cm? Do not round your answer at this stage. 


Write down all the digits on your calculator display. 


= 1360 cm? (3 sf) Give your final answer correct to 3 significant figures. 


¥ Exercise 10J 


Work out the volumes of these cylinders. 
Give your answers correct to 3 significant figures. 


d 12cm 
<> 


79cm 


300mm 


Work out the volumes of these cylinders. Give your answers in terms of z. 


a b 


10cm 


An aircraft hangar has a semicircular cross-section of diameter 20 m. 
The length of the hangar is 32 m. 


Work out the volume of the hangar. Give your answer in terms of 7. 


 A03 


32m 


<——2mn—> 
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oO An annulus has an external diameter of 7.8 cm, an internal diameter of 6.2 cm and a length of 6.5 cm. 
Work out the volume of the annulus. Give your answer correct to 1 decimal place. 


6.2cm 7.8cm 


6.5cm 


ee A gold coin has a height of 2.5mm and a volume of 2000 mmz?. Work out the diameter of the gold coin. 
Give your answer correct to 2 decimal places. 


6 | An oil drum has a radius of 0.9m and a height of 1.4m. The oil drum is completely filled with oil. 
Work out the volume of the oil in the oil drum. 
Give your answer correct to 3 significant figures. 


© Area of a triangle = 5 X base X height. 


= 3 bh 
© Area of a parallelogram = base X height. 
A=bh 
© Area of a trapezium = ; x sum of parallel sides X distance between them. 
A= t(a + b)h 


© The perimeter or area of a compound shape can be found by splitting the shape into its simpler parts. 


circumference of circle 
diameter of circle 


© To 3 decimal places, a = 3.142. 


© Circumference of a circle = ad = 2ar where dis the diameter of the circle, and r is the radius of the circle. 


© For all circles, = 7 (pi). 


© Area of a circle = wr? where ris the radius of the circle. 
© The net of a 3D shape is a 2D shape that can be folded to make the 3D shape. 


© A3D shape can have more than one net. 
© The front elevation is the view from the front. plan 


© The side elevation is the view from the side. 


© The plan is the view from above. side elevation 


front elevation 


© Volume of prism = area of cross-section X length. 


Chapter review 
© Volume of cylinder = area of cross-section x length 
= arh 
where ris the radius and his the height. 


Review exercise 


- [The diagram shows some nets and some solid shapes. 
An arrow has been drawn from one net to its solid shape. 
Draw an arrow from each of the other nets to its solid shape. 


Nov 08 
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2 | 


Find the volume of this prism. Diagram NOT 
accurately drawn 


a 


represents 1cm?° 


June 08 


Work out the area of the shape. 


93cm 
Diagram NOT 
Sem accurately drawn 


12cm Nov 2008 


The diagram shows a solid object made of 6 identical cubes. 


Exam Question Report 


front a 


95% of students answered this question poorly 


a Onacentimetre grid, draw the side because they did not know what the different 
elevation of the solid object from the types of plans and elevations are. 
direction of the arrow. 

b Onacentimetre grid, draw the plan of the solid object. June 07 


The diagram shows a cuboid. 
The cuboid has: 


a volume of 300 cm? height 
a length of 10cm 
a width of 6 cm. A 
Work out the height of the cuboid. Fi 
——— 1 Nov 06 
Boxes are packed into cartons. ne ale 
A box measures 4cm by 6cm by 10cm. 
A carton measures 20 cm by 30 cm by 60 cm. tin 
The carton is completely filled with boxes. 10cm 
Work out the number of boxes that will | om 
completely fill one carton. cm 
4cm 
carton 
30cm 
20cm Nov 07 


Chapter review 


Jane makes chocolates. 
Each box she puts them in has: 


volume = 1000 cm’ 
length = 20cm 
width = 10cm. 


a Work out the height of a box. 

Jane makes 350 chocolates. 

Each box will hold 18 chocolates. 

b Work out: i how many boxes Jane can fill completely 
ii how many chocolates will be left over. 


Here is a net of a cuboid. Work out: 

3.2cm 
a the surface area <— 9cm——> 
b the volume of the cuboid. 


45cm 

The diagram shows a triangular prism. 

7.5cem 

45cm 
39cm 
6cm 
a Draw the elevations and plan for the prism. 
b Work out the surface area of the prism. 
Give the units with your answer. 

Shelim is replacing the skirting boards and FSi 


coving in his living room. 1 1 =m 


Skirting board can be bought in: 
4m lengths at £30.50 
3m lengths at £18.75 
2m lengths at £14.00. 


Coving can be bought in: 
3m lengths at £27.50 
2.4m lengths at £22.00. 


FIREPLACE 


Coving can be joined together, but skirting 
board must not be pieced together as the 
joins will be noticeable. 


Find the cost of his materials for both jobs, 
minimising the waste. 


TR iil iG ine Ge lie Tina cai siege: 


A02 
A03 
‘A 


03 
AQ2 
A03 
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(8 aoe : ‘5 Amy has saved £600 to spend on carpeting 
“au her front room. There are four types she likes: 
Natural Twist at £14.50 per m? 

Medium Blend at £17.60 per m? 

Heavy Weave at £19.00 per m? 

Luxury Pile at £24.90 per m?. 


She also needs to buy underlay, which is 
available in two types: 


Cushion at £2.00 per m? 

Super Cushion at £4.00 per m2. 
Fitting is £50 extra. 

What can she afford to buy? 


A landscape contractor charges: 
£40 per square metre for levelling the ground and laying 
paving stones 
£15 per square metre for levelling the ground and sowing 
grass seed. 
Calculate the cost of both paving and seeding the garden 
shown on the right. 


Roses costing £4.20 are to be planted approximately every 50 cm around this flowerbed. 
How much money will be needed for roses? 


Chapter review 


The diagram shows a garden that includes a lawn, " 
a vegetable patch, a circular pond and a flowerbed. |1m 
All measurements are shown in metres. ' 
The lawn is going to be relaid with turf costing 
£4.60 per square metre. 4m 
How much will this cost? 


 — 4m ——————_> 34 


pond, radius 1m 


flower bed 


You are planning a party for 30 children. 
You buy some concentrated orange squash and some plastic cups. 


CONCENTRATED —— 
ORANGE | 
S ih | nx S A cm 
Netrctone 0.8 Litres 
Mix 1 part squash with 6 parts water 
<45cm> 


Each plastic cup will have 150 m of drink in it. (150 m/ = 150 cm’) 
a Check that the plastic cup shown can hold 150 mi of drink. Use the formula: 
2 
volume = 7X h x£ 
Each of the 30 children at the party will have a maximum of three drinks of orange squash. 
Each plastic cup is to be filled with 150 mJ of drink. 
The squash needs to be diluted as shown on the bottle label. 
A bottle of concentrated orange squash contains 0.8 litres of squash and costs £1.25. 
b How many bottles of concentrated orange squash do you need for the party? 
c How much will they cost in total? 


<s6cm> 


20cm 


a 


The cross-section of the prism in the diagram is a trapezium. 

The lengths of the parallel sides of the trapezium are 8cm and 6cm. 
The distance between the parallel sides of the trapezium is 5 cm. 
The length of the prism is 20 cm. 

a Work out the volume of the prism. 

The prism is made out of gold. 

Gold has a density of 19.3 g/cm’. 

b Work out the mass of the prism. Give your answer in kilograms. 


<—8cm—> 
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A swimming pool has a cross-sectional area in the 25m FS 
shape of a trapezium, as shown in the diagram. 1m PB 
Water is pumped in at 2m? per minute. ki] 

Using the dimensions shown in the diagram, find how long 10m _ 


it takes to fill the pool? 


18 | A running track consists of two 60 m straights and two semicircular bends of diameter 60 m. FF 


<—— 60m ——> 


a Find the length of one lap of this running track. 

b The owners of the track wish to stage athletics meetings and need it to be exactly 400 m long. 
This can be done by just altering the straights or just widening the bends. 

Calculate what adjustments would need to be made. 


19] Discs of diameter 2cm are cut from a metal strip that is 2cm by 100 cm. FS 


ioe 


What is the minimum amount of waste material? 


20} A cylindrical oil tank has a radius 60 cm and a length of 180 cm. 
Itis made from reinforced steel and is full of oil. 
The oil has a density of 4.3 g/cm’. 
The reinforced steel has a mass of 2.8 g/cm’. er 


Find the total mass of the tank and the oil in kg. <— 180cm ——> 


100 em —AAMaoee_ i+ 


nN 


The solid shape, shown in the diagram, is made by cutting a hole all the way through a wooden cube. 


The cube has edges of length 7 cm. 
The hole has a square cross-section of side 2 cm. Zé _ # 
a Work out the volume of wood in the solid shape. 
The mass of the solid shape is 189 grams. tem 
b Work out the density of the wood. 
7cm 
7cm 


March 2009, adapted 
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Chapter 11 Averages ana range 


(A) Key Points 


© A quantitative data set is often described by giving a single value that is representative of all the values in the set. 
We call this value the average. For example, we might say, ‘The average number of matches in a matchbox is 50’. 
There are three different measures of average commonly used: 
© the mode 
© the median 
© the mean. 
This section introduces the first two of these measures. 
© The mode of a set of discrete data is the value that occurs most frequently. 
© Itmay not exist, if all values occur with exactly the same frequency. 
© When it does exist, it will always be one of the observations. 
© There may be more than one mode. 
© Itcould be the smallest or largest value. 
© The median is the middle value when the data are ordered from the smallest to the largest. 


It spli in : 
t splits the data into two baonehastie Median Highest value 
fe ef 


50% of data 50% of data 
© Ifthere are two middle values in a set of data the median is halfway between them. 
If there are n observations, add one to n then divide by 2. If this is a whole number the median is the value of this 
term; if itis not a whole number the median is midway between the values of the two whole numbers either side of it 


M2 Example 1 4 Find the mode of each of the following sets of data. 


a The numbers of children in seven families are 0, 3, 4, 2, 6, 7, 2. 
b The numbers of monthly breakdowns recorded by a haulage firm over nine months 

were 3, 7, 6, 2, 2, 7, 8, 0, 4. 
c The numbers of goals scored by a football team in seven matches were 1,6, 2,3,4,0,5. 
d The colours of a sample of five cars were red, green, blue, black, red. 


a Themodeis 2. 2 occurs twice; the other numbers appear only once. 
b The modes are 2 and 7. Both 2 and 7 occur twice. There are two modes. 
| | 

c There is no mode. All numbers occur with the same frequency. / 
[ 

f 

f 

d The mode is red. There are two red cars. There is one each of the other colours. | 


: 
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11.1 Finding the mode and median 


“0 Example2 9 Eleven people in an examination achieved the following marks. Find the median mark. 
26, 32, 48, 37, 33, 32, 29, 41, 42, 36, 35 


26 29 32 32 33 35 36 37 41 42 48 Arrange the numbers in order, lowest to highest. 


The median is 35. The middle value is 35; five marks are lower than this and five marks are higher. 


“0 Example 3 9 The temperatures, in °C, at midday on ten consecutive days during a holiday were: 


18, 21, 17, 12, 27, 18, 15, 28, 22 and 21. 
Find the median temperature. 


Put the numbers in order first. 
There are two middle values: 18°C and 21°C. 


The median is (ete =19.5°C. Halfway between 18 and 211 is 19.5 °C. 


12 15. 17 16 46 21 21. 22 2 26 


¥ Exercise 11A Questions in this chapter are targeted at the grades indicated. 


_ During a football season a school team played 30 matches. 
They scored the following numbers of goals in each game. 
1 6 7 2 3 3 0 6 3 2 
0 1 5 3 0 2 1 4 0 6 
2 5 1 0 2 2 4 0 1 2 


Find the mode. 


} N] 


A salesman buys fuel every day at his local garage. 
The following are the quantities he buys in one particular week. 


Monday 20 litres Tuesday 14 litres Wednesday 16 litres Thursday 12 litres 
Friday 17 litres Saturday 12 litres Sunday 30 litres 


Find the median amount he buys. 


Ww) 


Listed below are the ages of the members of a girls’ table tennis club. 
7 #16 «6«18~«©61606=«17”—=—«=*1H)s'i=~d8é~Ssté=<‘CSC:=‘CEB 


7 «18 = 17—«d6 C8 ii CidTsisédT? 
16 8#14 #16 #160«15 ©«6©15)=~«614 


a Find the mode. b Find the median age. 
4 | A train travelling from London to Glasgow makes seven stops. FS) 
The following figures show the number of passengers on each stage of the journey. 
London to Milton Keynes 240 Milton Keynes to Crewe 250 
Crewe to Warrington 220 Warrington to Preston 234 
Preston to Lancaster 190 Lancaster to Penrith 170 
Penrith to Carlisle 180 Carlisle to Glasgow 245 


The train company wants to find the median number of passengers on the train. 


Chapter 11 Averages and range 


eeeeees am “ amano eeeseeeeeseesesesesseusseeassesssessteserees 


(a) Key Points 


© The mean of a set of data is the sum of the values divided by the total number of observations. 
This can be shown as the following formula 


sum of values 


mean = —————_>+—*> | 
number of values 


x 


© Fora sample of n values of x, the mean = re 


¥ is the Greek letter s (sigma) which is short for sum. This, therefore, means the sum of the xs divided by n. 


Find the mean of the numbers 
2, 4, 6, 8, 10, 9, 6, 7. 


2+44+64+8+10+9+6+7=52 Total the values. 
The mean = 22=65 
Divide by the number of 
values to get the mean. 


Example 5 4 Over a career lasting 20 seasons, a footballer made a mean number of appearances for 
the English football team of 1.8 per season. 


Work out how many times he played for England. 


Sum of the values 
= mean X number of values. 


Total number of appearances = 20 X 1.8 = 36. 
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11.2 Calculating the mean 


& Example 6 The times, to the nearest tenth of a second, run by an athlete in his last ten 400-metre 
races were: 48.3, 47.2, 49.3, 50.4, 48.6, 60.0, 48.0, 48.2, 51.2, 47.2. 


a Find the mode. 
b Find the median. 


c Find the mean. 


a The mode is 47.2 seconds. 47.2 occurs twice; each of the other times occurs once. 


There are two middle 


b 47.2 47.2 48.0 48.2 483 486 49.33 504 51.2 60.0 values: 48.3 and 48.6. 


The median is 48.45 seconds. Halfway between is 48.45 seconds. 


c The total of all values = 47.2 + 47.2 +48.04+ 48.2 
+ 46.3+468.6+49.34+504+4+51.2+60.0=498.4 


“ses = 49.84 seconds. 


Find the total sum. 


The mean = 


¥ Exercise 11B 


A taxi driver has 11 calls during one day. 
The numbers of passengers she carries on each journey are as follows. 


5 4 1 3 6 é 3 1 2 1 3 


Work out the mean number of passengers she carried per journey. 


| 
PN 
] 


An academy has the following numbers of boys and girls in each year. 


a Find the mean number of boys per year. 
b Find the mean number of girls per year. 


Chapter 11 Averages and range 


During four weeks in July a man earns a mean wage of £323 per week. 
Work out how much he earns in total over the four-week period. 


In a cricket match the eleven players scored the following numbers of runs. 
60 23 10 0 12 56 17 10 21 35 20 


a Find the mode. 
b Find the median number of runs. 
c Find the mean number of runs. 


Using the three types of average 


©» Why do this? 
© You can discuss the advantages and You would use the mode to work out the most 
disadvantages of the different measures of popular meal in the school canteen, but you would 
average. use the median or mean to work out an average of 


how many people eat in the canteen each week. 
<>) Get Ready 


1.2420 -28 25-10, 19: 20 
a Work out the median and mode of these data. 
b Calculate the mean correct to 2 significant figures. 


© Each of the three measures of average is useful in different situations. 


© The following table will help you decide which of the three averages works best in different situations by 
showing a summary of the advantages and disadvantages of each measure. 


Measure Advantages Disadvantages 
MODE Extreme values (outliers) do not There may be more than one mode. 
Use the mode when the data are affect the mode. There may not be a mode, 
non-numeric or when asked to Can be used with qualitative data. | particularly if the data set is small. 
choose the most popular item. 
MEDIAN Not influenced by extreme values. | Not as popular as mean. 
Use the median to describe the Actual value may not exist. 


middle of a set of data that does 
have an extreme value. 


ee 


MEAN Is the most popular measure. Affected by extreme values. 
Use the mean to describe the Can be used for further 
middle of a set of data that does calculations. 
not have an extreme value. Uses all the data. 
2 
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11.3 Using the three types of average 


& Example 7 A company consists of six workers, and their supervisor. The rates of pay of the six ped 


workers are £7, £7, £8, £9, £11 and £12 per hour. The supervisor is paid £25 per hour. 
a Find the mode, median and mean rate of pay. 
b Write down, giving a reason, which of the three averages you would use in the 
following situations. 
i When asked the typical wage rate. 
ii When trying to persuade a prospective employee to join the company. 


a Mode = £7 per hour There are two £7 values. 
Median = £9 per hour There are three values higher than £9 and three lower. 
Total=7+7+864+9+4+114124+25=79 Total the values and divide by the total sum. 


Mean = 2 = £11.29 


* Plus 
b i The mode of £7 is the lowest value partly because # Examiner’s Tip 
the number in the sample is small. You therefore 
would not use this as a ‘typical’ value. The median When comparing averages, look at 
is probably the best measure in this case as it is how well each average represents 
unatfected by the high wage rate of the supervisor. the numbers as a whole, and give 
ii. There are only two values greater than the mean as reasons why they would or would 


the high wage rate of the supervisor has pulled the not be representative. 
mean value up. As the mean is the highest average it 
is the one you would use to persuade a prospective employee to join the company. 


¥ Exercise 11C 


1 Five friends each buy a new dress for a party. They spend the following amounts of money. 
£17 £148 £22 £17 £31 
a Work out the mean, the mode and the median values. 
b Which average would best describe the amount of money they spent? 


Give a reason for your answer. 


Write down one advantage and one disadvantage of using the mean as an average. 


oR) 


A restaurant records the number of diners it has every day for a week. The numbers are as follows. 
28 40 28 38 110 170 33 

a Write down the mode. 

b Work out the median number of diners. 

c Work out the mean number of diners. 


d_ The manager wishes to sell the restaurant. What average is he likely to use when talking to 
prospective buyers? Give a reason for your answer. 
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Using frequency tables to find averages 


©» Why do this? 


© You can use a frequency table to find averages. You can group some data in a frequency table, 
for example, goals scored in a football season or 
number of fans in the crowd per match. 


<>) Get Ready 


1. The following numbers came up when a dice was thrown. 
(PR ue 72s ae ea 
Du Noe a2 oa. 4, 
Represent these data as a frequency table. 


Orr dea se 


© When data are given in the form of a frequency table, the mode is the number that has the highest 
frequency. 

© The median is the number that is the middle value, or halfway between the two middle values. 

© To work out the mean for discrete data in a frequency table, use the following formula. 


>~f[xx 


Mean = 


where fis the frequency, x is the variable and > means ‘the sum of’. 
© You can use the (Sx) key on a calculator to help you calculate the mean. 


¥ Example 8 The following table shows information about the number of goals scored per match over 
two seasons by a football team. 


(Nunborofgoais | 0 | 1] 2[ 3] 4] 5 
[Frequency | 8 | 15] 12 | 7 | 3 | 1 | 
a Write down the mode of these data. 


b Find the median of these data. 
c Work out the mean of these data. 


a The mode is 1 goal. = 1 has the highest frequency (15). 
es 


ee ————— ee 


There are 12 occasions when 
j 
Number of Frequency Frequency X number of goals | cheyeuored 2 goals wo thers 
goals (x) (f) (f x x) “| are 12 X 2 = 24 goals. 


———————— ty 


The total number of 


matches is 46. } 


j 
a 


| einai 
| The total number of goals 
| isthe sum ofall thef x x 


| values. | 
ee 
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11.4 Using frequency tables to find averages 


The total frequency is 46 so the median will be the 23.5th value. 
The median will be midway between the 23rd and 24th values. 

There were & games with no goals scored. 

There are 15 + & = 23 games with O or 1 goals scored. 

The 23rd value must be 1 and the 24th value must be 2. 

The median is therefore 14. 


Mean = lotal number of goals _ DE % 
c The mean is Zz = 1.67 goals. " Totalfrequency ===> 


¥ Exercise 11D 


The following table shows 

information about the numbers 
of siblings (brothers and sisters) 
a group of children have. 


a Copy and complete the table. 

b Write down the mode of these data. 
Work out the median number of siblings. 
Work out the mean number of siblings. 


a0 


The table shows information about the numbers of paper clips in each packet of a box 
containing 60 packets. 


Number of paper clips (x) | 101 | 102 


103 
Fewer | 6| «| 8] 2) 


a Write down the mode of these data. 
b Work out the median number of paper clips. 
c Work out the mean number of paper clips. 


Calgom Engineering employs apprentices. 
The table shows information about the ages of the apprentices they have in 2008. 


Ages of apprentices (x years) | 17 | 18 | 19 | 20 | 21 | 22 | 
Frequency «TO | 


a Write down the mode of these data. 
b Work out the median age. 
c Work out the mean age. 
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Modal class and median of grouped data 


© Why do this? 


© You can find the modal class for grouped data. In order to understand large amounts of data, you 
© You can find a class interval containing the median can put it into groups. This can be useful when 
of grouped data. looking at the speeds of cars on a motorway, or 


the number of albums sold in the UK. 


<>) Get Ready 


1. Here are 30 numbers. 
(eo etOnr ais elor tae Te 42 
129 aeA, 1618 910).6 3 22-18 
AQ Cebeioeetle 1.7219) 4 3 
Draw up a frequency table for these data using the following class intervals. 
1-4 5-9 10-14 15-19 


® When dealing with continuous data and class intervals, the class interval with the highest frequency is called the 
modal class. 


© You cannot find the exact value of the median. 
You can only write down the class interval in which the median falls. 


¥ Example 9 The frequency table below gives information about the number of phone calls made 
during a day by 21 people. 


Number of calls (class interval) 
3=5 


Frequency 


These are discrete data. 
Each whole number 


15-17 


6-8 3 appears in only one class. 
— §—11 5 . There willbe3+2=5 
— values less than or equal 
|_ 12-14 7 to 8. 
4 
——— 


a Find the modal class. 
b Find the class into which the median falls. 


f 5 
a The modal class is 12-14. a Look for the class with the highest frequency. 
b There are 3 + 2 = 5 people that made less than & phone calls a, The median will be 
and 5 + 5 = 10 people that made less than 12 calls so the the 11th value. 


a 


median is in the class interval 12-14 calls. 
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11.5 Modal class and median of grouped data 


& Example 10 The following frequency table gives information about the speed (s), in miles per hour, 
of 50 cars. 


Speed (s mph) 
20=s<25 
25=<=s<30 
35<s<40 
40<s<45 


a Find the modal class. 


These are continuous data. 


There willbe4+10=14 
values less than 30. 


b Find the class into which the median falls. 


a The modal class is 35 <s< 40, 


b The median falls in the class 30 Ss < 35, 


A manufacturer produces steel machine parts. 
The lengths of a sample of 200 parts are shown in the 
table below. 


a Write down the modal class. 
b Find the class into which the median falls. 


frequency table. 


Weekly wage (fs) 
£240-£280 
£281-£320 


£361—-£400 


a Write down the modal class. 
b Find the class into which the median falls. 


There are 14 cars doing less than 
30 mph and 26 doing less than 35 mph. 


Frequency (/) 


esetiieen) 
eercee7 [a 
x 
: 


The weekly wages of the employees in a vehicle repair workshop are shown in the following grouped 


Frequency (f) 


Chapter 11 Averages and range 


¢ The table shows the weights of silver deposited on an electrode over 30 different experiments. 


Weise) Feaveney 


a Write down the modal class. 
b Find the class into which the median falls. 


© An estimate for the mean of grouped data can be found by using the middle value of the class interval. 


Mo Example 11 Work out an estimate for the mean number of phone calls in Example 9. 


The middle value of the class 3-5 is 4. 
The middle value of the class 6-8 is 7. 
The 3 people in the class 6-8 might 
not all have made 7 calls. 

This is why itis an estimated mean. 


x | 
DIME _ BBA 44.4.4 valle, 
> a 
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11.6 Estimating the mean of grouped data 


“Example 12 9 Work out an estimate for the mean speed of the cars in Example 10. 


Class midpoint [xx 
(x) 
7. 275 


Speed (s mph) 


Frequency 


20<s<25 


SS 
as [as 
(2s [= 
es ce 


25<s< 30 


30<s<35 


35<s<40 


Totals 


Estimated mean = 1760 = 34 mph. 


¥ Exercise 11F 


The following group frequency table shows the ages of members of an aerobics class. 


ee 
Feney | ¢ | o | @ | «> s] 2 


Work out an estimate for the mean age of the members. 


The manager of a supermarket recorded the length of time, in seconds, that customers had to wait in 
the checkout queue. The results are shown in the grouped frequency table below. 


Waiting time (t seconds) | 0<t<100 | 100<z¢<200 | 200<z¢< 300 | 300<t < 400 
[Frequency [to] SCT CTC 


Work out an estimate for the mean waiting time of the shoppers. 


A call centre kept a record of the time, in seconds, that callers had to wait to speak to call centre staff 
over a period of 10 minutes. The results are shown in the grouped frequency table. 


Waiting time 0<t<30 30 <t< 60 60 <t<90 90 <t<120 | 120<t< 150 
(t seconds) 
[Frequency | 30 | | lwSCO|ttSCdTtCSd 


Work out an estimate for the mean waiting time of the callers. 
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Range, quartiles and interquartile range 


© Why do this? 


© You can calculate the range of a set of data. To get a better idea of the heights of students 
© You can work out the quartiles of a set of data. in your class, it helps to work out the range 
© You can find the interquartile range for a set of data. and quartiles. 


© You can compare data sets using a measure of 
average and a measure of range. 


<>) Get Ready 


1. Arrange the following numbers in ascending order. 
43 21 18 32 45 16 16 14 23 27 38 49 

2. Arrange the following weights in ascending order. 
56.2kg 43.4kg 56.2kg 49.9kg 43.5kg 36.0kg 


© Range = highest value of a data set — lowest value of a data set. 
© The quartiles, 0,, 0, and Q,, split the data into four parts. 


Lowest value Q, Q, Q; Highest value 
I | | 


25% of data 25% of data 25% of data 25% of data 


© Fora set of data arranged in ascending order: 
Q,, the lower quartile, is a quarter of the way through the data 
, Q,,the second quartile, is halfway through the data (the median) 
© Q,, the upper quartile, is three-quarters of the way through the data. 
© Generally for a set of n data values arranged in ascending order: 


© Q,is the (2 i th value 


) Q, (median) is the (2 ; Lh value 


Q, is the (Bee th value. 
© The interquartile range (IR) = Q, — Q). 
© The average and the range together give a description of the distribution of the data. 
© To compare the distributions of sets of data you need to give a measure of average and a measure of spread. 


“o Example 13 4 Eight students sat two examinations. Their marks, out of 30, are shown below. 
Mathematics: 20, 16, 30, 17, 25, 21, 22, 19. 
English: 14, 16, 23, 28, 24, 12, 21, 13. 
a Work out the range of marks for each exam. 


b Which set of marks was the more consistent? Give a reason for your answer. 


a Range for mathematics exam = 30 — 16 = 14. 
Range for English exam = 25 — 12 = 16. 
b The mathematics marks were more consistent. 
é This is because the range was smaller. 


186 range quartile lowerquartile upper quartile interquartilerange distribution 


11.7 Range, quartiles and interquatile range 


MW? Example 14 4 Find the quartiles and interquartile range of the following set of data: 
570, 460, 600, 480, 500, 510, 340, 560, 320, 590, 650. 


320 340 460 480 500 510 560 570 590 GOO 650 


ee Find the quartil 
IQR = 590 — 460 = 130 


" Example 15 4 The following data give information about the heights, in metres, of trees commonly found 
in English hedgerows: 20, 18, 30, 10, 31, 4, 12, 18, 27, 7, 24, 24, 30, 6, 10. 
Find the upper and lower quartiles and interquartile range of the heights. 


467 10 10 12 18 18 20 24 24 27 80 50 31 <{ Fivthedatainascending over. | 


Write the data in order, 
starting with the 
lowest value. 


n= 15 

Q,= est = Ath value = 10m Use the formula 21, 
Qs = eae = 12thvalue = 27m Use the formula —S ~ 
IAR=27-10=17m IQR=Q;-—Q, 


ke Example 16 The heights, in cm, of 11 men and their sons are given below. 


Men's heights: 150, 152, 155, 160, 165, 170, 175, 180, 180, 190, 198. 
Sons’ heights: 163, 166, 168, 170, 170, 173, 175, 178, 183, 183, 185. 
a Find the means and interquartile ranges of these data. 
* b Compare and contrast these results. ped 


a Mer’s heights: 
Mean = 190 + 152 + 155 + 160+ 165+170+175+180+180+190+ 198 
=17045cm M 


Q= ale is = 3rd value) = 155 cm 


4 
= AT A) = The data are already ordered. 
IQR = 180 —- 155 = 25cm 


Sons’ heights: 
Mean = 163 + 166 + 166+ 170+ 170+173+175+178+ 183 + 183+ 185 


=174cm ti 


= = = = es = total ofvalues_ 
Q, = 168c¢m, Qs, = 183. cm, |QR = 183 —- 168 = 15cm Mean total frequency 
b The mean height of the sons was higher than that of their fathers. 
Sons are generally taller than their fathers. 
The IQR of the fathers was higher than that of their sons. 
The fathers’ heights were more spread out. 


The mean is used in 


preference to the median as 
there are no extreme values. 
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Fa Exercise 11G 


Write down another name for Q). 


: S2e Eleven college students were asked to record the amount of time they spent on the internet one 
evening. Their times, in minutes, were: 


38 42 50 56 60 62 65 70 70 75 80 
a Write down Q,, Q, and Q,for these data. 

b Work out the interquartile range. 

c Work out the range. 


3 | A lepidopterist set a moth trap for 15 evenings. She recorded the number of moths trapped. 
They were: 


5 9 15 12 21 14 19 8 
11 24 16 13 20 7 6 


a Write down Q,, Q, and Q, for these data. 
b Work out the interquartile range. 
c Work out the range. 


4 | The number of bags of crisps sold per day in a general shop was recorded over 13 days. 
The results are shown below. 


32 45 36 56 45 68 29 48 
21 45 32 47 59 


a Write down Q,, Q, and Q; for these data. 
b Work out the interquartile range. 
c Work out the range. 


© The mode of a set of discrete data is the value that occurs most frequently. 

© The median is the middle value when the data are ordered from the smallest to the largest. 

© Ifthere are two middle values in a set of data, the median is halfway between them. 

© The mean of a set of data is the sum of the values divided by the total number of observations. 


ia 
© For a sample of n values of x, mean = i 


© For discrete data in a frequency table, 


xx 


mean = “ where fis the frequency, x is the variable and >) means ‘the sum of. 


© For grouped data: 
© The class interval with the highest frequency is called the modal class. 
© You can only write down the class interval in which the median falls. 


Chapter review 


© An estimate for the mean of grouped data can be found by using the middle value of the class interval. 
© Range = highest value — lowest value. 
© Fora set of data arranged in ascending order, the quartiles, Q,, Q, and Q;, split the data into four parts: 
© Q,, the lower quartile, is a quarter of the way through the data 
© Q,,the second quartile, is halfway through the data 
© Qs, the upper quartile, is three-quarters of the way through the data. 
© Generally for a set of n data values arranged in ascending order: 


© Q,is the (2 i th value 


© Q,(median) is the (251 \th value 


© Qgis the( 34 * 1), value. 


© The interquartile range (I0R) = 0; — Q,. 
© The average and the range together give a description of the distribution of the data. 
© To compare the distributions of sets of data you need to give a measure of average and a measure of spread. 


Peter rolled a 6-sided dice ten times. 
Here are his scores: 

3 2 4 6 3 3 4 2 5 4 
a Work out the median of his scores. 


b Work out the mean of his scores. 


c Work out the range of his scores. June 2007 


Nine friends go to a charity shop. They spend the following amounts of money: 
£4 £6 £4 £38 £10 £4 £3 £7 £5 


a Work out the mode, the median and the mean of the amounts they spent. 


b Which of these three averages best describes the amount they spent? Give a reason for your answer. 


Write down one advantage and one disadvantage of using each of the following as an average: 
a the mode b the median c the mean. 


The frequency table below shows the number of aeroplanes that took off from a small airport each hour 


during one day in January 2010. 
Number of aeroplanes | Frequency | 


a ee ee ee 


a Work out how many aeroplanes took off in total during the day. 
b Work out the mean number of aeroplanes taking off per hour. 
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Ali found out the number of rooms in each of 40 houses in a town. 
He used the information to complete the frequency table. 


Ali said that the mode is 9. 
Ali is wrong. 


a Explain why. 
b Calculate the mean number of rooms. Nov 2007 


Majid carried out a survey of the number of school dinners 32 students had in one week. 
The table shows this information. 


Wanberofeshooldimes [0 [1] 2] 3] 4] 5 
co) es 


Calculate the mean. Nov 2008 


The mean of eight numbers is 41. Pi 
The mean of two of the numbers is 29. == 
What is the mean of the other six numbers? Exam Question Report 


87% of students answered this sort of question 
poorly. 


June 2007 


A man kepta record of the number (x) of junk emails he received each day over a period of 100 days. 
Given Sx = 770, work out the mean number of junk emails he received each day. 


The wing spans of 30 emperor dragonflies were measured. 
The results are shown in the following grouped frequency table. 


Wing span (Jom) 
| 96-98 =| 3 


10.2 — 10.4 
| os-107 | 


10.5 — 10.7 


a Find the modal class. 
b Find the class into which the median falls. 
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A vet keeps a record of the weight of all dogs brought into his surgery. 


The table shows the adult weights (w kg) of the labradors in his records. 


Frequency (/) Class midpoint 


Ts 
Tasv<e [7 
Teew<s [|| 
Vseuce |e) 

fd 


38<w <4 
is 


a Copy and complete the table. 
b Work out an estimate for the mean weight of the dogs. 


A researcher was conducting a study into the growth patterns of mice. She recorded the body length of 


28 mice. The lengths (J mm) are shown in the following grouped frequency table. 


Work out an estimate for the mean body length of the mice. 


Exam Question Report 


80<x%< 85 
8 <x < 90 
90<x% < 95 


81% of students answered this sort of question 
poorly. 


Josh asked 30 students how many minutes 
they each took to get to school. 


The table shows some information about 
his results. 


Work out the estimate for the mean number of minutes taken by the 30 students. Nov 2008 


The table gives information about the times, 
in minutes, that 106 shoppers spent in a 
supermarket. 


a Find the class interval that contains the 
median. 


b Calculate an estimate for the mean time 


that the shoppers spent in the supermarket. 
Give your answer correct to 3 significant figures. Nov 2007 
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Sethina recorded the times, in minutes, taken to repair 80 car tyres. 
Information about these times is shown in the table. 


20 
12 


12<t<18 
18<t<24 
24<t<30 8 


Calculate an estimate for the mean time taken to repair each car tyre. 


June 2009 


There are 50 students in each of the year groups at a school. 
A survey was carried out to find how many pets these students owned. 


The table shows these results. 

[Number ofpets| 0 | 1 | 2 | 3 | 4 | 
Yves | tp =f wl ss | 
Tear | 5) [mle | 0 | 
Peer fet nf ept[e 


Which year group has the least number of pets? 
You must show all your calculations. 


As part of an ongoing research programme, the pups in a small colony of grey seals were weighed, to 
the nearest kilogram, at the age of four weeks. Their weights were as follows: 


42 40 45 4] 50 48 39 47 42 50 49 

a Write down Q,, Q, and Q; for these data. 

b Work out the interquartile range. 

c Work out the range of the weights. 

A council is introducing a new traffic management scheme to speed up morning rush-hour traffic. 
Before the scheme, 11 council workers are asked to record their journey time to work one Wednesday 


morning. After the scheme was put in place the same 11 workers were asked to record their journey 
time again one Wednesday morning. The results are shown in the table below. 


Worker [A[B[c{ov[e|rF{]aj|H|i| 4 | 
Before (min) | 23 | 30 | 10 | 13 | 15 | 22 | 16 | 19 | 21 | 14 
[atter(min) | 20 | 25 | 8 | 13 | 12 | 16 | 4 [ 7 | 19] 10 | 11 | 


Find the mean time taken before the traffic scheme was introduced. 


oa 6m 


Find the mean time taken after its introduction. 
Find Q, and Q; for both sets of data. 


° 


d Find the interquartile ranges. 


e Compare the time taken before the introduction of the traffic scheme with the time taken after it was 
introduced. 
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7 18] Ten people work in a small factory. The table shows their salaries. EFS _ ; 


[Employees | Salary 


The workers want a pay rise, but the owner doesn’t want to give them a rise. 
Explain how both the owner and the workers could use the word ‘average’ to justify their case. 


= Explain the following sentence: 


The vast majority of dogs in this country have more than the average number of legs. 


GONSTRUCTIONS AND [aa 
LOCI 


— 
Architects make scale drawings of projects they are working on for both planning and 
presentation purposes. Originally these were done on paper using ink, and copies had to 

5 be made laboriously by hand. Later they were done on tracing paper so that copying was 
A. easier. Computer-generated drawings have now largely taken over, but, for many of the top 
"architecture firms, these too have been replaced, by architectural animation. 
<>) Before you start 
—=—— In this chapter you will: You need to: 
© use aruler and a pair of compasses to draw © be able to make accurate drawings of triangles 
triangles given the lengths of the sides and 2D shapes using a ruler and a protractor 
Ke: © use a straight edge and a pair of compasses to © be able to draw parallel lines using a protractor 
* construct perpendiculars and bisectors and ruler 
{ © construct and bisect angles using a pair of © have some understanding of ratio 

Ab) compasses © be able to change from one metric unit of length 

| © draw loci and regions to another. 

ae 4 © learn how to draw, use and interpret scale - 

drawings. 
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12.1 Constructing triangles 


oe 7 2 7 


PCC CSET S OEE e SESE EES EEEE EEE ESESE EES EEEEES 


© You can draw tr 
ofitssides. 
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(A) Key Points 


© Two triangles are congruent if they have exactly the same shape and size. One of four conditions must be true 
for two triangles to be congruent: SSS, SAS, ASA and RHS (see Section 8.1). 

© Constructing a triangle using any one of these sets of information therefore creates a unique triangle. 

© More than one possible triangle can be created from other sets of information. 


M0 Example 1 4 Make an accurate drawing of the triangle shown in the sketch. 


c f 
| 

Plus 

Watch Out! 


4com Sem The diagram in the question 


will not be drawn accurately 
so don't measure it, use the 


dimensions marked. | 
A 5cm B h 


Start by drawing the base 5 cm long. Label 
the ends A and B. 


Draw an arc, radius 4 cm. centre A. 
Draw an arc, radius 6 cm, centre B. 


Cis the point where the two arcs intersect. 
Cis 4cm from A and 6 cm from B. 
Join C to AandC to B. 


UNapter tf LONSUUCHIONS all 1OUl 


i Example2 Show that there are two possible triangles ABC in which AB = 5.6 cm, BC = 3.3cm and | 


Y 


angle A = 31°. 


| 
Preece mere ea Draw the line AB with length 5.6 cm. 
Using a protractor, draw an 
angle of 31° atA. 


Draw an arc of 3.3 cm from point B, to locate the possible 
positions of C. 
Triangle ABC, and ABC, both have the given measurements. 


Questions in this chapter are targeted at the grades indicated. 
Here is a sketch of triangle XYZ 5 : 


Construct triangle XYZ. 
beni 7.5cm 


Y 4.5cem X 


Construct an equilateral triangle with sides of length 5 cm. 


Construct the triangle XYZ with sides XY = 4.2 cm, YZ = 5.8 cm and ZX = 7.5cm. 


Bos 


Here is a sketch of the quadrilateral CDEF. —_ E 
CM 
Make an accurate drawing of quadrilateral CDEF. 5 


45cm 
4cm 


G 6cm D 


The rhombus KLMN has sides of length 5 cm. 
The diagonal KM = 6cm. 
Make an accurate drawing of the rhombus KLMN. 


6 | Explain why it is not possible to construct a triangle with sides of length 4cm, 3cm and 8 cm. 


12.2 Perpendicular lines 
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(4) Key Points 


© Abisector cuts something exactly in half. 

© A perpendicular bisector is at right angles to the line it is cutting. 

© You can use a straight edge and compass in the construction of the following: 
© the perpendicular bisector of a line segment 
© the perpendicular to a line segment from a point on it 
© the perpendicular to a line segment from a point not on the line. 


2 Example 3 4 Construct the perpendicular bisector of the line AB. 


B 


A 
C 
Draw arcs centred on A above and below the 
line AB with a radius more than half of AB. 
Draw arcs centred on B above and below the 
A B line AB with the same radius as before. 
Join C to D. CD is the required perpendicular bisector. 
D 


“) Example 4 Construct the perpendicular to a point P ona line AB. 


Draw arcs with the same radius 
centre P to cut AB at X and Y. 


Construct the perpendicular bisector of XY. 
Since PY = PX, this must go through P. 


eatevenion aciitas| neat meee [EF ae i ie I =, a — See A bt ee eee ja 


Chapter 12 Constructions and loci 


Example 5 4 Construct the perpendicular to a line AB from a point P not on the line. 


Start by drawing arcs with the same radius, 
centre P to cut the line (extended if necessary) 
at X andy. 


Draw line segments of length 10 cm and 8 cm. Using a straight edge and a pair of compasses, construct 
the perpendicular bisector of each of these line segments. 


Draw these lines accurately, and then construct the perpendicular from the point P. 
a B 


b oA 
Va LN 
Z. fA 9cm 
3cm 
Ps oo NN 
A 


B 


Draw a line segment AB, a point above it, P, and a point below it, 0. Construct the perpendicular from P 
to AB, and from Q to AB. 


‘12.3 
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12.3 Constructing and bisecting angles 


YW) Example 6 Construct an angle of a 60° b 120°. 


a 
Start by drawing an arc at the point A. 
Where the arc cuts the line, label the point B. 
A B 
Keep your compasses the same width and put the point at B. 
Draw an arc to cut the first one. 
A B 
Join up to get a GO° angle. Label the point C. 
5 ABC is an equilateral triangle. 
A B 
b oD C 


Draw a longer first arc and then draw a third arc 
from point C with the same radius. 


\ 2") 


A B 


: A 
& Example 7 Construct the bisector of the angle ABC. 


Start by drawing arcs with the same radius 
(or a single arc), centre B to cut the arms BA 
and BC at X and Y. 


Then draw an arc centre X radius BX and an arc 
centre Y radius BX to cross at D. 


Unapter 2 LONSIUCTIONS alla 1OUt 


? Example 8 Construct a regular hexagon inside a circle. 
A 


Draw a circle and marka 
point A onits circumference. 


A 
B 
t 
Keep the compasses set at the size of the radius, and 
from point A draw an arc that cuts the circle at point B. 
A 


Repeat the process until six points are marked on the 
circumference. Join the points to make a regular hexagon. 


¥ Exercise 12C 


: Copy the diagrams and construct the bisector of the angle ABC. 
a) : b B c 


C f: a A 


12.4 Loci 


Copy the diagrams and construct the bisector of angle Q in the triangle POR. 
a R b Q 


Qa P 


Construct each of the following angles. 
a 60° b 120° c 90° d 30° e 45° 


Draw a regular hexagon in a circle of radius 4 cm. 


Draw a regular octagon ina circle of radius 4.cm. 


PUSS CC Cee eee eee tees eesesees 
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(A) Key Points 


© A locus is a line or curve, formed by points that all satisfy a certain condition. 
© Alocus can be drawn such that: 

© its distance from a fixed point is constant 

© itis equidistant from two given points 

© its distance from a given line is constant 

© itis equidistant from two lines. 


big Example 9 Show the locus of all points which are at a 


distance of 3cm from the fixed point 0. 


The locus is a circle, radius 3 cm, centre O. 
All the points on the circle are 3 cm from O. 


ee 
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Y) Example 10 4 Show the locus of all points which are equidistant from the points X and Y. 


see 
# Examiner’s Tip 


Draw loci accurately. Use a 
pair of compasses, a ruler 
and a straight edge. 


Construct the perpendicular 
bisector of the line XY. 


XX xyY 


All points on the perpendicular bisector 
are equidistant (the same distance) from 
Xand Y. 


“Example 11 4 Show the locus of all points which are 3 cm from the line segment XY. 


These lines are parallel to 
XY and 3 cm away from it. 


All points on the 
semicircles are 3.cm 
from the point Y. 


¥ Exercise 12D 


Mark two points A and B approximately 6 cm apart. 
Draw the locus of all points that are equidistant from A and B. 


Draw the locus of all points which are 3.5 cm from a point P. 


Draw the locus of a point that moves so that it is always 1.5 cm from a line 5 cm long. 


Draw two lines PQ and QR, so that the angle POR is acute. Draw the locus of all points that are 
equidistant between the two lines PO and OR. 


12.5 Regions 


@) Key Points 


© A set of points can lie inside a region rather than on a line or curve. 


© The region of points can be drawn such that: 
© the points are greater than or less than a given distance from a fixed point 
© the points are closer to one given point than to another given point 
© the points are closer to one given line than to another given line. 


L W) Example 12 W) Example 12 Draw the region of points which are less than 2 cm from the point 0. 


The locus is a circle, radius 2 cm, centre O. 
All the points on the circle are 2 cm from O. 


“) Example 13 Draw the region of all points which are closer to the point X than to the point Y. 


XX xyY 
All the points to the left of the perpendicular 
bisector of XY are closer to X than to Y. 


Chapter 12 Constructions and !ocl 


Example 14 ABCD is a square of side 4 cm. Draw the region of points inside 


. Cc 
the rectangle that are both more than 3cm from point A 
and more than 2 cm from the line BC. 
4cm 
A 4cm B 
D C 
Find the locus of points 3 cm from point A 
inside the square. 
D C 


Find the locus of points 2 cm from the line 
BC inside the square. 


<2cm—>B 


D C 
Shade the area that is both more than 3 cm from 
point A and more than 2 cm from the line BC. 

A B 


¥ Exercise 12E 


Co Shade the region of points which are less than 2.cm from a point P. 


Shade the region of points which are less than 2.6 cm from a line 4cm long. 


Mark two points, G and H, roughly 3 cm apart. 
Shade the region of points which are closer to G than to H. 


4 | Draw two lines DE and EF, so that the angle DEF is acute. Shade the region of points which are closer to 
EF than to DE. 


Baby Tommy is placed inside a rectangular playpen measuring 1.4m by 0.8 m. He can reach 25 cm 
outside the playpen. Show the region of points Tommy can reach beyond the edge of the playpen. 
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12.6 Scale drawings and maps 


Scale drawings and maps 


© Why do this? 


© You can read and construct scale drawings. When a new aeroplane is being designed or an 
© You can draw lines and shapes to scale and extension to a house is planned, accurate scale 
estimate lengths on scale drawings. drawings have to be made. 


© You can work out lengths using a scale factor. 


(<>) Get Ready 


1. Convert from cm to km: 2. Convert from km to cm: 
a 5000000 cm b 250000 cm. a 4km b 0.3km. 


Ore 


© Here is a picture of a scale model of a Saturn rocket. The model has been 
built to a scale of 1:24. This means that every length on the model is shorter than 
the length on the real rocket, with a length of 1 cm on the model representing a 
length of 24cm on the real rocket. 
© The real rocket is an enlargement of the model with a scale factor of 24; the 

model is a smaller version of the real rocket with a scale factor of & 

© In general, a scale of 1: means that: 
© a length on the real object = the length on the scale diagram or model X n 
© alength on the scale drawing or model = the length on the real object + n. 


SESS The Empire State Building is 443 m tall. Bill has a model of the building that is 88.6 cm tall. 
a Calculate the scale of the model. Give your answer in the form 1:7. 
b The pinnacle at the top of Bill's model is 12.4.cm in length. Work out the actual length of 
the pinnacle at the top of the Empire State Building. Give your answer in metres. 


_ | Both heights have to be in the same units. 
a Height of building = 443 X 100 = 44300 cm = Change 443 m to cm by multiplying by 100. 
) 


Scale factor = 44 500 _ 500 
886 Height of building 
Scale factor = "Helait afinadal 
Scale of model = 1:500 is , 


b Length of pinnacle on building = 12.4 X 500 >) 
=6200cm ™ Length on model = Length on building + 500. | 

Length on building = Length del x 500. | 

Length of pinnacle on building = G200 + 100 i ln ad cl ) 
=62m 


| Change cm to m by dividing by 100. 
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2 Example 16 4 The scale of a map is 1:50 000. 


a Onthe map, the distance between two churches is 6 cm. Work out the real distance 
between the churches. Give your answer in kilometres. 

b The real distance between two train stations is 12 km. Work out the distance between 
the two train stations on the map. Give your answer in centimetres. 


Ascale of 1:50 000 means: 


Method 1 real distance = map distance X 50 OOO. 
a Real distance between churches 


= 6 X 50000 = 300 000 cm 
= 3000 m 
= 3km 


Change cm to m, divide by 100. 
Change m to km, divide by 1000. 


Distance between stations on map 
= 1200000 + 50000 = 24cm Map distance = real distance + 50 000 


Method 2 
Map distance of 1 cm represents real distance of 0.5 km. 
a Gcmonthe map represents real 

distance of 6 X 0.5 = 3km. 

Distance between the churches = 3 km. 


1:50000 means 1 cm:50000 cm 
or1cm:500m 
or1cm:0.5km 


b Real distance of 12 km represents map distance of 12 + 0.5 = 24cm. 
Distance between the stations on map = 24cm. 


¥ Exercise 12F 


Ao? This is an accurate map of a desert island. There is treasure buried on the island at T. 
A03 : 


Key to map 
P_ palm trees R_ rocks 
C cliffs T treasure 


The real distance between the palm trees and the cliffs is 5 km. 
a Find the scale of the map. Give your answer in the form 1 cm represents n km, giving the value of n. 
b Find the real distance of the treasure from: i the cliffs ii the palmtrees iii the rocks. 


12.6 Scale drawings and maps 


On a map of England, 1 cm represents 10 km. 
a The distance between Hull and Manchester is 135 km. Work out the distance between Hull and 
Manchester on the map. 
b On the map, the distance between London and York is 31.2 cm. Work out the real distance between 
London and York. 


Here is part of a map, not accurately drawn, showing three B 
towns: Alphaville (A), Beecombe (B) and Ceeton (C). N 


a Using a scale of 1: 200000, accurately draw this part of 
the map. 

b Find the real distance, in km, between Beecombe and 
Ceeton. 

c Use the scaled drawing to measure the bearing of 
Ceeton from Beecombe. A 8km Cc 


12km 


Ey This is a sketch of Arfan’s bedroom. It is not drawn to scale. ——— 
Draw an accurate scale drawing on cm squared paper of 1.5m 
Arfan’s bedroom. Use a scale of 1:50. 


<— 25m—> 


A space shuttle has a length of 24m. A model of the space shuttle has a length of 48 cm. 
a Find, in the form 1:7, the scale of the model. 
b The height of the space shuttle is 5m. Work out the height of the model. 


6 | The distance between Bristol and Hull is 330 km. On a map, the distance between Bristol and Hull is 6.6 cm. 
a Find, as a ratio, the scale of the map. 
b The distance between Bristol and London is 183 km. Work out the distance between Bristol and 
London on the map. Give your answer in centimetres. 


© Two triangles are congruent if they have exactly the same shape and size. One of four conditions must be true 
for two triangles to be congruent: SSS, SAS, ASA and RHS. 
© Constructing a triangle using any one of these sets of information therefore creates a unique triangle. 
© More than one possible triangle can be created from other sets of information. 
© Abisector cuts something exactly in half. 
© A perpendicular bisector is at right angles to the line it is cutting. 
© A locus is a line or curve, formed by points that all satisfy a certain condition. 
© Alocus can be drawn such that 
© its distance from a fixed point is constant 
© ttis equidistant from two given points 
© its distance from a given line is constant 
© itis equidistant from two lines. 


Chapter 12 Constructions and loci 


© A set of points can lie inside a region rather than on a line or curve. 
© Aregion of points can be drawn such that: 
© the points are greater than or less than a given distance from a fixed point 
© the points are closer to one given point than to another given point 
© the points are closer to one given line than to another given line. 
© Ascale of 1: means that: 
© alength on the real object = the length on the scale diagram or model X n 
© alength on the scale drawing or model = the length on the real object = n. 


¥ Review exercise 


. AB = 8cm. AC = 6om. Angle A = 52°. 
: Make an accurate drawing of triangle ABC. 


Diagram NOT 
accurately drawn 


A 8cm B Nov 2008 
Make an accurate drawing of the a 
quadrilateral ABCD. 
Diagram NOT 
accurately drawn 
5cm 
C 
(iwr] *°" 
| 
A 8cem B 
Make an accurate drawing of triangle ABC. c 
Diagram NOT 
accurately drawn 


/s*\ EN 


A 6.5cm B May 2009 


4 | Make an accurate drawing of triangle POR. P 


Diagram NOT 
accurately drawn 


Qa 8.7cm R 
A model of the Eiffel Tower is made to a scale of 2 millimetres to 1 metre. 
The width of the base of the real Eiffel Tower is 125 metres. 
a Work out the width of the base of the model. Give your answer in millimetres. 
The height of the model is 648 millimetres. 
b Work out the height of the real Eiffel Tower. Give your answer in metres June 2008, adapted 


Chapter review 


Beeham is 10 km from Alston. 

Corting is 20 km from Beeham. 

Deetown is 45 km from Alston. 

The diagram below shows the straight road from Alston to Deetown. 

This diagram has been drawn accurately using a scale of 1cm to represent 5 km. 


Alston ——_<$A HPA VYSNY Deetown 


On a copy of the diagram, mark accurately with crosses (x), the positions of Beeham and Corting. 


Nov 2007 
ABC is a triangle. A 
Copy the triangle accurately and shade the region 
inside the triangle which is both less than 
4 centimetres from the point B and closer to 
the line AC than the line AB. 
B C June 2009, adapted 


On a copy of the diagram, use a ruler and pair of compasses to construct an angle of 30° at P. 


wh Plus 


<=™ Exam Question Report 


You must show all your construction lines. 


P 


79% of students answered this question 
poorly because they did not use two different 
constructions. 


Nov 2007, adapted 


a Mark the points C and D approximately 8 cm apart. Draw the locus of all points that are equidistant 
from C and D. 
d Draw the locus of a point that moves so that it is always 3.cm from a line 4.5cm long. 


B is 5km north of A. os c 
Cis 4km from B. N B 
Cis 7km from A. ; 
A ‘ Diagram NOT 
a Make an accurate scale drawing of triangle ABC. 5km 7km accurately drawn 


Use a scale of 1 cm to 1 km. 
b From your accurate scale drawing, measure the bearing of C from A. 
c Find the bearing of A from C. A Nov 2000 


Chapter 12 Constructions and !oc! 


|: On an accurate copy of the diagram use a ruler and pair of compasses to construct the bisector of 
angle ABC. 
You must show all your construction lines. A 


C 
Nov 2008, adapted 


ABCD is a rectangle. A B 
Make an accurate drawing of ABCD. 
Shade the set of points inside the rectangle which are both 
more than 1.2 centimetres from the point A 
and more than 1 centimetre from the line DC. 


Draw a line segment 7 cm long. Construct the perpendicular bisector of the line segment. 
Draw a line segment ST and a point above it, M. Construct the perpendicular from M to ST. 


As a bicycle moves along a flat road, draw the locus of: FF 
a the yellow dot 
b the green dot. 


_ 


Draw the locus of a man’s head as the ladder he is on slips down a wall. 
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Chapter 13 Linear equations 
Solving simple equations 


If you have a number of albums on your mp3 player, as well as 


© You can solve simple equations. 
some individual tracks, you can solve a simple equation to find 


out how many songs you have in total. 


<>) Get Ready 


1. Simplify 
a sop 20 pag De olh—/22) c 4m(3m + 9) 


© In any equation, the value of the left-hand side must always be equal to the value of the right-hand side. 


So whatever operation is applied to the left-hand side must also be applied to the right-hand side. 
© Two children sit on a see-saw, equally distant from the middle. The see-saw is level which means that the weight 


of each child is the same. 
f . \ 

A B 

Weight of child A on the left-hand side = weight of child B on the right-hand side. 


The weight of child Ais 5x + 12. 


The weight of child B is 57. 
So, 5% + 12 = 57. This is a linear equation. 


CSSD sovesx + 12=57 
Watch Out! 


5x+12=57 
5xy+12-—-12=57-12 Subtract 12 from both 
; sides of the equation. is 
Always apply the same 


operation to both sides of 


5% 45 = 
SE Dili ee 
Divide both sides by 5. the equation. 
J 


xr=9 \ 
¥ Exercise 13A Questions in this chapter are targeted at the grades indicated. : 
Solve 
2a+5=13 2) 3b-4=17 Ke 2c+6=11 
Y) 5sd-1=8 © 13+4e= mi 1-2f=9 
13 = 39-5 R) 5=1+8h Ry 2-5k=15 
17 =3-—4m 


212 linear equation 


13.2 Solving linear equations containing brackets 


(a) Key Points 


© Follow the rules of BIDMAS when solving a linear equation. (See Section 1.3 on BIDMAS). 
© Solutions can be written as mixed fractions, improper fractions or as decimals. 


“2 Example 24 Solve 4(x + 1) = 11 


Your answer can be written 
as a fraction or as a decimal. 


“ean 
4xn+4=11 
4x=7 
4% 7 | 

4 4 py 
= ee 
4 # Examiner's Tip 
“= 120r 1.75 
| 


Solve 


lx + 3) = 12 Bly + 4) = 35 Ax — 1) =5 3(2y — 1)=9 


13 = 4(x + 3) BH wai-w)=10 5(3 — 4z) = 20 Ey 2=3(1 + 3x) 


| BB ode +3) 41-11 17 = 6 — 3(5 — 2y) 


Chapter 13 Linear equations 


Solving linear equations with the unknown on 
both sides 


© Why do this? 


© You can solve linear equations, with integer Knowing how to solve equations helps you solve 
coefficients, in which the unknown appears on other problems such as finding one weight when 
both sides of the equation. given another. 

<>) Get Ready 

1. Solve 
a 4=2(x% — 6) b 3(3a+4)+3=33 c 4=8 — 2(8 — 3d) 


Oe 


© Collect terms so that the ones involving the unknown are on one side of the equation. 


€ Solve 5a +5 = 3-3 


06 t=O — O8 ( ’ 
5x+54+3n=3-—B3x+3n < | Add 3x to both sides of the equation. | 
| Remember —3x% + 3x = 0. 


ee 
O4+5=3 
Sn+5-—b=H=5-—5 | 
<— Solve the equation as in 
Bx = —2 | Section 131. Watch Out! 
Ox 
Ba 8 Always show each stage of 


your working. 


Example 4 Solve 3 — 64 = 7 — 3x 
« P Here both terms in x have Plus 
a negative coefficient. Examiner’s Tip 


3—-6x=7-— 3x 
53—-6x+ 64 =7—- 3x + 6x 


Collect the terms in x on 


the side of the equation 
that gives them a positive 


Add 6x to both sides | 


of the equation. 


3=7+ 3x 


coefficient. 
3-7=32 
—4= 3% 
= ae 
a3 


214 coefficient 


13.4 Solving linear equations containing fractions 


¥ Exercise 13C 


Solve 


4a+3=8+2a 5b+3=b-7 3c-2=5c¢-8 [J d+7=5d+15 


3-2e=4-3e [ 1-7f=3f+10 Ax —-4)=x+7 


BY 2x +5=14+3(2+2) EY 34x + 1) + 2(1 — 5x) =2+% 


6+ ix = 3) =" — 31 = 2x) 


(A) Key Point 


© To solve an algebraic equation involving fractions, eliminate all fractions by multiplying each term by the LCM of 
the denominators. 


12. _ 
pre2 : 


Multiply both sides of the equation by (p + 2). 
12 x (p42) =3 x (pt 2) 
pre The terms in (p + 2) on the left-hand side cancel out. 


12=3(p+ 2) = 
12=3p+6 * Plus 

12—-—6=3p # Examiner’s Tip 
Sp=6 


p=2 Always try to remove the 
fraction first. 


Chapter 13 Linear equations 


6(a+1)-4(4x2-1)=5 

6x+6-16%+4=5 

—10%+10=5 
—10%=—5 


Remember: —4 X -—1=+4 


i 
feta xB | 
| 
p 
' 
f 


¥ Exercise 13D 


Solve 
P4a3=7 est m4 M9 

fay 2-4 2 oe OF =H 9) 
=t1=25 3(2y — 10) = =, —  25-3)=16 

oe oe 

36+6, 5—2t_ 1-a _ Se+2 Sy—4 dyt+l_i-y 
Bt 8 ees =" 


© Get Ready 


(A) Key Points 


© When setting up an equation, define all the unknowns used that have not already been defined. 
© Make sure that units are consistent on both sides of the equation. 


’ 
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13.5 Setting up and solving simple linear equations 


& Example 7 Daniel makes some drinks to sell at the Summer Fair. 


From one bottle costing £2.80 he can make 40 drinks. 

Daniel wants to make a profit of £2 on each bottle. 

a If cis the price of each drink, write an equation in terms of c. 

b Solve your equation in a to find what the price of each drink should be. 


a 40 drinks will cost 40 X c = 40c pence 
One bottle costs £2.80 = 280 pence 


Daniel's profit = £2 = 200 pence 
Profit = total sales — total costs 
200 = 40c — 280 


b 200 = 40c — 280 
200 + 280 = 40c 
40c = 480 
fa 480 
40 
c=12 


So the cost of each drink is 12 pence. 


& Example 8 By setting up and solving an equation in terms of x, 


work out the size of the largest angle of this 
quadrilateral. 


Since the sum of the interior angles of a quadrilateral is 360°, adding the angles gives: 
(2x — 10) + (4 + 40) + (2x) + (50) = 360 
2r~ 10+ 2+ 40+ 22 +50 = 360 
5x + 80 = 360 
5x = 360 — 80 \ 
5x = 260 San Watch Out! 
x= 56 


Read the question carefully; is 
the size of the largest angle or 
the smallest angle required? 


Angles are: 2x - 10 = 2X 56-10=112-—10=102° 
x+40=56+ 40 = 96° 
24 = 2 X 56 = 112° is the largest angle. 


¥ Exercise 13E 


7 aS Viv thinks of a number. She multiplies the number by 5 and then subtracts 2. 
: Her answer is 23. 
If x is the number that Viv was thinking of, work out the value of x. 


Michelle is 2 years younger than Angela. 
If the sum of their ages is 64, work out Michelle’s age. 


Chapter 13 Linear equations 


In an exam, Jessica scored p%. 
Mason scored three-quarters of Jessica's score. 
Zach scored 10% less than Jessica. 
The total of their scores was 210%. 
How much did each student score? 


A02- 


9 The length of a rectangle is (2x + 3) cm. eb 
The width of the rectangle is (x + 3) cm. ; 
If the perimeter of the rectangle is 49 cm, find the value of x. 


| de +3) 


Joanna works for n hours each week for 5 weeks. In the sixth week she works an extra 4h hours. 
In these six weeks she works a total of 117 hours. 
Work out the number of hours Joanna works in the sixth week. 


~The diagram shows an isosceles triangle ABC. wk A 
The lengths of the sides are given in centimetres and AB = BC. 
a Write down an equation in terms of x. B 
b Work out the lengths of AB and BC. 
ee 6) ‘ 


In one quarter Stuart uses 2512 units of electricity. Part of his electricity bill is shown below. 

Units used = 2512 

Cost of the first x units at 12.86p per unit = £ 

Cost of remaining units at 11.8p per unit = £ 

Total cost of electricity used = £ 298. 

Work out the number of units, at 12.86p per unit, that Stuart used. Give your answer to the nearest unit. 


_A03: 


- Disting 
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13.6 Distinguishing between ‘equation’, ‘formula’, ‘identity’ and ‘expression’ 


@ Key Points 
© An example of an algebraic expression is 2p — 10. It is made up of the terms 2p and —10. 

© An example of an equation is 2p — 10 = 9. This can be solved to find the value of p. 

© 2(p — 5) = 2p — 10 is called an identity. The left-hand side is the same as the right-hand side. 


© C= 2p — 10is called a formula. If the value of p is known, you can substitute it into the equation to work out 
the value of C. 


& Example 9 Write down whether each of the following is an expression, an equation, 
an identity or a formula. 


a 5ab — 2ab = 3ab Plus 
b 5p + 2q 


Examiner’s Tip 


1—2x An expression is the only 
3 one without an ‘=’ sign. 


Collect like terms of 
5ab — 2ab to give 3ab. 


ce Ifthe values of land g are known, the value of T can be worked out using the formula T = amt. 


a The right-hand side is the same as the left-hand side and so 
Sab — 2ab = Sab is an identity. 


bh Sp + 2q is an expression. 


d 12x _ 5 can be solved to find the value of x and is therefore 


an equation. 


¥ Exercise 13F 


Write down whether each of the following is an expression, an equation, an identity or a formula. 


A = 241 + b) 2 m+m+m+m=4m = 2a+3b 

3y’? = 243 = y=mr+e = E=me 

b ge Bes E = 4 

ae = Figs sta. =4 my OV 3 
a4x+3)=x+4 x? — Bx = x(x — 5) 


ax gi x7 
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Chapter 13 Linear equations 


© In any equation, the value of the left-hand side is always equal to the value of the right-hand side. 
So whatever operation is applied to the left-hand side must also be applied to the right-hand side. 

© Follow the rules of BIDMAS when solving a linear equation. 

© Solutions can be written as mixed fractions, improper fractions or as decimals. 

© Collect terms so that the ones involving the unknown are on one side of the equation. 

© To solve an algebraic fraction equation, eliminate all fractions by multiplying each term by the LCM of the 
denominators. 

© When setting up an equation, define all unknowns used that have not already been defined. 

© Make sure that units are consistent on both sides of an equation. 

© An algebraic expression is made up of terms. 

© An equation can be solved to find the value of a term. 

© In an identity the left-hand side is the same as the right-hand side. 

© Ifthe value of a term is known, you can substitute it into a formula to work out the value of another term. 


¥ Review exercise 


Solve 4¢ + 1 = 19 wh Plus 


E=—™ Exam Question Report 


86% of students answered this question well 
because they remembered to do the same to both 
sides of the question. 


Nov 2008 
Solve 4(x — 2) = 10 
Solve a 3vt+1=x+6 b 4y—3=2y—-8 
The sizes of the angles, in degrees, of the quadrilaterals are <> 
x + 10, 2x,x + 90 and x + 20. Cy i> Diagram NOT 

: drawn accurately 
Work out the smallest angle of the quadrilateral. 

> Nov 2005 


Bos 


The diagram shows a rectangle. 


4x +1 


Exam Question Report 


2x + 12 


64% of students answered this question well. 


All the measurements are in centimetres. 
Work out the perimeter of the rectangle. June 2009, Adapted 


Chapter review 


6 | Uzma has £x. Hajra has £20 more than Uzma. Mabintou has twice as much as Hajra. 
The total amount of money they have is £132. 
Find how much money they each have. 


Here are 3 boxes. Box A has £x. Box B has £4 more than box A. Box C has one third of the money in box B. 
Altogether there is £24 in the 3 boxes. 
Find the amount of money in each box. 


Solve +1 = 12 


8 | 
EY Solve 5 345 June 2005 


14 


Pee eee Oe ROSES OSE SESS EH SEE HESS SESE EES SSSSEEHEESHESEEEESSSSESSESESSEEESOESSESESEESSATEEHSHHHSESEOOESSEOSEESSSESESSEEESES 


ne sexes; trad ymnaily j S nave ) e poys Oo ne eS petyvee e sexes Ke 
m area 03.0 /c ’ y is ne smailes F S e 7 
ns 
% 


Before you start 


PO RURURUOREUUER UOTE Eee Ree) 


14.1 Working out a percentage of a quantity 


Working out a percentage of a quantity 


© Why do this? 


© You can convert between fractions, decimals and Percentages are a part of our everyday language. 
percentages. Banks pay interest as a percentage of the money 
© You can find a percentage of a quantity. in your bank account. Tax is paid as a percentage 


of money earned. 
<>) Get Ready 


1. Write these percentages as_ i fractions in their simplest form ii decimals. 
a 20% b 125% c 60% d 175% 


© There are a number of different methods that can be used to work outa percentage of an amount. 

© When using a calculator, first change the percentage to a fraction or decimal then multiply the amount by the 
fraction or decimal. 

© When not using a calculator, first work out either 10% or 1% of the amount then build up the percentage. 


YY Examplel 9 Colin invests £1850. 


The interest rate is 3% per year. 


How much interest will Colin receive after 1 year? Watch Out! 
Method 1 cree _ =a 
3% =. <—{ Convert the percentage toa fraction. || As the answer is an amount of 
Agency 700 — == ———~"| money, remember to give two 
100 aa Multiply the amount by the fraction. decimal places in the answer. 


Interest will be £55.50 


Method 2 | : : ; 
3% = 0.03 tok Convert the percentage to a decima 
0.03 X 1850 = 55.5 


Interest will be £55.50 


‘Plus 


Examiner’s Tip 


| MEY Enea hy Sha daeleal. ") 


Although Method 3 can be 


used to answer the question, 
Method 3 a 


9 = : rf ) 
1% of 1850 = 1850 + 100 Work out 1% of the amount. 
=185 : | As 1% = <4, divide by 100. | 

X 


ona calculator paper itis 
more sensible to use either 
Method 1 or Method 2 as 
candidates often make 


Tae 


f \ 


3%of 1850 =18.5X3 ce 3% = 3X 1%s0 | 
=555 _ multiply 18.5 by 3. } 


Interest will be £55.50 


arithmetical errors using the 
build-up method. 


Chapter 14 Percentages 


¥ Exercise 14A Questions in this chapter are targeted at the grades indicated. 


Work out 
a 30% of £600 b 15% of 40 kg c 5% of £32.40 d 8% of 62kg 
e 20% of £30 f 30% of 150 g 4.2% of 60 km h 175% of £300 


There are 150 shop assistants in a large store. 8% of the shop assistants are male. 
How many of the shop assistants are male? 


Danya invests £250. The interest rate is 4% per year. 
How much interest will she receive after 1 year? 


A shop has 4600 DVDs. 23% of the DVDs are thrillers. 
How many of the DVDs in the shop are thrillers? 


There are 154 students in Year 11. 84 of these students are girls. 
50% of the girls and 10% of the boys attend Spanish lessons. 
What fraction of these Year 11 students attend Spanish lessons? Give your fraction in its simplest form. 


Coe ereecenesorerecenssesserseees Pees cece seevesesesressssessesneres 


Oo SSS = 


(A) Key Points 


© There are two methods that can be used to increase an amount by a percentage. 
© You can find the percentage of that number and then add this to the starting number. 
© You can use a multiplier. 


© There are two methods that can be used to decrease an amount by a percentage. 
© You can find the percentage of that number and then subtract this from the starting number. 
© You can use a multiplier. 


224 multiplier 


14.2 Finding the new amount after a percentage increase or decrease 


VW? Example 2 4 Hugh's salary is £25 000 a year. 


His salary is increased by 4%. 
Work out his new salary. 


Method 1 
4% of £25 000 = <4. x 25000 
= 1000 
25 000 + 1000 = 26000 Add the increase to his original salary. 


Hugh’ s new salary is £26 OOO. 


Method 2 


104% = 194 = 1.04 1.04 is the multiplier. 
1.04 X 25000 = 26 000 Multiply 25 OOO by 1.04. 


(This increases 25 OOO by 4%.) 
Hugh's new salary is £26 OOO. 


Example 3 a Write down the single number that you can multiply by to increase an amount by 12.5%. 
b Increase £56 by 12.5%. 


a 100% + 12.5% = 112.5% 
12 re SS = 4 


100 


¥ Exercise 14B 


cal Write down the single number you can multiply by to work out an increase of 
a 64% b 3% c 14% d 40% 
e 13.4% f 125% g 15% h 236% 


| 2 | a In order to increase an amount by 40%, what single number should you multiply by? 
b The cost of a theatre ticket is increased by 40% for a special concert. 
What is the new price if the normal price was £15.40? 


The table shows the salaries of three workers. 
Each worker receives a 4.2% salary increase. 
Work out the new salary of each worker. 


£12000 
£24 000 
£32 000 


Sandeep 


Chapter 14 Fercentages 


3 Jenny puts £600 into a bank account. At the end of one year 3.5% interest is added. FSi 
: How much is in her account at the end of 1 year? 
a Increase £120 by 20%. b Increase 56 kg by 25%. c Increase 2.4m by 16%. 


d Increase £1240 by 10.5%. e Increase 126 cm by 2%. 


V2 Example 4 4 The value of a car depreciates by 15% each year. 


The value of a car when new is £14000. 
Work out the value of the car after 1 year. 


Depreciates means that the value of the car decreases. 


Method 1 
=2400 


Value after 1 year = £11 900. 


Method 2 
100% — 15% = 85% 


\ 
85% = 3 = 0.85 0.85 is the multiplier. 


The final value is 85% of the original value. 


0.85. X.14000 = 11900 Multiply the original amount by 0.85. 


Value after 1 year = £11 900. 


¥ Exercise 14C 


Write down the single number you can multiply by to work out a decrease of 


a 7% b 20% c 16% d 27% 
e 5.6% § 25% g 74% h 0.8% 
In a sale all prices are reduced by 15%. Work out the sale price of each of the following: FS) 


a a television set that normally costs £300 
b aCD player that normally costs £40 
© acomputer that normally costs £1200. 


Alan weighs 82 kg before going on a diet. He sets himself a target of losing 5% of his original weight. 
What is his target weight? 


14.3 Working out a percentage increase or decrease 


A holiday normally costs £850. It is reduced by 12%. How much will the holiday now cost? FF 


Ria buys a car for £7300. The value of the car depreciates by 20% each year. 
Work out the value of the car atthe endof: a lyear b 2 years. 


SPH HOHE ESOT THESE ESEE EE ESEEE ESE EEE EEE EEEeEESESEES seeeseerescece eeecce seeereeceoses 


© To write one quantity as a percentage of another quantity: 
© write down the first quantity as a fraction of the second quantity 
© convert the fraction to a percentage. 


© Percentage problems sometimes involve percentage profit or percentage loss, where: 
profit (or increase) 


oe _ Profit 5 1005 
© percentage profit (or increase) cietuel anraunt 100% 
© percentage loss (or decrease) = loss (or decrease) X 100% 


original amount 


Y) ExampleS 4 a Convert 11 out of 20 to a percentage. 


b Convert 23 cm out of 4m to a percentage. 


4 F 
a a hill Write the first number as a fraction of the second number. 


= 
11 _ 9 ( . ) 
a %100=55% « To convert a fraction to a percentage, 
| multiply by 100. | 
— 1 ) . 
b 4m=4%xX 100 <—_ Multiply by 100 toconvert4m | perch Cat 
= 400cm | into centimetres. 


When working with quantities 
in different units, first make sure 
400 aa Convert the fraction to a percentage. that all the units are the same. 


==. % 100 = 5.75% 


ae 


Chapter 14 Percentages 


¥ Exercise 14D 


Write: 


a £3 asa percentage of £6 b 2kg asa percentage of 8kg 

c 4p asa percentage of 10p d 8cmasa percentage of 40cm 
e 60p as a percentage of £2.40 f 15mm asa percentage of 6cm 
g 36 minutes as a percentage of 1 hour h 50cm asa percentage of 4m. 


Janet scored 36 out of 40 in a German test. Work out her score as a percentage. 


Jerry took 60 bottles to a bottle bank. 27 of the bottles were green. 
What percentage of the bottles were green? 


A 40g serving of cereal contains 8 g of protein, 24 g of carbohydrates, 4.5 g of fat and 3.5 g of fibre. 
What percentage of the serving is: 
a_ protein b carbohydrates c fat d fibre? 


Karen bought a car for £1200. 


One year later, she sold it for £840. 
Work out her percentage loss. 


Subtract the selling price from the original price to find her loss. 


360 


loss 


1200 Write down the fraction Shana pees 
360, x 100 = 30% 
Multiply os by 100 to change it to a percentage. 


Her percentage loss is 30%. 


2 Example 7 4 Tony bought a box of 24 oranges for £4. 
A03 


He sold all the oranges for 21p each. 
Work out his percentage profit. 


24X21= SO04p Work out the total amount, in pence, Tony received 
from selling all the oranges. 


504 — 400 = 104p profit Subtract the original price from the selling price 
to find his profit in pence. 


profit 


104 i ion 
104 Write down the fraction aigmalpres 


jo X 100 = 26% Multiply 224 by 100 to change it to a percentage. 


Percentage profit = 26%. 


14.4 Working out compound interest 


¥ Exercise 14E 


Calculate the percentage increase or decrease to the nearest 1%: 
a £24 to £36 b 12.5kg to 20kg c 45cm to 39.5cm 
d 2minutes to 110 seconds. 


In a sale, the price of a clock is reduced from £32 to £27.20. Work out the percentage reduction. 


Rob bought a crate of 40 melons for £30. He sold all the melons for £1.05 each. FS 
Work out his percentage profit. 


” 4 | David owns three shops selling DVDs. 

: He tells the staff in each of the shops that some of them will receive a bonus. 
He will give the bonus to the staff who work in the shop that has the biggest percentage increase in the 
number of DVDs sold from the first half to the second half of the year. 


ShopA | t2a93 | 3862 
Ee 
Shope | n235 nas 


Which shop should receive the bonus? You must show how you decided on your answer. 


Martin goes to a discount centre. FS) 
He buys 10 trays of drinks. 
Each tray holds 24 cans of cola and costs £9.50. 
Martin sells 150 cans of cola at a fair for 55p each. 
He sells the rest of the cans for 35p each the next day at a car boot sale. 
Work out the profit or loss percentage that Martin makes. 


TA badminton club has 44 members. FS 
Each member pays £85 per year as a membership fee. 
The club has to pay a total of £3700 to the sports centre to hire the badminton courts. 
The sports centre decides to increase the cost of hiring courts by 8.5%. 
The badminton club will have 46 members next year. 
Work out the smallest possible percentage rise in club membership fees so that the club can afford to 
pay the sports centre. Give your answer correct to 1 decimal place. 


SCCM H THREE EEE H ES SESETEEE SEH ESE TEESE ESE EES 


© You can find an amoun 
percentage changes. 


PSPS CSES ESSE EE ESTE ESESSEESESS OSH T ERSTE ESTEE ESOS EEEEE SEED EES 


© Get Ready yy 


1. Write 
a 2X2X2X2xX2asa, 


Chapter 14 Percentages 


© Banks and building societies pay compound interest. 


© Atthe end of the first year, interest is paid on the money in an account. This interest is then added to the 
account. At the end of the second year, interest is paid on the total amount in the account, that is, the original 
amount of money plus the interest earned in the first year. 


© Atthe end of each year, interest is paid on the total amount in the account at the start of that year. 
For example, if £200 is invested in a bank account and interest is paid at a rate of 5% then 


© To calculate compound interest, find the multiplier: 
© Amount after n years = original amount X multiplier” 


& Example 8 £4000 is invested for 2 years at 5% per annum compound interest. 
Work out the total interest earned over the 2 years. Ay 


e Watch Out! 


Method 1 
100% + 5% = 105% Work out the multiplier 
105% = 1.05 for an increase of 5%. 


Multiply the original amount 
by 1.05? to find the amount in 
the account after 2 years. 


Read this type of question 
carefully to determine 

whether you need to work 
out just the interest or the 


4000 X 1.05% = 4410 


final amount in the account. 


Subtract the original 
amount to find the interest. 
Method 2 


200 + 210 =410 


The total interest earned over the 2 years is £410. 


4410 — 4000 = 410 


The total interest earned over the 2 years is £410. 


14.4 Working out compound interest 


 Example9 a Each year the value of a car depreciates by 30%. Find the single number, as a decimal, 
that the value of the car can be multiplied by to find its value at the end of 4 years. 

b The value of a house increases by 16% of its value at the beginning of the year. The 
next year its value decreases by 3% of its value at the start of the second year. Find the 
single number, as a decimal, that the original value of the house can be multiplied by to 
find its value at the end of the 2 years. 


a 100% — 30% = 70% Find the multiplier that represents a decrease of 30%. 
70% = 2 =0.7 
0.7 X 0.7 X 0.7 X 0.7 = 0.7% The depreciation is over 4 years so the single 


0.74 = 0.2401 multiplier is O.7 raised to the power of 4. 
0.24011 is the single number. 


116%=T8= 1.16 


100% — 3% = 97% 
ye o- = 

97% = io" 0.97 

1.16 X 0.97 = 1.1252 The value increases and then decreases 


1.1252 isthe single number. so find the product of the two multipliers. 


Example 10 The value of a machine when new is £8000. 


The value of the machine depreciates by 10% each year. 
Work out its value after 3 years. 


Method 1 


100% — 10% = 90% Work out the multiplier for a decrease of 10%. 
90% = 0.9 
8000 X 0.9° = £5832 Multiply the value when new by 0.9° to find the value after 3 years. 


The value of the machine after 3 years is £5832. 


Method 2 


10 — 
12x 8000 = 800 


8000 — &00 = 7200 


10 = 


7200 — 720 = 6480 
10 = 
72. x 6480 = 648 


6460 — 648 = 5832 


The value of the machine after 3 years is £5832. 


Unapter 14 rercentages 


¥ Exercise 14F 


Work out the multiplier as a single decimal number that represents: 
a anincrease of 20% for 3 years 
b adecrease of 10% for 4 years 
c anincrease of 4% followed by an increase of 2% 
d adecrease of 35% followed by a decrease of 20%. 


2 Cc ©) £1000 is invested for 2 years at 5% per annum compound interest. & 
Ewe Work out the total amount in the account after 2 years. 


3} ao2 Mrs Bell buys a house for £60 000. In the first year, the value of the house increases by 16%. 

In the second year, the value of the house decreases by 4% of its value at the beginning of that year. 

a Write down the single number, as a decimal, that the original value of the house can be multiplied by 
to find its value after 2 years. 

b Work out the value of the house after the 2 years. 


3 Ben says that an increase of 40% followed by an increase of 20% is the same as an increase of 60%. 
Is Ben correct? You must give a reason for your answer. 


Jeremy deposits £3000 in a bank account. Compound interest is paid at a rate of 4% per annum. FS 
Jeremy wants to leave the money in the account until there is at least £4000 in the account. 
Calculate the least number of years Jeremy must leave his money in the bank account. 


Calculating reverse percentages 


© You know how to find the original amount given If you found a book marked 60% off in a sale, you 
the final amount after a percentage increase or can use reverse percentages to work out how 
decrease. much it originally cost. 


<>) Get Ready 


1. Write down the multiplier for: 
a anincrease of 15% b adecrease of 15% 


c© anincrease of 4% d adecrease of 4%. 


© There are two methods that can be used to find the original amount if the final amount after a percentage 
increase or decrease is known using reverse percentages. 


© A flow diagram can be used to represent a percentage change using multipliers. 
X multiplier 


original price ——————> final amount 
© Drawing a second flow diagram reversing the direction and using the inverse operation shows that to find the 


original price from the final amount you divide by the multiplier. 


+ . + multiplier . 
original price <——— final amount 


232 reverse percentages 


14.5 Calculating reverse percentages 


, Example 11 In a sale, all prices are reduced by 20%. 


The sale price of a jacket is £33.60. 
Work out the original price of the jacket. 


Method 1 


100% — — = 80% Find the multiplier for a decrease of 20%. 
Original price = 33.60 + 0.8 
=42 Divide by the multiplier to find the original price. 


The original price of the jacket was £42. 


Method 2 


ee SEs Divide 33.60 by 80 to find the value of 1% 


= 042 


So, original price = 0.42 X 100 
= ae 
The original price of the jacket was £42. 


The original price is 100% so multiply the 
amount that represents 1% by 100. 
(Check: 42 X 0.6 = 33.6) 


MW) Example 12 9 The price of a new washing machine is £376. 


This price includes Value Added Tax (VAT) at 175%. 
Work out the cost of the washing machine before VAT was added. 


Method 1 
100% + 172% = 117.5% The original cost was increased by 17.5% so 
‘a : . find the multiplier for an increase of 17.5%. 
= 320 

The cost of the washing machine before VAT was added was £320. 
Method 2 

£576 = 117.5% 

501% =376+117.5 Divide 376 by 117.5 to find the value of 1%. 

= 3.2 


The original cost is 100% so multiply the 
amount that represents 1% by 100. 
(Check: 320 X 117.5 = 376) 


30 original price = 3.2 X 100 
= 320 
The cost of the washing machine before VAT was added was £320. 
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ay Employees at a firm receive a pay increase of 4%. After the pay increase, Linda earns £24 960. FSi 
How much did Linda earn before the pay increase? 

The price of a new television set is £329. & 
This price includes Value Added Tax (VAT) at 175%. 
Work out the cost of the television set before VAT was added. 


A holiday is advertised at a price of £403. 
This represents a 35% saving on the brochure price. Work out the brochure price of the holiday. 


Kunal pays tax at a rate of 22%. After he has paid tax, Kunal receives £140.40 per week. 
How much does Kunal earn per week before he pays tax? 


5 | In one year, the population of an island increased by 3.2% to 434 472. 
Work out the population of the island before the increase. 


Tasha invests some money in a bank account. Interest is paid at a rate of 8% per annum. FS 3 
After 1 year, there is £291.60 in the account. How much money did Tasha invest? 


© There are a number of different methods that can be used to work out a percentage of an amount. 

© When using a calculator, first change the percentage to a fraction or decimal then multiply the amount by the 
fraction or decimal. 

© When not using a calculator, first work out either 10% or 1% of the amount and build up the percentage. 

© There are two methods that can be used to increase (or decrease) an amount by a percentage. 
© You can find the percentage of that number and then add this to (or subtract this from) the starting number. 
© You can use a multiplier. 

© To write one quantity as a percentage of another quantity, write down the first quantity as a fraction of the 
second quantity, then change the fraction to a percentage. 

© Percentage problems sometimes involve percentage profit or percentage loss, where: 

profit (or loss) 


———_——— X 100% 
original amount 


© percentage profit (or loss) = 


© To calculate compound interest, find the multiplier: 
© Amount after n years = original amount X multiplier” 


© There are two methods that can be used to find the original amount if the final amount after a percentage 
increase or decrease is known using reverse percentages. 


© A flow diagram can be used to represent a percentage change using multipliers. 


as . X multiplier : 
original price ——————> final amount 


© Drawing a second flow diagram reversing the direction and using the inverse operation shows that to find the 
original price from the final amount you divide by the multiplier. 


ams ‘ + multiplier : 
original price <———— final amount 


Chapter review 


# Review exercise 
(EN) Work out: a 30% of £800 b 25% of 20kg © 15% of 70kg d_ 174% of £60. 


es A farmer has a rectangular field. He makes the field 20% longer. 
If he wants to keep the same area, what would he have to reduce the width by? 


ie 


< Aman invests £20000 with a guaranteed compound interest rate of 4%. 
How long will it be before he has doubled his money? 


3 


The same barbeque set is sold in three different shops. 
Here are the price labels shown on each barbeque set. 


| Shoal Shop B | Shop 
£680.00 (inc. VAT) £640.00 (inc. VAT) £450.00 


Gett off when you buy | Now with 20% discount | Plus 15% VAT 
this barbeque set 


Which barbeque is the best buy? 


_&* 
| 
oi 


| S| Barry has ben asked to compare the pay for four similar jobs advertised in a newspaper. FS) 
Able Computer Sales 


Sales Assistant 


Beta IT Support 
Sales Consultant 


You will spend time in the field, working both 
from our Manchester headquarters and from 
home in the North West region. 


Full time: 30 hours per week 
Pay: £15 per hour 


Tele-sales based in our new offices. 
Daily hours variable. 
Digital Hardware | 


Sales Adviser 


Pay: £23 000 per annum 
Compu Systems 


Sales Agent 


As a sales agent your pay will be £1800 per 
month, plus commission of 1% of monthly sales. 
You can expect to make monthly sales to a 
minimum value of £22 000. 


You will be part of a team with a salary of £20000 
per annum + team bonus. 
Team bonus last year was 20% of salary. 


Which job pays the most? 


FA Linda's mark in a Maths test was 36 out of 50. 
Find 36 out of 50 as a percentage. 


Jessica's annual income is £12 000. FS) 
She pays + of the £12 000 in rent. 
She spends 10% of the £12000 on clothes. 
Work out how much of the £12 000 Jessica has left. 


EX A hotel has 56 guests. 
35 of the guests are male. 
a Work out 35 out of 56 as a percentage. 
40% of the 35 male guests wear glasses. 
b Write the number of male guests who wear glasses as a fraction of the 56 guests. 
Give your answer in its simplest form. Nov 2007 


Chapter 14 rercentages 


9 | In April 2004, the population of the European Community was 376 million. 
In April 2005, the population of the European Community was 451 million. 
Work out the percentage increase in population. 
Give your answer correct to 1 decimal place. Nov 2007 


Bill buys a new lawn mower. FS) 
The value of the lawn mower depreciates by 20% each year. 
a Bill says ‘after 5 years the lawn mower will have no value’. 
Bill is wrong. 
Explain why. 
Bill wants to work out the value of the lawn mower after 2 years. 
b By what single decimal number should Bill multiply the value of the 
lawn mower when new? Nov 2005 


a In a sale normal prices are reduced by 20%. Ss 
Andrew bought a saddle for his horse in the sale. 
The sale price of the saddle was £220. 
Calculate the normal price of the saddle. 


12] The value of a car depreciates by 35% each year. F53 
At the end of 2007, the value of the car was £5460. 
Work out the value of the car at the end of 2006. wi Pi 


E="% Exam Question Report 


86% of students answered this question poorly 
because they did not find the value of the 
reduction first. 


Nov 2008 
13] Nimer got a pay rise of 5%. His new pay was £1680 per month. FS 
Work out his pay per month before he got this pay rise. 
Jim is a plumber. He has to work out the VAT on some equipment. VAT is charged at 174%. FS 
The total cost of the equipment including VAT is £4465. Calculate how much the VAT was. 
15 Sophie is offered the following pay deals: FS 


A ‘5% increase this year, followed by a 4% increase next year’ 
B ‘43% increase this year, followed by 45% increase next year’ 
Which offer should Sophie accept? 


236 
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Chapter 15 Graphs 


_ Drawing straight-line graphs by plotting points 


© Why do this? 


© You can use the equation of a straight line Straight lines are often used to show the relationship 
to find the coordinates of points on the line. between quantities, for example, to convert money 
© You can draw graphs of straight lines. between pounds and euros. 


<>) Get Ready 


1. Work out the value of 2x + 3 if 2. Solve the equations 
ax=2 b x=-1 a 2+y=3 b 3+ 2y=6 


© To draw a straight line by plotting points you need to plot at least two points which fit the equation of the line. 
© The equation of a straight line can have several forms: 


© lines in the form x = c or y = c where cis a number (see Example 1 and Exercise 15A) 
© lines in the form y = mx + cwhere m and c are numbers (see Examples 2 and 3 and Exercise 15B) 
© lines in the form ax + by = cwhere a, b and c are numbers (see Example 4 and Exercise 15C). 


“, Examplel 4 Draw the graph of x = 2. 


pes 
=’ Examiner's Tip 


Try to remember that lines 


Z The X-coordinate must be 2. 


The Y-coordinate can be any value. ; 
y y of the form x = c are vertical 


lines that intersect with the 


Try to make sure that the points ; 
x-axis atx = C. 
| are not too close together. 


— 
| Plot at least three points with a cross 
(x) so that one will act as a check. 


Use a sharp pencil. 


SS ee eg 


Three possible points are 
(2,0) (2,5) (2,—1) 


Fi Exercise 15A Questions in this chapter are targeted at the grades indicated. 


Rau Draw, on separate axes, the graphs of: 
ax=-3 b y=2 c x= 
d y=0 e x=15 f y=-5 


238 equation of a straight line 


15.1 Drawing straight-line graphs by plotting points 


Write down the equation of each of these lines. 


Write down the coordinates of the point where the following pairs of lines cross. 
ax=1y=3 bx=-4,y=2 c y=3,4=-4 


Find the perimeter and area of the rectangle formed by the lines x = —3, x = 1,y = —2andy =5. 


“Example 24 Draw the graphs of y = x andy = —x. 


yur 

when x = O, y=O (O, O) Find the coordinates of at least two points for 
whenx = 3 y=3 (3, 3) which the y value is the same as the x value. 
whens =—S, yo=% (—5,—8) 

aia Find the coordinates of at least two points 
when x = O, y=O (O, O) for which the y value is the negative of the x 
when x = 3 y=-3 (3,-3) value - that is, it has the opposite sign. 
whenzx=—-3, y=3 (=%,,3) 


_ 
= Examiner’s Tip 


Plot the three points for each graph and These diagonal lines occur 


join them with a ruler. _ 
frequently so it is useful to 


be able to draw them from 
memory. 


Label each of the lines with their equation. 


Chapter ty Grapns 


Y) Example 3 4 Draw the graph of y = 3 — 2x. 


Use values of x from —2 to +5. 


Whenx =O, y=3-2X0=3 (0, 3) 
Whenx=5, y=3-2X5=-7 (5,-7) 
Whenx =—2, y=3—2X(-2)=7 (-2,7) 


Use x = O to make 
the working out 
easier. 


¥ Exercise 15B 


| a Copy and complete the table of values for y = 4 — 2x. 
, - ERIE 
BREE 
b Draw the graph of y = 4 — 2x. Use values of x from —2 to +4. 


a Draw the graph of y = 4x — 8. Use values of x from —1 to +4. 
b Write down the coordinates of the point where the graph intersects: 


i the x-axis ii the y-axis. 
ec Use your graph to find: 
i the value of y when x = 2.5 ii the value of x when y = 6. 


a Onthe same axes, draw the graphs of y = x,y = —x,y = 2x andy = —3x. 
b What can you say about the graphs of all lines with equations of the form y = mx + cwith c = 0? 


a Onthe same axes, draw the graphs of y = 6% — Sandy = 9 — 6x. 
b Write down the coordinates of the point where the two graphs intersect. 


Work out the area of the triangle formed by the lines y = 0,y =x andy =2x +5. 


15.2 Finding the midpoint of a line segment 


NY Example 4 Draw the graph of 2x + y = 6. 


When =0,2XO+y=6 y=6 (0,6) x. Use % = O to find one point. } 
Wheny = O0,2x +O =6 %=5 (3,0) ¢4 


Use y = Oto find a second point. 
| Solve 2x = 6. 


Whenx=2,2X2+y=6 4+y=6 y=2 (2,2) __ 
m™ 


N Choose a value of X to use asa 
| check point and work out Y. 
Solve4 +y =6. 


_ ae 
= Examiner’s Tip 


When you have equations in the form ax + by = ¢, itis 
easier if you use x = 0 and y = 0 to find two of your points. 


fi) = «(Draw the graph of 3x + 4y = 12. 


ee a Onthe same axes, draw the graphs of: 
ix+y=2 iix+y=7 iixt+y=—4, 
b What do you notice about the graphs you have drawn? 


IE} Find the coordinates of the point where the lines 2x + 3y = 12 and x — y = 1 intersect. 


4 | a Onthe same axes, draw the graphs of 5x + 2y = 20 and 5y — 2x = 8. aca) : : 4 
b What do you notice about the way in which these two graphs intersect? an 
c Write down the equations of two other lines that intersect in this way. ae: 


Finding the midpoint of a line segment 


© You can find the coordinates of the midpoint of You might do this if you and a friend agree to meet 
a line segment. halfway between your house and theirs. 


<) Get Ready 


1. Find the number halfway between: 
a 4and6 b 5and6 ce 17 and 17.5 d 0.20 and 0.25 
e —2and4 f -—6and—11 


Chapter 15 Grapns 


© A line joining two points is called a line segment. 
AB is the line segment joining points A and B. 


© The midpoint of a line is halfway along the line. 


© To find the midpoint you should add the x-coordinates and 
divide by 2, and add the y-coordinates and divide by 2. 


- Ne WwW FP oO De 


© The midpoint of the line segment AB between 


A 
. (X%, + % 
A (xy, yp) and B (xp,yp)is (F ¥2 He) @ vaeaaeedve ss 


VY Example 5 4 Work out the coordinates of the midpoint of the line segment PO where P is 
(2, 3) and Qis (7, 11). 


x-coordinate 2+7=9 Add the x-coordinates and divide by 2. 
= Ai 
2+ 2 S45 
y-coordinate OF 11=14 Add the y-coordinates and divide by 2. 
14+2=7 


The midpoint is (44, 7). 
Vy Example 6 4 Find the midpoint of RS. | 


R has coordinates (—3, 1) 
S has coordinates (3, 4) 


Add the x-coordinates and divide by 2. 
—-3+3=0 0+2=0 

Add the y-coordinates and divide by 2. 
1+4=5 5+2=25 

M has coordinates (0, 2.5) or (0, 24). 


¥ Exercise 15D 


Work out the coordinates of the midpoint of each 
of the line segments shown on the grid. 


a OA b BC ce DE 
d FG e HJ f KL 
g MN h PQ i ST 
j UV 


15.3 The gradient and y-intercept of a straight line 


Work out the coordinates of the midpoint of each of these line segments. 


Cc y 
(—2,5) | 
R 
6) x 
S 
(5, —3) 


a | 


EX Work out the coordinates of the midpoint of each of these line segments. 


a AB when A is (—1, —1) and B is (9, 9) b PQ when P is (2, —4) and Q is (—6, 9) 
c ST when Sis (5, —8) and T is (—2, 1) d CD when Cis (1, 7) and D is (—7, 2) 


e UVwhen U is (—2, 3) and Vis (6, —8) f GH when Gis (—2, —6) and H is (7, 3) 


The gradient and y-intercept of a straight line 


© Why do this? 


© You can find the gradient of a straight line from its graph. Gradients on graphs often represent 

© You can find the y-intercept of a straight line from its graph. important measures in real-life such as 

© You can interpret the gradient of a straight line. speed, acceleration or cost of petrol per 
litre. 


(<>) Get Ready 


1. Draw, on the same pair of axes, the graphs of y = x, y = 2x, y = 3x 
2. Draw, on the same pair of axes, the graphs of y = —x, y = — it, y = —2% 
3. Draw, on the same pair of axes, the graphs of y = 3x — 2, y = 3x, y = 3x —3 


C YK : . —_ 


© The gradient of a straight line is a measure of its slope. 

© Steeper lines have larger gradients. 

© Gently sloping lines have smaller gradients. 

change in y-direction 

change in x-direction 

© Lines which slope upwards from left to right have positive gradients. 

© Lines which slope downwards from left to right have negative gradients. 


© Gradient of a line = 


© The gradient of the line through the points (x, y,) and (x», y,) is given by m = aaa 
2 1 


© The y-intercept of a line is the value of y when x = 0. y 
It is shown by the point where the graph crosses the y-axis. 


h~ y-intercept 


Chapter to Grapns 


, Example 7 Find the gradient and y-intercept 


of this straight-line graph. 


Gradient = 


Gradient = 


‘Plus 
Examiner’s Tip 
Make sure you take into account the scales 


on the axes when finding the lengths of the 
sides of the triangle. 


Intercept = —2 


Plus 


Examiner’s Tip 


Working out the gradient is easier if you 
choose a large triangle with a base which is 
a whole number of units. 


change in y-direction 
change in x-direction 


Draw a right-angled 
triangle on the line. 


Find the difference in the y values 
and the difference in the X values. 


2 


Read off the value where the 
graph crosses the y-axis. 


change in y-direction 
change in x-direction 


Gradient = 


6 
18 Put a negative sign in as the gradient 
slopes down from left to right. 


i -4 Simplify the fraction if possible. 


y-intercept = 2 
y-intercept has coordinates (O, 2). 


15.3 The gradient and y-intercept of a straight line 


“2 Example 9 4 Find the gradient of the line joining the points A (—5, —1) and B (4, 5). 
LT Ce Ps im seeescussescssy stenoses sssstterac aesasseed ecuatasat fege nant aa 


vertical distance __ difference in y-coordinates 
horizontal distance _ difference in x-coordinates 


ot 
4+5 
a2 
9 
opie = 
Gradient B 
Method 2 
pee ame 
X2 ~ %4 Use (4, Y4) = (—5, —1) 
and (Xz, Y2) = (4, 5). 
23) Putx, =—-5,y,=-1 
4.—(=—6) and X%,=4,Y = 5 into 
= 6 the formula for m. 
2g 
ee 
Gradient B 


¥ Exercise 15E 


Work out the gradient of each line. 
a 


y TTT 1 y 
4047 +—4—+—+ 8 
30 6 
20 4 
10 2 
0 O 10 20 30 40 50 60 * 


Cnapter to Grapns 


Work out the gradient and y-intercept of each straight line. 


Using separate axes, using 1 cm to represent 1 unit, draw straight lines with: 

a gradient 1, y-intercept 2 b gradient 2, y-intercept —3 
c gradient i, y-intercept 4 d gradient —3, y-intercept 3 
e gradient th passing through the point (0, 2). 


A straight line has gradient 3. The point (2, —1) lies on the line. Find the coordinates of one other point 
on the line. 


Ais the point (—4, 6). B is the point (8, 0). 
a Find the gradient of the line AB. b Find the coordinates of the y-intercept of the line AB. 


The graph shows the charge for gas, in £s, supplied to a customer by a gas company. 
The cost consists of a standing charge plus a charge for each unit of gas used. 
a Write down the standing charge made by the gas company. 
b Work out the gradient of the graph and explain what it represents. 


Cost of gas (£s) 


0 
0 20 40 60 80 100 120 140 160 180 200 
Number of units used 


15.3 The gradient and y-intercept of a straight line 


Cost of gas (£s) 


Draw a triangle on the line 
SAESE and work out the gradient. 
10 
vA, Read off the cost of O units on the graph. 
0 20 40 60 80 100 120 140 160 180 200 


standing charge Number of units used 


Standing charge = £10 


b Cradiens = <2 The gradient is found by dividing the cost (in £s) by 
100 the number of units used. It represents the cost of 
=0.25 each unit of gas used. 


The cost of gas is 25p per unit used. 


The graph shows the cooking time, ¢ minutes, needed for a chicken of weight w kilograms. 


a Work out the gradient of the graph and explain what it 
represents. 

b Describe a rule to give the time needed to cook a 
chicken of any weight. 


c Why do you think the line doesn’t extend down to 
the x-axis? 


Time (t) 


a 
005 1 15 2 25 3 35 
Weight (w kg) 
This graph can be used to change between 
temperatures measured in °C and temperatures 
measured in °F. 


a What temperature in °F is equivalent to 10°C? 


b Find the gradient of this graph and explain what 
it represents. 


°F 


Chapter 15 Graphs 


The diagram shows the distance—time graphs of a car, a cycle and a lorry. 


100 


Distance (metres) 


a Work out the gradient of each graph. 

b Use your answer to part a to match each vehicle 
to one of the graphs A, B or C. 
Give reasons for your answers. 


012 3 4 5 6 7 8 9 10 
Time (seconds) 


Sheila records the depth of water, in cm, in a swimming pool every 30 seconds. 
Her results are shown in the table below. 


ime seconds) | 0 | 90 | oo | 90 | va] iat | 100] m0] a0 
Depth dem) | 00 | 175] 10 | v5 | 100] 75 | wo | | O | 


a Draw a straight line graph to show the depth of water for ¢ = 0 to ¢ = 240. 
b Work out the gradient of the straight line. 
c Describe what the gradient represents. What do you think is happening? 


rin real life 
between two 


vee. 


Equation of line | Gradient of line 


x 


15.4 The equation y = mx +c 


@ Key Points 


© The straight line with equation y = mx + chas gradient m. 
© The straight line with equation y = mx + c crosses the y-axis at the point (0, c). 
© The point (0, c) is known as the y-intercept. 


M2 Example 11 9 For the lines with equations 


ay=or+4 
b 3x+2y=6 
find: 


i the gradient of the line 
ii the y-intercept of the line. 


a y=5x+4 Compare y = 5x + 4withy=mx+tc. 
i gradient = 5 Write down the value of the gradient m from the term in x. 
ii_y-intercept = 4 Write down the value of the y-intercept c from the constant term. 
bi 3r+2y=6 Rearrange the equation 3x + 2y = G into the formy = mx +c. 
2y=6-— 3x 
y=3-1.5% Subtract 3x from both sides. 


YS S11 2Le 


Divide both sides by 2. 


gradient = —1.5 
ii y-intercept = 3 


"Example 12 9 a Draw the straight line which has a gradient of} and which crosses 


the y-axis at the point (0, 1). 
b Write down the equation of this line. 


b gradient of line = 


y-intercept = 1 


’ es os 
Equation of the line is y = 4x + 1 SavetnRe Mio 2 Cm aio yg =iiee te 


Unapter to Glapns 


¥ Exercise 15G 


A line which passes through the point (0, 5) has gradient 2. 
Write down the equation of the line. 


Find i the gradient and ii the y-intercept of the lines with the equations 
a y=4x+1 b y=3x-4 c y=in+4 
d 2x + 5y = 20 e 4x —3y=12 f x—2y=0 


PES 
te 
& 


~ Find the equations of the lines shown in the diagram. 


A line passes through the points with coordinates (1, 3) and (2, 8). Find the equation of the line. 


The gradient of a line is 3. The point with coordinates (4, 2) lies on the line. 
Find the equation of the line. 


= 


eee anew 
15.5 nd j 


weresecscnssesseesreses 


©) 
) 


) 


EE < cot Ready met : 


15.5 Parallel and perpendicular lines 


© Ifa line has gradient m then any line drawn parallel to it also has gradient m and any line drawn perpendicular 
to it has gradient a (the negative reciprocal of m). 


“? Example 13 4 Find the equation of the line parallel to y = 3x + 7 and passing through (0, —2). 


= 3x + 7withy = 
y= Be + 7, gradient m = 3,y-interceptis (0.7) 
The gradient of any line parallel toy = 3x + 7is3 


so the equation of any line parallelto y = 3x + Visy = 3x +c. 


Write down the value of ¢ from the 
coordinates of the y-intercept given. 
& Example 14 Find the equation of any line which is perpendicular to y = 2x — 9. 


y = 2x — 9, gradient m = 2 


The gradient of any line perpendicular to this has gradient —3. Find the negative reciprocal of 2. 
The equation of any line with gradient —> is of the form y = —4x + ¢. 
Soy= —ix + 1 is one example of a line 

perpendicular to the line y = 2x — 9. 


Example 15 4 Find the equation of the line which is perpendicular to the line joining the points 
(—2, 4) and (4, 1) and which passes through the point (1, 5). 


The required line has y-intercept (0,—2). 
The equation is y = 3x — 2. 


Method 1 


Draw a diagram and find the gradient of the 
line joining the points (— 2, 4) and (4, 1). 


Gradient m = — A =— 


The gradient of a perpendicular line is — + = 2 Find the negative reciprocal of — 3. 
The equation of any line with gradient 2 is y = 2x + c. 


Chapter Io Grapns 


, a a line so Substitute x = 1 andy = 5. 
= C 


5=2+¢ 
¢=5 Find the value of C. 


The equation of the line required is y = 2x + 3. 


Method 2 
“— YoY 
Xo —X4 
wae Use (—2, 4) as (1, Y4) 
4 —(—2) and (4, 1) as (%2, Ya). 
= 
6 
Gradient = — 4 


Once the gradient is found, the solution follows Method 1 above. 


¥ Exercise 15H 


i 


Copy and complete the following table to show the gradients of pairs of lines J, and /, which are 
perpendicular to each other. 


Write down the equation of a line parallel to the line with the equation 
a y=2xt+5 by=-1 c y=4-x 


Write down the equation of a line perpendicular to the line with the equation 
a y=x-6 b y=3x+2 c y=1-} 


Find the equation of a line which is parallel to the line with the equation y = 4x — 1 and 
which passes through the point (0, 3). 


Find the equation of a line which is parallel to the line with the equation 2x + y = 4 and 
which passes through the origin. 


Find the equation of a line which is perpendicular to the line with the equation y = ix and 
which passes through the point (2, —8). 


Find the equation of a line which is perpendicular to the line with the equation x + y = 10 and 
which passes through the point (—2, —5). 


Real-life graphs 


© You can draw and interpret distance—time graphs. 


© You can draw and interpret other graphs 
describing real-life situations. 


15.6 Real-life graphs 


©» Why do this? 


Graphs are used to describe a wide range of real- 
life situations. You may have to plot and interpret 
the results of your science class experiment. 


<>) Get Ready 


1. Read off the values shown on the scale. 


D E 
14:00 15:00 16:00 
Time of day 


© Graphs can be used to describe a variety of real-life situations, and show how one variable changes in relation 
to another — for example, distance against time, the cost of posting a parcel against its weight, or how a liquid 
fills a container over time. 

© Ona distance-time graph (or travel graph): 
© straight lines represent constant speed 
© horizontal lines represent no movement 


© the gradient gives the speed: average speed = distance travelled 


time taken 


ple 16 


& Exam: 


Steve went for a ride on his bike. He rode from his home to a friend’s house and back. 
The travel graph shows his trip. 


25 


20 


Distance from home (km) 


0 
14:00 15:00 16:00 17:00 18:00 


Time of day 


19:00 20:00 21:00 
a At what time did Steve reach his friend's house? 

b Find Steve's speed on the journey to his friend's house. 
c What was Steve doing between 16:00 and 17:30? 


d_ Find Steve's average speed on his journey home. 


VNapter ty Uldpils 


a Steve reached his friend’s house at 16:00 (or 4 pm). ‘Plus 


Examiner’s Tip 
— 20km Work out the gradient of the line 
Sone —F i representing the first part of his journe 
ss P : P ; di This may help you to remember 


distance 


This represents —— 
time 


= speed 


the rule to find speed. i 


Steve travels 10 kilometres each hour on the journey to his friend's house. 
Steve's speed is 10 km/h. 


ce The gradient of the line representing Steve's journey between 16:00 and 17:30 is O and so his 
speed is O km/h. He is not moving. 
Steve stays at his friend's house between 16:00 and 17:30. 


d The gradient of the line representing Steve's journey home is | 
20km 


2.5 hours The distance home is 20 km. Steve arrives home 25 hours after he leaves. 


= km/h 


Steve's speed is & km/h. | 


| 

| 

| 

Vy Example 17 4 Water is poured into a cylindrical container at a constant rate. | 
| 


a Sketch a graph to describe the relationship between the height (/) 
of the water and the time taken (t). | 


b Here is a different-shaped container. 
Sketch a graph showing the relationship between h and f in this case. 


The container is filled at a constant rate, so the 

height increases by the same amount for each second. 

Draw a straight line through (0, O). 
| 


Since the container gets narrower the height of 
the water increases more rapidly for each second 
at first. The gradient of the graph increases. 
The top part of the container is cylindrical so 
this is represented by a straight line. 


254 


15.6 Real-life graphs 


Exercise 151 


Janine sets off from home to walk to the shopping 
: centre. She does some shopping then gets the 
bus home. The travel graph shows information 
about her journey. 
a What distance from Janine’s home is the 
shopping centre? 
b For how many minutes is Janine at the 
shopping centre? 
c Work out Janine’s walking speed. 
Give your answer in km/h. 
d The bus stops twice on Janine’s journey 
home. For how long does the bus stop 28 10:00 11:00 12:00 
each time? Time of day 
e Atwhat average speed, in km/h, does the bus travel? 


-A03 


Distance from home (km) 


The graph shows the cost of posting a parcel. Ag 

34. 
74. 
6+. 

S 5 

24 
3 
a4. 
1 
0 


0 400 800 1200 1600 2000 2400 2800 3200 
Weight (g) 


a Find the cost of posting a parcel of weight 1 kg. 
b Find the maximum weight of a parcel that can be posted for less than £5. 
c Work out the total cost of posting three parcels which have weights 520 g, 1.5 kg and 2.5kg. 


Liquid is poured into each of these containers. 
Sketch a graph to show the relationship between the depth of water and the volume of water in each 
container. 


oV\/OX 


- A03 


Chapter 19 Grapns 


o Here are the cross-sections of three different swimming pools. 
Each pool is to be emptied by pumping out the water. Water is pumped out at a steady rate. 


Here are three sketch graphs showing the relationship between the depth of the water left in the pool 
and the number of minutes since the pump was switched on. 


d da d 
(6) t 0 t 0 t 
b c 


a 


Match each swimming pool with one of the graphs. 


The petrol consumption of a car, in kilometres per litre (km/l), depends on the speed of the car. 
The table gives some information about the petrol consumption of the car at different speeds. 


Seti [fe [oo [os | [8 
Petrol consumption en) | 123 | 738] 144] 145 141 23] 


Draw axes on graph paper, taking 2 cm to represent 10 km/h on the horizontal axis and 4 cm to represent 
1km/I on the vertical axis. 

Start the horizontal axis at 60 and the vertical axis at 12. 

Plot the values from the table and join them with a smooth curve. 

From your graph estimate: 

a_ the petrol consumption at 70 km/h 

b the speeds which give a petrol consumption of 14 km/l. 


© To draw a straight line by plotting points you need to plot at least two points which fit the equation of the line. 
© The equation of a straight line can have several forms: 
© lines in the form of x = c or y = c where cis a number 
© lines in the form of y = mx + c where m and c are numbers 
© lines in the form of ax + by = c where a, b and c are numbers. 
© Aline joining two points is called a line segment. 
AB is the line segment joining points A and B. 
© The midpoint of a line is halfway along the line. 
© To find the midpoint you should add the x-coordinates and divide by 2, 
and add the y-coordinates and divide by 2. 


© The midpoint of the line segment AB between A (x,, y;) and B (x, y2) 
XX. Wit Yr 
2 ' 2 


= Ny wR OT De 


is 


Chapter review 


© The gradient of a straight line is a measure of its slope. 

© Steeper lines have larger gradients. 

© Gently sloping lines have smaller gradients. 

change in y-direction 

change in x-direction 

© Lines which slope upwards from left to right have positive gradients. 


© Gradient of a line = 


© Lines which slope downwards from left to right have negative gradients. 


© The gradient of the line through the points (x,, y;) and (x», y2) is given by 


m= ee 
Xq ~ Hy 
© The y-intercept of a line is the value of y when x = 0. y 


It is shown by the point where the graph crosses the y-axis. 


y-intercept 


© The straight line with equation y = mx + chas gradient m. 
© The straight line with equation y = mx + c crosses the y-axis at the point (0, c). 
© The point (0, c) is known as the y-intercept. 
© Ifa line has gradient m then any line drawn parallel to it also has gradient m and any line drawn 
perpendicular to it has gradient —1 (the negative reciprocal of m). 
© Ona distance-time graph (or travel graph): 
© Straight lines represent constant speed 
© horizontal lines represent no movement 


; ; : _ distance travelled 
© the gradient gives the speed: average speed fine taker 


a Onthe same axes, draw and label the lines x = 4, y = —2 andy = —x. 
b Work out the area of the triangle formed by the lines x = 4,y = —2andy = —x. 


Ree Nicki is going on holiday to the USA. 
She wants to change some pounds (£) to dollars ($). The exchange rate is £1 = $1.65. 
Draw a conversion graph that Nicki could use to change between f and $. 


ABCDE is a pentagon. 
a Find the gradient of: 
i CD 
ii BC 
iti ED. 
b Use your answers to part a to 
write down the gradients of: 
i AB 
ii AE. 


Unapter to Ulapns 


o The formula F = 2C + 30 can be used to estimate F given the value of C, where Fis the FF 
temperature in Fahrenheit and C is the temperature in Celsius. Pas EEs| 
Copy and complete the table and use it to draw the graph of F against C for values 
of C from 0 to 100. 


A straight line has equation 2x + y = 6. 
a Draw the graph of 2x + y = 6. 
b Find: 
i the gradient 
ii the y-intercept of the straight line. 


6 | The distance—time graphs represent the journey made by a bus and a car starting in Swindon, FF 
travelling to London and returning to Swindon. 
a How far is it from Swindon to London? 

b How much longer, including stops, did it 
take the bus to complete the journey 
from Swindon to London than it did the 
car? 

c Work outthe greatest speed of the car 
during the journey. 

d The bus stopped at Reading on its journey 
to London. At what time did the car reach Reading? 

e Work out the average speed of the bus, including stops, on its return journey. 


Distance (km) 


; | 
17:00 18:00 19:00 20:00 21:00 22:00 23:00 00:00 
Time of day 


Line A has equation y = 2x + 1. 
Line B passes through the points 
(2, —5) and (3, —1). 
Line C is shown on the diagram. 
Which line has the steepest gradient? 
Show your working clearly. 
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Here are four containers. 


AAO Y 


D 


Water is poured into each container at a constant rate. 
Sketch a graph for each container showing how the depth of water 


increases with the volume. 
depth 


The equation of a straight line, J, is y = dx + 3. volume 
a Does the point (2, —1) lie on this line? 

b Write down the equation of the line parallel to / which passes through the point (0, 5). 
c Find the equation of the line perpendicular to / which passes through the point (4, 1). 


Use a suitable grid to draw the graph of y = 7 — 2x for values of x from —1 to 4. 


The straight line Z has the equation y = 4x + 3. 
a State the gradient of this line. 

b Find the coordinates of the point where L cuts the x-axis. 

The point (k, 21) lies on L. 

c Find the value of k. 

The graph shows the cost of using a mobile FS 
phone for one month for three different 

tariffs. 50 


40} 


Cost (£) 
30 


Time used in minutes 


Tariff A Rental £20 Every minute costs 20p. 
TariffB Pay as you go Every minute costs 50p. 
TariffC Rental £25 First 60 minutes free, then each minute costs 10p. 
a Label each line on the graph with the letter of the tariff it represents. 
Jim uses tariff A for 100 minutes in one month. 

b Find the total cost. 

Fiona uses her mobile phone for about 60 minutes each month. 

c Explain which tariff would be the cheapest for her to use. 

You must give the reasons for your answer. 


: A03 
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Abbie has the option of joining two health clubs. & 
Hermes has a joining fee of £100 plus a fee of £5 per session. 

Atlantis has a joining fee of £200 with a fee of £3 per session. 

Which health club should she choose? 

You must show all calculations and fully explain your solution. 


0 } cen |. ee 
0 10 20 30 40 50 60 70 80 
Number of sessions 


P has coordinates (1, 4). 
R has coordinates (5, 0). 


. : : ‘ 5 Diagram NOT 
Find the coordinates of the midpoint of the line PR. 


accurately drawn 


June 2008 

Copy and complete the following table. 
Here are six temperature/time graphs. 

A B Cc 
temperature temperature temperature 

°c °C *C 
0 : 0 : 0 ; 
time time time 


well. 
Nov 2008, adapted 

7 The diagram shows a rectangle. Saas 

All the measurements are in centimetres. : 

The perimeter of the rectangle is 24 cm. 

2x 
y Diagram NOT 
accurately drawn 

a Explain why 2x + y = 

b Draw the graph of 2x + y = 12 for values of x from 0 to 6. 

c Use your graph to find the value of x which makes the rectangle a square. 

The point P (3, k) lies on the line with equation y = 2x + 1. jad 

Show that P also lies on the line with equation y =3x-2. 

The diagram shows three points A (—1, 5), B (2, —1) and C (0, 5). nog 

The line Lis parallel to AB and passes through C. : 

Find the equation of the line L. 

L Diagram NOT 
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F 
— eo temperature 
a i °c 


0 : 
time time time 


Describe the events shown by the graph in each case. 


wi Plus 


E=& Exam Question Report 


; 


98% of students answered this sort of question 


accurately drawn 
C (0,5 
A (—1,5) (0,5) 
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, a A straight line has equation y = 2x —3. 
The point P lies on the straight line. 
The y coordinate of Pis —4. 
a Find the x coordinate of P. 
A straight line L is parallel to y = 2x —3 and passes through the point (3, 4). 
b Find the equation of the line L. Nov 2005 


Before you start 
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Introducing ratio 


© Why do this? 


© You can simplify ratios. Maps use ratio so that the actual distance between 
©) You can write down a fraction from a ratio. two places can be worked out by measuring the 


© You can write ratios in the unitary form. distance on the map and then using the ratio. 
<>) Get Ready 


1. The scale on a road map is 1: 200 000. 
Sunderland and Newcastle are 9 cm apart on the map. 
Work out the real distance, in km, between Sunderland and Newcastle. 


© Ratios are used to compare quantities. 

© The simplest form of a ratio has whole numbers with no common factor. 

© Ratios are sometimes given in the form 1: 2 where n is a number. 
This is called the unitary form of a ratio. 
Itis most often used for scales in maps and scale drawings (see Section 12.6). 

© To write a ratio in the form 1: n, divide each number in the ratio by the first number in the ratio. 
For example, 5:8 = 2:8 


—= ol 


= 
=1: 
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“{ Examplel 4 In a library, there are 560 fiction books and 420 non-fiction books. 


a Write down the ratio of the number of fiction books to the number of non-fiction books. 
Give your ratio in its simplest form. 
b Give your ratio in the form 1: n. 


- 
a 560:420 Write down the ratio. The number of fiction books goes first. 
= 56:42 Divide both numbers by 10. 
= 4. Divide both numbers by 14. 
4 : 3 is the simplest form. 
b4:3=1: = <—_f Divide both numbers by 4 to give the ratio in the form 1: n. 
(or 1 :0.75) 
¥ Exercise 16A | Questions in this chapter are targeted at the grades indicated. | 


Write each ratio in the form 1: n. 


a 5:15 b 8:32 c 4:14 d 6:3 
e 30:9 f 15:9 g 5:4 h 3:2 


In a school, there are 120 computers. There are 600 students in the school. 


Advise the Headteacher of the ratio of the number of computers to the number of students. 
Give your ratio in the form 1:7. 


264 ratios _—_ unitary 


16.2 Solving ratio problems 


In a cinema, there are 160 children and 200 adults. FS 3 
a What fraction of the audience are children? 
b Write down the ratio of the number of children to the number of adults. 
Give your ratio in its simplest form. 
c Write your answer to part b in the form 1: n. 


4 | The length of a model aeroplane is 16 cm. The length of the real aeroplane is 60 m. 
Work out the ratio of the length of the model aeroplane to the length of the real aeroplane. 
Write your answer in the form 1: n. 


Write these ratios in the form 1: n. 
a 3 hours : + hour b £2:40p ec 2m:4cm d 25g:1kg 


Solving ratio problems 


© Why do this? 


© You can solve problems using A teacher taking some pupils on a school trip knows that the ratio of 
ratio. staff to students must be 1: 15. Once the number of pupils on the trip 
is known, the number of staff needed can be calculated. 


(>) Get Ready 


1. Write the ratio in its simplest form. 
a 10:15 b 130: 650 ce 4cm:35mm d 45g:1kg 


© Ifthe ratio of two quantities is given and one of the quantities is known, then the other quantity can be found. 
This can be done using equivalent ratios. 


“? Example 2 4 To make concrete, 2 parts of cement is used to every 5 parts of sand. 


a Write down the ratio of cement to sand. 
b 4buckets of cement are used. How many buckets of sand will be needed? 
c 20 buckets of sand are used. How many buckets of cement will be needed? 


a 2:5 
bh 4+2=2 a The amount of cement has been multiplied by 2. 


cement : sand 


2. « © 
4 : 10 


10 buckets of sand will be needed. 


aninvalant ratine 5765 
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ec 20+5=4 The amount of sand has been multiplied by 4. 
cement : sand 
i 
| 
| 


2. ¢ 5 
( ) x4 Multiply 2 by 4. 
Oo = 20 


& buckets of cement will be needed. 


# Exercise 16B 


In a recipe for pancakes, the ratio of the weight of flour to the weight of sugar is 4: 1. 5 FSi 
Work out the weight of sugar needed for: 
a 40g of flour b 120g of flour c 1kg of flour. 


Brass is made from copper and zinc in the ratio 5 : 3 by weight. 
a If there are 6 kg of zinc, work out the weight of copper. 
b If there are 25 kg of copper, work out the weight of zinc. 


A map is drawn using a scale of 1 : 500000. On the map, the distance between two towns is 21.7 cm. 
Work out the real distance between the towns. Give your answer in kilometres. 


George and Henry share some money in the ratio 7: 9. 
If George receives £840, work out how much money Henry gets. 


The ratio of the widths of two pictures is 6: 9. 
If the width of the first picture is 1.02 m, calculate the width of the second picture. 


Ena school, the ratio of the number of students to the number of computers is 1 : 
If there are 100 computers in the school, work out the number of students in the stint 


©) 
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16.3 Sharing a quantity in a given ratio 


© There are two methods for sharing a quantity in a given ratio. In one method, you work out how much each share 
is worth, then multiply by the number of shares each person receives. In the second method, you work out what 
fraction of the total amount each person receives and multiply the total by these fractions. 


“2 Example 3 4 Anna, Faye and Harriet share £42 in the ratio 1: 2: 3. 


How much money does each girl get? 


1+2+3=6 Add the numbers in the ratio to get the total number of shares. 
42 -+6G=7 Work out what each share is worth. Plus 


“= Examiner’s Tip 
Anna gets £7. Anna gets 1 share. 
Check your answer is correct 


share and check this equals 


Harriet gets 7 X 3=£21. Harriet gets 3 shares so multiply 7 by 3. the total number of shares. 


# Exercise 16C 


Divide the quantities in the ratios given. 
a £14.91 inthe ratio 2:5 b 600g inthe ratio 3:2 
ce £170.52 inthe ratio1:4:7 d 34.65 m inthe ratio2:4:5 


The angles in a triangle are in the ratio 6:5: 7. 
Find the sizes of the three angles. 


Three boys washed some cars. They earned a total of £87.60. FS 
They shared the money in the ratio of the amount of time that each of them worked. 
James worked for 5 hours. Sam worked for 34 hours and Will also worked for 33 hours. 
Calculate the amount of money James received. 


4 | Jean and Kevin shared £320 in the ratio 3: 5. 
Jean gave one third of her share to Michael. 
Kevin gave half of his share to Michael. 
What fraction of the original amount of money did Michael receive? 
Give your fraction in its simplest form. 


Barry bought a box full of fruit. The box contained some apples, oranges and lemons in the ratio 5:3: 1. 
Given that there were more than 50 pieces of fruit in the box, work out the minimum number of oranges 
in the box. 


6 | Angela and Michelle shared some money in the ratio 4: 9. 
Then Angela gave Daniel half of her share. 
Michelle gave Daniel a third of her share. 
Daniel was given a total of £20. 
Work out how much money was shared originally by Angela and Michelle. 
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©» Why do this? 


© Why do this? 
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© Two quantities are in direct proportion if their ratio stays the same as the quantities increase or decrease. 
© There are two methods that can be used to solve problems that involve direct proportion. 

© The first method is called the unitary method because it finds the cost of one item first. 

© The second method (the ratio method) is particularly useful for recipe questions. 


Example 4 5 buns cost £2.50. 


Work out the cost of 9 of these buns. 


eo ; Work out the cost of 1 bun. 
et a S Divide the cost of five buns by 5. * Plus 
| It is easier to work in pence. Examiner’s Tip 


50 X 9 = 450 ———__—| Work out the cost of 9 buns. | When your answer is more I 
| Multiply the cost of one bunbyQ. | than £1, give your answer in 

\ } , 

Va , pounds. 
Obuns cost £4.50. < As the answer is more than | 
£1, give the answer in pounds. J 


“2 Example5 9 The weight of card is directly proportional to its area. 


A piece of card has an area of 36 cm? and a weight of 15 grams. 
A larger piece of the same card has an area of 48 cm?. 
Calculate the weight of the larger piece of card. 


5_ 5 L | Work out the weight of 1 cm? of the card. 
The answer is less than 1, so write this as a fraction in its simplest form. 


5x AB'=20 "Work out the weight of 48 cm? piece of card. 
| Multiply the weight of 1 cm? by 48. J 


The weight of the larger piece of card is 20 grams. 


268 direct proportion 


16.4 Using direct proportion 


# Exercise 16D 


es A car travels at a steady speed of 50 miles each hour. 
Work out the number of hours it takes to travel: 
a 150 miles b 350 miles. 
© Four 1-litre tins of paint cost a total of £36.60. 
Work out the cost of seven of the 1-litre tins of paint. 
Joe is paid £54 for 8 hours’ work in a supermarket. FS - 
How much is he paid for 5 hours’ work? 


Prateek buys 17 cakes for £12.75. 
Work out the cost of 6 of these cakes. 


A03—~ 


5 | The cost of ribbon is directly proportional to its length. A 2.5 m piece of ribbon costs £1.35. 
Work out the cost of 6 m of this ribbon. 


The length of the shadow of an object, at noon, is directly proportional to the height of the object. 
A lamp-post of height 5.4m has a shadow of length 2.1 m at noon. 
Work out the length of the shadow, at noon, of a man of height 1.8 m. 


"Example 6 9 Here is a list of the ingredients needed to make carrot soup for 4 people. 


200 g carrots 
2 onions 
40 g butter 
300 ml stock 
Work out the amount of each ingredient needed to make carrot soup for 16 people. 


16+4=4 Carrot soup for 16 people needs 4 times as much 
of each ingredient as carrot soup for 4 people. 
200 x 4 = 800 So multiply each amount by 4. 


2xX4=8 
40 X 4= 160 The amount of each ingredient is 200 g carrots, 
300 X 4 = 1200 & onions, 160 g butter and 1200 ml stock 


"Example 7 4 a Janet went on holiday to France. She changed £200 into euros. 


The exchange rate was £1 = €1.18 euros. 
Work out the number of euros Janet received. 
b Janet came home. She had 46 euros left. She changed her 46 euros to pounds. 
The new exchange rate was £1 = €1.15 euros. 
Work out how much Janet received, in pounds, for 46 euros. 


i ‘ f ; 
a 200X 1.18 = 236 Janet received 1 18 euros for every £1 
so multiply the number of pounds by 1.18. 
Janet received €236. 
Janet received £11 for every 1.15 euros, 


b 46+1.15=40 so divide the number of euros by 1.15. 
Janet received £40. 
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¥ Exercise 16E 


os i These are the ingredients for 12 cookies. FS 
A03 80 g butter 2 eggs 
80 g sugar 100 g flour 


a Work out the amount of butter needed to make 24 cookies. 
b Work out the amount of flour needed to make 18 cookies. 


2 Amachine fills 720 packets of crisps in 1 hour. 
How long will the machine take to fill 1680 packets of crisps? Give your answer in hours and minutes. 


The exchange rate is £1 = $1.60. 5 FS 
a Convert £200 to dollars. b Convert $544 to pounds. 
Susan bought a coat for €132 in France. The exchange rate was £1 = €1.10. EFS 


Work out the cost of the coat in pounds. 


Angela buys a pair of jeans in England for £45. FS 
She then goes on holiday to America and sees an identical pair of jeans for $55. 

The exchange rate is £1 = $1.45. 

In which country are the jeans cheaper and by how much? 


Sian is going on holiday to America. In January she notices that the exchange rate is £1 = $1.74. EFS 
When she exchanges £450 for dollars in July the exchange rate has dropped to £1 = $1.61. 
How many more dollars would Sian have received if she had exchanged her money in January? 


Using inverse proportion 


OQbiective © Why do this? 


© You can use inverse proportion. A construction company knows that it will take 
6 men 10 days to fit the seats in a new athletics 
stadium. The company can use inverse proportion 
to work out how many men would be needed to fit 
the seats in 4 days instead. 


<>) Get Ready 


1. Work out a 624+ 12 b. 24+ 15 
2. Convert 2.5 days into hours and minutes. 


© Two quantities are said to be in inverse proportion if one quantity increases at the same rate as the other 
quantity decreases. 


© When two quantities are inversely Proportional their product is constant. 


270 inverse proportion 


16.5 Using inverse proportion 


<~ Example 8 It takes 3 cleaners 6 hours to clean a school. | 


Work out how long it would take 9 cleaners to clean the school. 


ae 
= Examiner's Tip 


3 cleaners take G6 hours. 


6+ 


Divide the new number of cleaners by the original 
number of cleaners. The original number of 
cleaners has been multiplied by 3 (3 xX 3 = 9). 


Think about the problem: if 
there are more people then the 


work should take less time. 
3=2 Divide the number of hours by 3. 


9 cleaners would take 2 hours. Check: 3 X G@=18and9X2=18. 


: | 
<; Example 9 It takes 3 men 2 days to build a wall. | 


2 men will take 3 days. Check:3 X 2=Gand2x3=6. 


Sx2=6 4 man would take 6 days to build the wall. | 


6+ 


2=5 There are now 2 men So divide by 2. 


Work out how long it will take 2 men to build the wall. | 


¥ Exercise 16F 
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ge 


It takes 10 men 2 days to cut a hedge. 
Work out how long it will take to cut the hedge if there are: 
a 5men b 4men. 


5 computers process a certain amount of information in 10 hours. 
Work out how long it will take 25 computers to process the same amount of information. 


A factory uses 3 machines to complete a job in 15 hours. 
If 2 extra machines are used, how long will the job take? 


It takes 6 machines 3 days to harvest a crop. How long would it take 2 machines? 


A large ball of wool is used to knit a scarf. 
The scarf is 40 stitches wide and 120 cm long. If the same size ball of wool is used to knit a scarf 25 
stitches wide, work out the length of the new scarf. 


A document will fit onto exactly 32 pages if there are 500 words on a page. 
If the number of words on each page is reduced to 400, how many more pages will there be in the 
document? 
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© Ratios are used to compare quantities. 

© The simplest form of a ratio has whole numbers with no common factor. 

© Ratios are sometimes given in the form 1: n where n is a number. This is called the unitary form of a ratio. 

© To write a ratio in the form 1 : n, divide each number in the ratio by the first number in the ratio. 

© If the ratio of two quantities is given and one of the quantities is known, then the other quantity can be found. 
This can be done using equivalent ratios. 

© There are two methods for sharing a quantity in a given ratio. Either work out how much each share is worth 
and multiply by the number of shares each person receives, or work out what fraction of the total amount each 
person receives and multiply the total by these fractions. 

© Two quantities are in direct proportion if their ratio stays the same as the quantities increase or decrease. 

© There are two methods that can be used to solve problems that involve direct proportion: 
the unitary method and the ratio method. 

© Two quantities are said to be in inverse proportion if one quantity increases at the same rate as the other 
quantity decreases. 

© When two quantities are inversely proportional their product is constant. 


There are some sweets in a bag. 

18 of the sweets are toffees. Plus 

12 of the sweets are mints. —=-~ Exam Question Report 

Write down the ratio of the number of toffees 

to the number of mints. 

Give your ratio in its simplest form. 79% of students answered this question well 
because they displayed their answers in the form 
asked for in the question. 


June 2009 
A coin is made from copper and nickel. 
84% of its weight is copper. 
16% of its weight is nickel. 
Find the ratio of the weight of copper to the weight of nickel. 
Give your answer in its simplest form. June 2008 


The distance from Ailing to Beeford is 2km. The distance from Ceetown to Deeton is 800 metres. FSi 
Write the following as a ratio. 
Distance from Ailing to Beeford : Distance from Ceetown to Deeton 
Give your answer in its simplest form. 


4 | Alice builds a model of a house. She uses a scale of 1 : 20. 
The height of the real house is 10 metres. 
a Work out the height of the model. 
The width of the model is 80 cm. 
b Work out the width of the real house. 


Chapter review 


Mr Brown makes some compost. FS) 
He mixes soil, manure and leaf mould in the ratio 3:1: 1. 
Mr Brown makes 75 litres of compost. 
How many litres of soil does he use? Nov 2006 


6 | A garage sells British cars and foreign cars. 
The ratio of the number of British cars sold to the number of foreign cars sold is 2: 7. 
The garage sells 45 cars in one week. 


Work out the number of British cars the garage sold that week. June 2008 
There are 600 counters in a bag. Py 
90 of the 600 are yellow. 180 of the 600 are red. rus 
, <= Exam Question Report 
The rest of the counters in the bag are blue or 


green. 

There are twice as many blue counters as 
green counters. 

Work out the number of green counters in 
the bag. 


72% of students answered this sort of question 
poorly because they did not work out the total 
number of shares first. 


May 2009 


:* 8 | Robert wants to buy some new golf clubs. 

He is considering buying them from the USA over the internet instead of from his local golf professional. 
Use the prices quoted below to find which option is cheaper. Use the exchange rate £1 = $1.50. 
Show all of your working. 


Local professional Imported from USA 
£435 $570 plus taxes and duties of 20% 


:* 9 | Which bottle of tomato ketchup gives better value for money? 
Show all your calculations. 


Bob lays 200 bricks in one hour. He always works at the same speed. 
Bob takes 15 minutes morning break and 30 minutes lunch break. 
Bob has to lay 960 bricks. He starts work at 9 am. 
Work out the time at which he will finish laying bricks. June 2006, adapted 
ait A map is drawn to a scale of 1:50000. A field is in the shape of a rectangle on the map. The area on the 
map is 6 cm?. Work out the true area of the field. Give your answer in km’. 
42] The points A, B, C and D represent four jars of jam. Weight (g) 
a Which jar costs the most? 
b Which is the heaviest jar? 
c Which two jars represent the same value for money? 
d Which jar is the best value for money? 


Cost (p) 
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method (AQ2) and your ability to solve problems using your skills of interpretation 


T= following question helps you to develop both your ability to select and apply a 


(AO3). Your AO3 skills are particularly required as you will need to work through several 
steps to solve this problem. There are also some functional elements as this is a real-life 
situation and there is a problem to solve. 


Example 


Adam runs a coach company. He has 6 small coaches, 4 medium coaches, 

3 large coaches and 1 double-decker coach. 

The table gives information on how many passengers each coach can seat, the cost of 
hiring the coach and a driver for a day, and how many of these coaches Adam owns. 


Adam's Coach Company 


Coach type __| Number of seats | Costofhire | Number owned _ 
[Small (ee 


Double-decker 


Rachel wants to hire some coaches from Adam to take 222 people out for the day. 
What is the cheapest way for Rachel to do this? 


Solution |) 


1 double-decker 


3 large 


1 double-decker 


2 large 
1 medium 


As the number of seats increases, the 
cost goes down proportionally. Therefore 
you need to use the largest coach, the 
double-decker, first. 


£140 78 
+ £3460 + 162 This leaves 14.4 people to fit in. This could 
£500 240 seats be done with three large coaches but would 
leave 12 empty seats. 
£140 76 
£240 108 If two large coaches are used then this 
+ £110 + 32 would leave 36 people to fit in, so a medium 
av —————— coach would be needed as well 
£490 224 seats 


The cheapest way costs £490 with two spare seats. 


274 
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Sam is a salesman. He is paid expenses when he drives his car on 
company business. Meal Allowance 
He is paid 45p for each mile he drives. Lunch £8.50 

He is also paid a meal allowance. Dinner £22 
Here is Sam’s time and mileage sheet for one week. 


Miles driven Lunch claimed Time arrived home 
180 Yes 


Tuesday | 4am 


8 
Wednesday 8.30pm 
‘Thursday | Pm 
730 pm 


Work out Sam’s total expenses for the week. 


Lynsey took part in a sponsored swim. Her target was to raise £100 for charity. Her nan promised her EFS 3 A03 
that she would make up the £100 if Lynsey did not raise enough. 
Here is Lynsey’s sponsor form. 

Lynsey swam 32 lengths in a pool of length 40 m. 

Will her nan have to give her any money? 

You must explain your answer. 


Sponsor Amount 
Al 
[Rob | 25p for each length | 


Here are the rates charged for Mr Pitkin‘s telephone. Fs A03 
Line rental £29.36 
Daytime cost 4p for each minute 

Evening and weekend 3p for each minute 

To mobiles 11p for each minute 


International rate (anytime) 8p for each minute 


Here are the details of calls made by Mr Pitkin in one quarter. 


Type of call Minutes 


International rate 


Calculate Mr Pitkin‘s telephone bill for that quarter. 
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Yo Example 9 


The side is to be given two coats of paint. The paint is sold in 1 litre cans costing £3 each. 
1 litre of paint covers 15 square metres. 
How much will it cost to paint the wall? 


P Solution 


Using the formula 
Area (trapezium) = 5 (a + b)h 


; 
1(6+8)10 


= 70 m* 


Dividing the shape 
Area of rectangle = 6 X 10 = GO m? 


Area of triangle = X 10 X 2 = 10m? 
Total area = 70 m? 


The number of tins of paint required 
for one coat is 70 + 15. 


You need to find the area of the side of the shed. 
You may choose to use the formula, or divide the 


he following question helps you develop your ability to select and apply a method (AQ2) 
and your ability to analyse and interpret problems (AO3). 


The side of a shed is the shape of a trapezium as shown in the diagram. 


shape into a rectangle and a triangle. 


The formula is given on the formulae sheet. 


Total area + area covered by 1 tin 
The number of tins needed for two coats is 


140+15=93. 
So 10 tins will be needed. 


The cost of the paint will be £30. 


This shape is made by joining six squares. 


Find two shapes which have the same area but different perimeters. 


The diagram shows a wall which is to be built with bricks. 
The bricks measure 200 mm x 100 mm. 
They are sold in packs of 100. One pack costs £35. 
Find the cost of the bricks. 


<2 5 9 SM 


The diagram shows a rectangular path around a lawn. The path is 1 m wide. 


on 


Gravel costs £124 per tonne. 
1 tonne of gravel covers 15 m2. 
Work out the cost of covering the path with gravel. 


Find the perimeter of three different rectangles which each have an area of 36 cm’. 


The diagram shows a bathroom wall in the shape of a trapezium. The wall is to be painted. 


8m 


_ 


———S 


The paint chosen is sold in 1 litre cans costing £4 each. 1 litre covers 12 square metres. 
How much will it cost to paint the wall? 


i 
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the number of average size people that should be allowed in the lift. You could choose to work 
with the mean and range or the median and interquartile range. Your AO3 skills are needed in 


he following question helps you to develop both your ability to select and apply a 
method (AQ2) and your ability to solve problems using your skills of interpretation and 
proof (AO3). The AO2 skills are developed as there is more than one way of working out 


this question as you will need to give a reasoned explanation for your answer. 


Example J 


One hundred people, selected at random, 
were weighed. 
The results were put in a frequency table. 


Weight (w kg) Frequency (f) 


60 <w<70 


The maximum weight limit for the lift is 700 kg. 
How many people of average size 

should be allowed in the lift? 

Give a reason for your answer. 


80 <w <90 


90 < w < 100 


Solution 


Student could choose to use 


Weight (w kg) 
50 < w < 60 
60<w<70 


Frequency (f) mid-value mid-value x f Cumulative frequency 


80<w <90 


Mean — best answer for safety reasons as it uses all of the values and allows for any extremes. 
Mean is 


7300 
100 


=73kg “=959 


Allow 9 people to use the lift with a 0.59 kg safety margin. 


Mode - this is the most frequently occurring group . 


A 


Modal group is 70 < w < 80 


> 


278 


using the upper limit 222 =O.70 


low & people to use the lift with a 0.75 kg safety margin. 


edian — this is the middle person and occurs in the 70 < w < 80 group. 
Estimate about 73 kg 


Be = OS 
75 
lowing 9 people in the lift with a 0.59 kg safety margin. 


Ais the set of data 1, 2, 4, 5, 8, 10. 

B is the set of data 3, 4, 6, 7, 10, 12. 

C is the set of data 2, 4, 8, 10, 16, 20. 

a Compare the mean of A and the mean of B. 

b Compare the range of A and the range of B. 

c Compare the mean of A and the mean of C. 

d Compare the range of A and the range of C. 

e Write down a data set which has the same mean as B but twice the range. 


The table below shows the marks given in two Maths tests. 


poys OMEN IC 
me 7 [co les [esl rs [osleelerles| | 


Compare the distributions for boys and girls. 
Farida was absent. What is the minimum mark she needs to score when she takes the test to keep the 
girls average better than that of the boys? 


The mean mark for 10 pupils in an English Language Examination was x. 
5 of the students were awarded an extra 4 marks for the quality of their written communication. 
What difference does this make to the average for the group? 


The table below shows the Maths and English marks for a group of 50 pupils. 


Mark -30 31-40 41-50 — 60 -70 71-80 81-90 91-100 


Maths vet 
Engtish [RA RD DC 


Choose a suitable diagram to display these results. 
Compare the distribution of the two sets of marks. 


Kay noted the number of hours of sunshine in May and June. 
The results of her survey are given below. 


Hours of sunshine per day 
Mean (hrs) 


Range 


a Compare the number of hours of sunshine for May and June. 

b Kay chose to use the mean and range instead of using the median and interquartile range. 
i Give one reason why this might be a good choice. 
ii Give one reason why it might be better to use the median and interquartile range. 


a IQ 


different ways of approaching percentages and ensuring both prices are compared over 

the same time scale. As you can see below, it can be solved using algebra or by drawing 
a graph. You could also use trial and improvement - try this method on one of the questions 
that follows. 


T= question tests selecting and applying a method (AOQ2) as there are a number of 


“0 Example | Elsa is comparing electricity prices. 


Energee has a standing charge of £65 per annum and a unit rate of 8.5p. 
Powero has a standing charge of £116 per annum and charge 7.5p per unit. 
Discuss which firm Elsa should use. 


Y) Solution 


The best deal will depend upon how much electricity Elsa uses. 
For a small number of units Energee is obviously cheaper, but for large amounts Powero will cost less. 
For your answer you will need to find out after how many units Powero becomes the best option. 


To decide you could use algebra, graphs or trial and improvement. 


Using algebra 
Write down expressions for the charges. 


Energee = 65 + 0.085u 
65 + 0.085u = 116 + 0.075u pes Sandan ce 


u=5100 


A customer using more than 5100 units is better off with Powero. 


Using. agraph ; Sree ae ae a nee y 5 — 
The lines meet at 5100 units, 00 AES ean suess seeaters © deiner, 
so if Elsa uses more than 5100 units she 100 
should use Fowero. 600 5 
5007 
na 
8 wp 
300 saat = 
2004 
100 
0 


0 10 20 30 40 50 60 70 80 90 100 
Units (hundreds) 


Ahmed is trying to find the cheapest provider for gas in his area. 

Cogas has a standing charge of £63 per annum with a charge of 3.5p per unit. 
Ourgas has a standing charge of £120 per annum and charges 2p per unit. 
Discuss which company Ahmed should use. 


The cost of installing cable broadband is £30. The monthly cost of the contract is £5. 
The monthly cost of broadband using a wireless router is £6.50 for a minimum period of 18 months. 
The router is free and there is no installation charge. 


a Work out an expression in m for each company for the cost of broadband over m months. 
b Investigate which of the two broadband deals is cheaper. 


The cost of hiring a car from ACars and BMotors is shown in the advertisements below. 
a Work out an expression in x for the cost of hiring a car for a day and travelling x miles. 


b Investigate which of the two firms is cheaper. 


Anna works in a small business and has to decide which courier her 
company should use when sending parcels. 

Parcels Fly delivers parcels at a cost of £5.50 if they weigh less 

than 2kg. For heavier parcels, it charges 85p per 250 g. 

Quick Delivery charges £3 for the first kg then £1.90 per 500 g. 
Investigate which company Anna should use. 


Tom works for a builder and has to order the concrete for drives and paths. 

His firm uses two different suppliers. 

Pete’s Mix sells concrete for £70 per cubic metre with a delivery charge of £80. 
Concrete Sue sells concrete at £85 per cubic metre with a delivery charge of £30. 
Investigate which firm he should use. 
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and their ability to find an estimate by interpreting a graph (AO3). The AO2 skills are 


T=: question helps students develop their ability to choose and apply a method (AQ2) 


developed throughout the question by deciding what type of sampling to use, the 
choice of diagram to display the data and in the method of estimating between class intervals. 
The AO3 skills occur when estimating the number of boys who were between 152cm and 
156 cm tall from a cumulative frequency graph or a frequency density graph. 


“Example 4 Alan is doing a survey of the heights of 50 boys from his school. 


He wants his sample to be fair and unbiased. 
a Suggest a method he can use to take his sample. 
b Explain how this method avoids bias. 


The table shows information from his survey. 

c Use a suitable diagram to 
display this data. 

d Estimate how many boys were 
between 152 cm and 156 cm tall. 


Height of boys in cm 
140 sh < 145 


150 sh < 154 
154 < h < 160 


Solution 


a Random stratified sample taking the year groups as strata within the sample. 


b This method avoids bias by ensuring the number of boys selected from each year group is proportional 
to the size of the group. This ensures that one year group is not over- or under-represented. 


20 


Cumulative frequency 


140 142 #144 #146 #148 #150 152 154 156 158 160 
Height of boys (cm) 


A geologist has taken a sample of pebbles from an area of interest. 
The table below shows some information about the weights of the pebbles. 


Weight (w grams) 


i 2 ee ee 
ha a 
a ee 
| eames Pa) 
ae | 
a ey 
Sa 


Frequency (f) 


50 < w < 60 
60<w<70 
70<w<80 


Estimate the number of pebbles that weigh between 54 g and 62g. 


The cumulative frequency curve shows the time 
taken for some workers to complete a task. 
Estimate the number of workers who took 

20-30 minutes to complete the task. 


Cumulative Frequency 


Time (minutes) 


Within a radius of 5 miles from Sue's home there are 5 state secondary schools. 

Avon has 850 students, Moorside has 986 students, Heaton has 1296 students, Moortop has 1138 
students and Brambell has 1450 students. 

Explain how a sample of 60 students could be taken to give a fair representation of all of the schools. 


a a 


The histogram below shows the waiting time for patients to 
be seen one morning by a doctor in a health centre. 


20 people waited between 10 and 15 minutes 

for an appointment. 

No one waited more than 40 minutes. 

How many patients were seen by the doctor that morning? 


Frequency density 


0 5 10 15 20 25 30 35 40 
Time (minutes) 
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(AO2) and your ability to analyse and solve problems (AO3). The AO2 skills are used in 

the first part of the question. Setting up an equation is the most efficient way to work 
out the probability of choosing a mint but some students may choose to estimate with trial 
and improvement. Your AO3 skills will be developed as you will have to work out how to solve 
the problem. 


Te following question helps you develop both your ability to select and apply a method 


“2 Example J A bag of sweets contains mints, toffees and creams. 


The probability of choosing a toffee is } 
The probability of choosing a cream is x. @. *Mh, 


The probability of choosing a mint is 2x. v oO; 


What is the probability of choosing a mint? 
Give your answer as a numerical value. 


Solution 1) | 


One strategy is to set up an equation. 


ox = g 
5 This question requires you to 
= 5 work with algebra and probability. 
Probability of choosing a mint is 


_4 | 
ckL=s | 


Solution 2 J 


Alternatively we can estimate the number of sweets. As thirds are involved choose a multiple of 3. 
Select a total number of sweets which is a multiple of 3 e.g. 36 


toffees = 12 sweets 
mints + creams = 24 sweets 


So 16 mints to & creams 


So P(mint) = 32 = 4 | 


(2) Now try these 


In a box of chocolates, there are 3 types of chocolate. 

The probability of a cream is 2x. 

The probability of a toffee is 3x. 

The probability of a hard centre is 4x. Calculate the probability of choosing a toffee. 


A bag contains 20 sweets. x of the sweets are chocolates, the 
rest are toffees. 

Mona takes a toffee from the bag and eats it. 

She then offers the bag to Sam who eats a sweet. 

Explain why the probability of Sam eating a chocolate is not 7 


A drawer contains a number of black and grey socks. 
The probability that the first sock Ali pulls from the drawer will be black is x. 
Explain why the probability of pulling a second black sock from the drawer is not x. 


A sandwich shop has 3 types of sandwiches; ham, cheese and prawn. 
The probability of a customer choosing ham is }. 

The probability of a customer choosing cheese is x. 

The probability of a customer choosing prawn is 3x. 

Mark chooses a sandwich. 

What is the probability of him choosing prawn? 

Give your answer as a numerical value. 


The probability that a train arrives on time is 70%. 
The probability that it arrives early is x. 

The probability that it arrives late is 2x. 

Calculate the numerical value of it arriving late. 


The top floor of a block of flats can be reached by two lifts. 
The probability of both of the lifts working is 0.85. 

The probability of only one lift working is 2x. 

The probability of none of the lifts working is x. 

Calculate the numerical probability of only one lift working. 


In an athletics competition Dan enters for two events. 

The probability of Dan winning one event and losing one is 2x. 
The probability of him winning two events is x. 

The probability of him not winning any events is 5x. 

Calculate the probability that he does not win any event. 
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T following question tests your ability to analyse and interpret problems (AO3). 


“Example } Here is a diagram of a perfume bottle. 


The bottle is in the shape of a square-based pyramid. 


Diagram NOT } 
accurately drawn 


10cm 


The lengths of the edges of the base are 10cm. 
The lengths of all the four slant edges of the pyramid are 15cm. } 
The bottle is to be sold in a box in the shape of a cuboid. 
Find the height of the smallest box that could be used. 
Give your answer to 3 significant figures. 


The pyramid-shaped bottle must fit into a box. The minimum height of the box will be the height of the 


pyramid. You need to find the vertical height of a square-based pyramid given the base lengths 
and the slant heights. 


; = J102 + 102 = The only sensible method of solution 
Diagonal of base 10° + 10* =14.142 cm isto use Pyvhagoras"thaorem. 


Firstly, find the diagonal of the square base. 


Half the diagonal = 7.071 cm 


Then work out the height on a vertical 
right-angled triangle which has the slant 


edge of the pyramid as the hypotenuse. 
Height = ¥15* — 7.0712 = 13.2cm : a 


= Now try these 


Jenny has a pencil tin in the shape of a cuboid. 


4cm 
6cm 
12cm 
The dimensions for the inside of the box are 12cm, 6cm and 4cm. 
What is the length of the longest pencil that Jenny can fit into her tin? 


Miriam has a stick that is 30 cm long. 
She uses the stick to stir paint. She leaves the stick in the paint tin with 
some of it sticking out at the top. 
The tin has a diameter of 10 cm and height of 15cm. 
What is the shortest length of stick that could stick out of the tin? 


Dave has a garden shed that is 6 ft long by 4 ft wide. Its walls are 6 ft high. 
The tallest point of the roof is 7 ft from the ground. 


Dave wants to store some bean poles in the shed. 
The poles are 9 ft long. 
Explain, by showing your working, that it is possible to store the bean poles in the shed. 


nowdon is the highest mountain in Wales. To get to the summit of 


Snowdon you can walk or go by train. Read the information below — ry 


then answer the questions opposite. 


Average time | evel of difficulty 


Here are 5 possible routes UP 


Route Distance (km) Ascent (m) taken (hrs) 
Llwybyr Llanberis Path 9 1020 35 Q 
Snowdon Ranger 75 1100 
Miner's Track i) 930 
South Ridge 7 890 
970 


Lliwedd 


om 


Here are the train fares 


TRAVEL FARES 


Llanberis—Clogwyn | Llanberis—Clogwyn Llanberis—Summit | Llanberis—Summit 
Return fare Single fare Return fare Single fare 


Adult £17 £12 £22 P 


Senior / Student £12 £8 £17 £13 
Child £14 
£9 £15 £10 <q 
Early Bird Adult* £9 £7 £13 £12 
Early Bird Child* £6 £5 £6.50 £5.50 


*The Early Bird train departs at 9am. 


Jon, Sarah and their two children, Poppy 
| and Mark, are going to buy single fare 

tickets from Llanberis to the summit 

of Snowdon. They can go by the 9 am 

train or the 11.50 am train. Which train 

should they catch to get the cheapest 

fares and by how much? 


KN 


© You need to be able to 
read data from tables 


in Question 1. You learnt this skill 
in Chapter 6. 


© You need to work out time intervals for 
Question 2. You learnt this in Chapter 6. 


© Question 3 asks you to draw a 
conversion graph. You learnt this 


in Chapter 24. ys e- 
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i of all ages. 
istening to music is one of the most popular pastimes for people g 


i of formats. 

In the twenty-first century, music can be purchased in a number 
ions. 

Read the information below, then answer the questio 


| QUESTION 


1. Here is some information about music sales between 2006 and 2009 inthe UK. 


Explore the trend in sales for CDs and downloads between 2006 and 2009. 
You must show your working. 


Pod 2006 sales 2007 sales 


CD sales 


O 


Downloads 


Total sales 2006: 203 million Total sales 2007: 250 million 


2008 sales 2009 sales 


Total sales 2008: 267 million 


Total sales 2009: 261 million 


2. The tables show a breakdown by age for the sales of CDs and downloads in 2008... 


Sion wants to show this information in a suitable diagram or graph that will allow people 
to compare the information visually. Produce an example of how Simon could do this. 


i ‘ Bre, i 
aa $e Pel 


Age (years) Age (years) Downloads (millions) 


ieee 
3 i a ae 


3. Prepare a short questionnaire to obtain information about how much people spend on He 
music and what format they buy. You need information about their age and gender as 
part of the information you collect. 


Design a suitable data collection sheet for collating the information. 


© For Question 1 you need to be able to interpret pie charts. You learnt how to do this in Chapter 18. 


© For Question 2 you need to find the best way of visually representing data. You learnt about the various 
ways of doing this in Chapter 18. 


O You learnt how to design questionnaires in 


Chapter 1. You will need to do this 
in Question 18. 


Exercise is not based on real data. 


Se eeeeseeseseseesssvesesesessse: 


wide range of 


n the twenty-first century people communicate using a ~ 
[ stricie cost, speed and quality of communication can p 


determine how and when they are used. 


QUESTION 


1. When buying a mobile phone the two most popular options are a monthly contract or ‘pay 
as you go. You estimate that you send about 65 texts and make 5 hours of calls per 
month. Compare the costs of these two options for a variety of time periods up to 2 years. 


Free phone 
100 texts/month 
400 min/month 
£30/month 


Phone £90 


Texts = 5p each 


[Calls 7p/min 


fr 


Using this estimate, compare the monthly costs of these two options. How does this 
comparison change if you try different estimates for texts sent and calls made? 


QUESTION 


2. Broadband is the internet access choice for most households but the speed varies 
greatly. The speed is measured in megabytes per second using the formula: 


Connection speed (Mb/sec) = Data received (Mb) 


Paul's current broadband provides a top speed of 8 megabytes per second but he 
is thinking of upgrading to 50 megabytes per second. Paul regularly downloads TV 
programmes from the internet. These typically consist of 2 gigabytes 

(1 gigabyte = 1024 megabytes) and he does this on average once per week. 
Estimate how much time per month he will save with the upgraded broadband. 


QUESTION 


3. Photos contain thousands of little dots called pixels. These pixels are arranged in 
rows and columns to create the picture. The resolution of the photo when printed 
or displayed on a screen is stated as the number of pixels per inch (ppi). 


A photograph when taken has a fixed number of pixels and as the image is enlarged 
the resolution gets poorer. 


Ranji has a photo of his trip go-karting with 2106 pixels in each row and 1443 
pixels in each column. He has three sizes of photo frame to choose from: 
13cm by 19cm, 15cm by 23 cm and 20cm by 30 cm. 


Which size should he print the photo at to give him a resolution of at least 200 ppi 
and the smallest amount of distortion to the photo? 


| 1cm=0.39 inches 


1443ppi 


2106 ppi 


© For Question 1 you need to be able to use decimals in calculations. You learnt about this in Chapter 4. 


© You learnt about using formulae in Chapter 19. You will need to be able to put figures into a formula for 
Question 2. 


© For Question 3 you need to be able to convert between metric and imperial units of measure. 
You learnt how to do this in Chapter 7. 


294. 


uel bills are one of the largest expenses for 
homeowners. People can reduce their fuel bills by 
making their homes more energy efficient. 


1. The diagram shows part of the loft of a bungalow. The floor of the loft measures & m by 
7 m. Gaps of 370 mm are separated by joists which are 
30 mm across. Estimate the best cost for insulating 


the whole loft to a thickness of 1OO mm, 150 mm and 
200 mm. 


ome prices at a DIY store. 


4m x 370mm Xx 100mm 


Space Blanket (thick) 
£6 per roll 


Here are S 


4m x 370mm x 200mm 
Space Blanket (medium) 
£6 per roll 


Space Combi loft roll 
£10 per roll 


400mm covers 14m? 


2. Energy-saving lightbulbs can save significant amounts of money. 
They are best used where lights are left on for more than an hour at a time. 
Mary decides to replace the old bulbs in her hall light, which has two GO watt bulbs, 
and her living room light, which has three 100 watt bulbs, with energy efficient bulbs. 


20 watt energy efficient bulbs are the equivalent of 100 watt Ordinary bulbs. 
11 watt energy efficient bulbs are the equivalent of GO watt bulbs. The cost of 
electricity is worked out from the number of units, E, used. The formula for E is: 


| E = 4g where p is the power in watts and ris the time in hours 


In the winter, her hall light is usually on from Spm until 11pm and her living room light 
is on for an average of 5 hours a night. Her electricity provider bills her every 13 


weeks for a quarterly period, and charges her 11 4°70 per unit. How much money can 
she expect to save on her winter bill? 


3. |saac uses his washing machine five times a week. He is currently being charged 1 Ap 
per unit for his electricity. The energy consumption per cycle is the number of units 


eecesoee 


All new appliances come with energy labels that provide you with information on the 
efficiency of the product. 


used when one complete cycle is done. Isaac is considering replacing his current 
machine with the new Spinner Max. How long would it take for the running cost 
savings to exceed the initial purchase price? 


Paul's current machine 


Energy 


Manufacturer 
Model 


More efficient 


EA 
eas > 
eee 
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Less efficient 


Energy consumption 
kWh/cycle 


(based of standard tost rosults for 60°C. 
cotton cyclo) 


Actual onorgy consumption will 
dopend on how the applianco Is usod 


Washing Performance 
A: highor G: lowor 


Spin drying Performance 

A: highor G: lower 

Spin spood (rpm) 

Capacity (cotton) kg 

Water consumption / 

Noise Washing 
(dB(A) re 1 pW) Spinning 


Furthor information is continued 
in product brochures 


Washing 


machine 


ABCDEFG 


ABCDJEFG 


Spinner Max 


Energy 


Manufacturer 
Model 


More efficient 


Less efficient 
Energy consumption 
kWh/cycle 


(based on standard test rosults for 60°C 
cotton cyclo) 

‘Actual onorgy consumption will 

depond on how tho appliance is used 


Washing Performance 

A: highor G: lowor 

Spin drying Performance 
A; highor G: lowor 

Spin spoed (rpm) 

Capacity (cotton) kg 
Water consumption / 


_—_— 


Washing 
machine 


ABCDEFG 


ABCDEFG 
1400 


5.0 
5S 


Noise Washing 
(dB(A) re 1 pW) Spinning 


Further information is continued 
in product brochures 
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© For Question 1 you 
will need to convert 
between different units 
of measure. You learnt 
how to do this in 
Chapter 7. 


© You learnt how to use 
formulae in Chapter 19. 
You will need to be able 
to do this in Question 2. 


© For Question 3 you 
will need to be able to 
use decimals in your 
calculation. You 
learnt how to do this 
in Chapter 4. 


eecccese eecevsecccons Secresesereeesseesese 


ritish people take more than 60 million holidays abroad each year. 

Of these, 75% are taken during the months of July and August, 

when many people travel to southern Europe and the Mediterranean. ’ 
Some reward card companies allow people to collect points sili they — 
money in particular stores. You can use the points to pay for flights abroad. 


QUESTION oe 


1. Jared wants to book a return flight from London to Valetta 
in Malta. The number of points he needs is calculated using 
the formula: 


Class 


p= points required First class: c=1 


: é Business class: c=2 
d= distance of flight (km) Economy class: c=3 
c=Class 


The distance of the journey is calculated in a 
straight line for the purpose of the reward points. 
Approximately how many points does he need to 

save up to travel in economy class? 


2. The exchange rate is £1 = 1.12€. if : 4 © For Question 1 you need to be able to 


Jared has seenacamerain England EME Fl use formulae, you learnt how to do this 
priced at £475. The shop is —————— in Chapter 19. You will also use your 
offering a 10% discount on this knowledge of scale drawings and maps 
camera. While in Malta, he sees from Chapter 12. 

the same camera priced at © You need to work out the percentage 
420€, plus VAT at 15%. | increase and decrease for 

Will it be cheaper to buy i tal Question 2, you learnt about them 


the camerain Malta or ga =z in Chapter 14. 
back in England? aca = = © You learnt about speed in Chapter 
7, you will use this in Question 3. 


= Sn 


3. The flight from England to Malta takes 3 hours 
30 minutes. However, Malta is 2 hours ahead of 

England because it is further east. Jared’s return 

mi = flight is scheduled for 13:50 local time. He also 

mm =—-seestimates that it will take 45 minutes to go 

through customs and leave the airport at Stansted. 


Fast trains leave for London on the hour and at 15, 30 
and 45 minutes past the hour. They take 41 minutes. 


os What is the earliest time he can expect to be back in London, local time? 


SOTO SOSH SOHO EAA EEE HOSES H OHSS ES ESEEEEEEESEEOOESESSHESESESESSESESSSESEEESSOEE 


hips navigate using bearings. They can also calculate then 
position according to their bearings from two known points. 
Trigonometry, loci and circle theorems can all be helpful 
tools when understanding and solving bearings problems. 


1. Aship sails around an island from a port on the west coast to a harbour on the north 

shore. The harbour is 11 O46 metres away on a bearing on OG5°. There is a lighthouse 

on an outcrop of rocks on the north-west tip of the island, which is on a bearing of O42° 

from the port and at a distance of GOOO metres. To avoid the rocks, the ship must sail 
no closer than 720 metres from the lighthouse, passing to the north. The harbour is also 
6000 metres from the lighthouse. Work out the total distance sailed. 


QUESTION 


2. Two coastguard stations are 8000 metres apart with one due east of the other, 
Simultaneously, they receive a call for help from a ship a sea. They are able to identify 
the direction from which the call is made but this is subject to a possible error of +5° 
due to the fact that the ship is still moving and the accuracy of their equipment. 


One coastguard station estimates the bearing from which the call was made to be 
065° whilst the other estimates the bearing to be 310°. Draw a scale diagram to 
identity the search area to which helicopters and lifeboats should be sent. 


3. Distances at sea are normally given in nautical miles. A nautical mile is slightly longer 
than a mile. Ship's speeds are measured in knots: the number of nautical miles per 


hour. 
At midday a ship's captain sees a radio mast that he knows is & nautical miles away 


on a bearing of 020°. The ship is sailing on a bearing of O45° at a speed of 15 knots. 
At what time will the ship be nearest to the radio mast? 


© For Question 1 you need to be able to use bearings and 
Pythagoras’ Theorem in your calculations. You learnt 
how to do this in Chapter 5 and Chapter 29. 


© You learnt how to draw scale diagrams in Chapter 12. 
You will need to use this for Question 2. 


© For Question 3 you need to understand how to do 
calculations involving speed. You learnt this in Chapter 7. 
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17.1 Using translations 


Using translations 


© You know that in a translation all points of a shape move the same distance in the same direction. 
© You understand that translations are described by the distance and the direction moved. 
© You can use a vector to describe a translation. 


© You know that when shape A is mapped to shape B by a translation, shape A and shape B are congruent. 


<>) Get Ready 


1. Here is a letter square. 

Start at square A, go 2 to the right, then 3 up and stop. Then go 3 down 
and stop. What mathematical word is this? 

Start at square M, go 2 to the right and 2 down and stop. Then go 4 

to the left and stop. Then go 3 to the right and 2 up and stop. What 
mathematical word is this? 

Give instructions to get a KITE, b CIRCLE, c ADD. 

d Make up some examples of your own. 


© Inthe diagram, shape A has been mapped onto shape B by a translation. 
© All points of shape A move 3 squares to the right and 6 squares up. 


This can be written as te. 


In a translation, all points of the shape move the same distance in the 
same direction. 
© Ina translation: 
© the lengths of the sides of the shape do not change 
© the angles of the shape do not change 
© the shape does not turn. 
© Ina translation, any shape is congruent to its image because the lengths 
of the sides and angles of the shape are preserved by the translation. 3 


€ 


© e is a vector. Vectors can be used to describe translations. 


The top number shows the number of squares moved 
parallel to the x-axis, to the right or left. 

The bottom number shows the number of squares moved 
parallel to the y-axis, up or down. 

To the right and up are positive. 

To the left and down are negative. 


© Some translations of the yellow shape to the red shape 
and their column vectors are shown on the grid. 
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Chapter 17 Transformations 


& Example 1 Describe the translation that maps 


triangle P onto triangle Q. 


Choose one corner of triangle P. 


3 


Count the number of squares to the right and 
the number of squares down from this corner 
on triangle P to the same corner on triangle Q. 


The translation from triangle P to triangle Q is 3 squares to the right and 4 squares down. 


This translation can also be written as Lh 


\ Example 2 9 a Describe the transformation 


that maps shape A onto 
i shape B ii shape C. 


b Translate shape A by the 


vector aes 


Label this new shape D. 


Plus 


Examiner’s Tip 


The question asks for the 
transformation so as well as the 
vector, you must say it is a translation. 
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17.1 Using translations 


Count the number of squares moved to the 
left (negative) and up (positive) from any 
corner in A to the same corner in B. 


i From A to Bis the translation 6 to the left and 3 up, 


or the translation with vector e F 


3 
5 


Choose one corner of shape A. 

Count from this corner 3 squares to the left and then count 
5 squares down to find where this corner has moved to. 

The new shape is the same as shape A. 

Draw the new shape and label it D. 


) means 3 to the left and 5 down. 


ii From A to C is the translation 


with vector Leh 


b Dis marked on the diagram. 


¥ Exercise 17A Questions in this chapter are targeted at the grades indicated. 
y 


: Describe, with a vector, the translation 


that maps triangle A onto: 7 \ 
a triangle B " 
b triangle C a \ 
c triangle D ‘i 
d triangle E 5 
e triangle F : | 
f triangle G. , \ \ 
6 
5 
4 
3 
2 
1 
O 123 45 67 8 9 0* 


On a copy of the diagram translate triangle A: 
a 5to the right and 4 up. 
Label your new triangle B. 
b 4to the right and 6 down. 
Label your new triangle C. 
c 7to the left. Label your new triangle D. 


d_ by the vector ae 


Label your new triangle E. 


e by the vector me 


Label your new triangle F. 


Dye 


Chapter 1/ lransftormations 


The coordinates of point A of this kite are (—2, 1). 
The kite is translated so that the point A is mapped 
onto the point (3, 4). 
a Ona copy of the diagram draw the image of the 
kite after this translation. 
b Describe this translation with a vector. 


Draw the following translations on a copy of the diagram. 
a Translate kite A by the vector : , 
Label this new kite B. 


b Translate kite B by the vector (=f, 
Label this new kite C. 


c Describe, with a vector, the translation that 
maps kite A onto kite C. 

d Describe, with a vector, the translation that 
maps kite C onto kite A. 


000002 © eee 
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17.2 Transforming shapes using reflections 


© When you look in a mirror, you see your reflection. 
The diagram below shows triangle P reflected in the mirror line to triangle Q. 
The reflection of point A is point A’ so A and A’ are corresponding points. 
Point A’ is the same distance behind the mirror line as point A is in front. 


The line joining points A and A’ is perpendicular to the mirror line. 
Triangle Q is the reflection of triangle P in the mirror line. Each corner of Qis 
the reflection in the mirror line of the corresponding corner of P. 
ae lt a A’ Triangle Q is as far behind the mirror line as triangle P is in front. 
a In mathematics all mirror lines are two-way mirrors so triangle P is also the 
line reflection of triangle Q in the mirror line. 


© To describe a reflection, give the mirror line. 


© Ina reflection: 
© the lengths of the sides of the shape do not change 
© the angles of the shape do not change 
© the reflection of a shape (the image) is as far behind the mirror line as the shape is in front. 


© Ina reflection, any shape is congruent to its image because the lengths of the sides and angles of the shape 
are preserved by the reflection. 


© The mirror line is the line of symmetry. 


Example 3 9 Reflect trapezium T in the mirror line. 


Label the new trapezium U. 


mirror 
line 


Method 1 


Reflect each corner of T in the mirror line so that its reflection is 
the same distance behind the mirror line as the corner is in front. 


Notice that: 
the line joining each corner to its image is perpendicular to the mirror line 
the image of the corner which is on the mirror line is also on the mirror line. 


mirror 
line 


Method 2 


Put the edge of a sheet of tracing paper on the mirror line and make a tracing of the trapezium. 
Turn the tracing paper over and put the edge of the tracing paper back on the mirror line. 

Mark the images of the corners with a pencil or compass point. 

Method 2 is particularly useful when the shape is not a polygon or not drawn ona grid. 


Vpmad? 
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Chapter 17 Transformations 
& Example 4 Triangle T is a reflection of triangle S. : 


Draw the mirror line of the reflection. ~ 


Join each corner of triangle S to its image on triangle T. 
The mirror line passes through the mid-points (marked 


with crosses) of these lines. 


Draw the mirror line by joining the crosses. he 


“2 Example5 9 Describe fully the transformation which 


maps triangle P onto triangle Q. 


The transformation is a 
reflection as triangle P has 
been ‘flipped over’ to triangle Q. 
Notice that the point on the 
mirror line does not move. 


‘Plus 


Examiner’s Tip 


Make sure that you can recognise the lines 
with equations x = a,y=b,y = +x 
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17.2 Transforming shapes using reflections 


¥ Exercise 17B 


Make a copy of the diagram and complete the following 
reflections. 
a Reflect triangle P in the line x = 1. 
Label this new triangle Q. 
b Reflect triangle P in the line y = 2. 
Label this new triangle R. 
c Describe the reflection that maps 
triangle Q onto triangle T. 


On a copy of the diagram, complete the following 
reflections. 
a Reflect triangle A in the line y = x. 
Label this new triangle B. 
b Reflect triangle A in the line y = —x. 
Label this new triangle C. 
c Describe fully the transformation that 
maps triangle B onto triangle A. 


a Give the equation of the mirror line of 
the reflection that maps: 
i shape P onto shape 0 
ii shape P onto shape R. 
b Describe fully the transformation that maps 
shape Q onto shape P. 
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Chapter 17 Transformations 


Transforming shapes using rotations 


© Why do this? 
© You know that in a rotation all points of a shape move around circles with the Many everyday objects 
same centre. turn or rotate, for 
© You understand that rotations are described by a centre and an angle of turn. example, cycle wheels 
© You can find a centre of rotation. and the hands of a clock. 
© You know that when shape A is mapped to shape B by a rotation, It is often necessary to 
shape A and shape B are congruent. describe the rotation. 


<>) Get Ready 


1. Here is a clock face with only one hand. The hand is pointing to 12. 
a The hand is turned 90° anticlockwise. What number is the hand pointing to now? 
b Describe as fully as you can how the hand can turn to point to: 
i3 6 ii 5 
2. Imagine that the hand is pointing to 5. Describe as fully as you can how the hand can 
turn to point to: 
a 8 b 2 Coble. de: 12. 


© To rotate means to turn. 
This face ona stick has Plus 
rotated 60° clockwise = Examiner’s Tip 
about the point 0. 


The size of the face has 
not changed. 1) 


60° A common mistake when describing a rotation is 
to call it a turn instead of a rotation and forgetting 
to say where the centre of rotation is. 


© To describe a rotation you need to give: 
© the angle of turn 
) the direction of turn (clockwise or anticlockwise) 
© the point the shape turns about (the centre of rotation). 
© Ina rotation: 
© the lengths of the sides of the shape do not change 
© the angles of the shape do not change 
) the shape turns 
» the centre of rotation does not move. 


© Ina rotation, any shape is congruent to its image because the 
lengths of the sides and angles of the shape are preserved 
by the rotation. 


308 rotation centre of rotation 


17.3 Transforming shapes using rotations 


( Example 6 Rotate the triangle a quarter turn clockwise 


about the point A. 


point A. 

Fix the point A with a pencil or a compass point so that the point A does not 
move. Turn the tracing paper about A, clockwise through a quarter turn (90°). 
Now the position of the image of the triangle can be seen. 

Notice that each line of the triangle has turned through a quarter turn clockwise. 


% Xl = / Tracing paper can be used to rotate the shape. Trace the triangle and mark the 


“) Example 7 4 Describe the transformation that maps 


triangle A onto triangle B. 


= 


= VY wOF TDN CO WO Oe 


Triangle A is mapped onto triangle B by a rotation of 
160° (a half turn) about the point (5, 5). 


Tracing paper can be used to check that the 
transformation is a rotation of 180° with the centre 
of rotation the point (5, 5). 


S 


123 4567 8 9 0% 


¥# Exercise 17C 


On a copy of the diagram, complete the following 

rotations. 

a Rotate trapezium A a half turn about the origin 0. 
Label the new trapezium B. 

b Rotate trapezium A a quarter turn clockwise about 
the origin 0. Label the new trapezium C. 

c Rotate trapezium A a quarter turn anticlockwise 
about the origin O. Label the new trapezium D. 


Cnapter t/ lranstormations 


Make three copies of this diagram showing trapezium P. 
a On copy 1 of the diagram, rotate trapezium P 180° 
about the point (2, 0). Label the new trapezium Q. 
b On copy 2 of the diagram, rotate trapezium P 90° 
clockwise about the point (—2, 2). Label the new 
trapezium R. 
c On copy 3 of the diagram, rotate trapezium P 90° 
anticlockwise about the point (—1, —1). Label the 
new trapezium S. 


a Describe fully the rotation that maps shape A 
onto: i shape B ii shapeC iii shape D. 
b Describe fully the rotation that maps shape B 
onto shape A. 
c Describe fully the rotation that maps shape B 
onto shape D. 


4 | a Describe fully the rotation that maps triangle A onto: 
i triangle B ii triangle C iii triangle D iv triangle E 
v triangle F. 
b Describe the transformation that maps triangle B onto 
triangle E. 
c Describe the transformation that maps: 
i triangle D onto triangle B ii triangle F onto triangle E. 


17.4 Enlargements and scale factors 


Enlargements and scale factors 


© Why do this? 


© You can enlarge a shape given the scale factor. If you have holiday photos blown up for 
© You know that enlargements preserve angles but change a poster, you are making an enlarged 
lengths. version of the original photo. 


© You understand that enlargements are described by a centre 
and a scale factor. 

© You can find the centre of an enlargement. 

© You can use positive and negative scale factors. 


©) Get Ready 


1. Plot the following points on graph paper and join them up. 
a (0,1) b (1,1) ce (1,0) d (0,0) 

2. Then plot the following points on the same graph and join them up. 
a (0,2) b (2,2) c (2,0) d (0,0) 

3. What can you say about these two shapes? 


ideals SS SN RE A ek Se = aa a SE a ee tie 


Scale factors 


© Here is a photograph of a shark. 


The sharks in the two photographs are the same but each length in the enlargement is 2 times the 
corresponding length in the original photograph. 
For example, the length of the shark’s fin in the enlargement is 2 times the length of the fin in the original 
photograph. 

© The scale factor of an enlargement is the number of times by which each original length has been multiplied. 
So the larger photograph is an enlargement with scale factor 2 of the smaller photograph as 

length of side in image 

length of corresponding side in object 

© The scale factor can be found from the ratio of the lengths of two corresponding sides; in this case the 
ratio is 1:2. 


scale factor = 


Chapter 17 lranstormations 


© An enlargement changes the size of an object but not the shape of the object. 

© Notice that each angle in the original photograph has the same size as the corresponding angle in the 
enlargement. 

© So in an enlargement: 
© the lengths of the sides of the shape change 
© the angles of the shape do not change. 


~ Example 8 Triangle B is an enlargement of triangle A. 


a Work out the scale factor of the enlargement that maps 
triangle A onto triangle B. 

b Work out the scale factor of the enlargement that maps 
triangle B onto triangle A. 


a Scale factor of the 
enlargement that maps 
triangle A onto triangle B = 
Scale factor = 2 


The base of triangle A is 2 squares. 
The base of triangle B is 4 squares. 
Notice that pairs of corresponding 
sides are parallel. 


4 
- 


— 
# Examiner’s Tip 


The transformation is still called 


b Scale factor of the This answer means that the length 
of each side of triangle A is 5 the 
length of the corresponding side of 


triangle B. 


an enlargement when the scale 
factor is a positive fraction 

less than 1 so that the image is 
smaller than the object. 


enlargement that maps 
triangle B onto triangle A = 


Scale factor = + 


2 
a 


Here is a right-angled triangle. 
The triangle is enlarged with a scale factor of 4. 
a Work out the length of each side of the enlarged triangle. 12cm ai 
b Compare the perimeter of the enlarged triangle with the perimeter 
of the original triangle. 


5cm 


2 Copy the shape on squared paper and draw: 
a an enlargement of shape A with scale factor 3. 
Label this enlargement shape B. 
b an enlargement of shape A with scale factor }: 
Label this enlargement shape C. 
A03 c Shape Bis an enlargement of shape C. 
Work out the scale factor of the enlargement. 
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17.4 Enlargements and scale factors 


: Rectangle P has a base of 4cm and a height of 2cm. 

: Rectangle Q is an enlargement of rectangle P with a scale factor of 2. 
Rectangle R is an enlargement of rectangle P with a scale factor of 3. 
a On squared paper, draw rectangles P,Q and R. 
b Find the perimeter of: i rectangle P ii rectangle Q iii rectangle R. 
c Find the area of: i rectangle P ii rectangle Q iii rectangle R. 


Perimeter of 0 .. Perimeter of R 
Perimeter of P Perimeter of P’ 


Write down anything that you notice about these values. 


Area of 0 i Area of R 
AreaofP Area of P’ 


Write down anything that you notice about these values. 
f Rectangle S is an enlargement of rectangle P with a scale factor of 8. 
What is the perimeter of rectangle S? 


d Work out the value of: i 


e Work out the value of: ji 


Centre of enlargement 


CES Points 

© Inthe diagram, triangle P has been enlarged by a scale factor of 2 to give triangle Q. 
The corner A of triangle P is mapped onto the corner A’ of triangle Q. A line has been drawn joining A and A’. 
Lines have also been drawn joining the other pairs of corresponding points of triangles P and Q. 
The lines meet at a point C called the centre of enlargement. 
C to Ais 2 squares across and 3 squares up. 
C to A’ is 4 squares across and 6 squares up. 

CA’ 

So TA 

© To describe an enlargement you need to give: 


© the scale factor ‘IN : 
centre of ‘ de bet 
© the centre of enlargement. Zz wT 
set aaa y Lee 


© In general, when shape P is mapped onto shape 0 c” 
by an enlargement with centre C and scale factor k, 
CA’ = k X CA for any point A of shape P and the 
corresponding point A’ of shape Q. 


A’ 


= 2, the scale factor of the enlargement. - 


& Example 9 Describe fully the transformation which 


maps triangle A onto triangle B. 


The lengths of the sides of triangle B are twice those of 
triangle A. 

This means that the transformation is an enlargement. 
To find the centre of enlargement, join each corner 
(vertex) of triangle A to the corresponding vertex of 
triangle B. 

The centre of enlargement C is the point where these 
lines cross. 


—- NY wOF TD NES 
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LNnhapter t/ iranstormations 


Notice that point C is between the object A and the 
image B. From C to P’ is twice the distance from C to P 
but in the opposite direction. 

The scale factor of the enlargement is —2. 


Watch Out! | 


When a shape is enlarged by a negative scale 
factor, the image is on the opposite side of the 
centre of enlargement to the object. 


y 
i) Example 10 4 a Enlarge triangle POR by a scale factor 15 


of —Fwith centre of enlargement C (3, 5). 14 


b Describe fully the transformation that 12 
maps triangle P’Q’R’ onto triangle POR. 


r- MP wr an Dns CO 


i) 
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From C to P is 3 squares to the left and 3 Squares up. 
So from C to P’ is —Z x 3 = —1 square to the left, 
or 1 square to the right, and -Z xX 3 = —1 square up, 


or 1 square down. 


In the same way, from C to Q’ is 2 squares to the left 
and 1 square down, from C toR’ is 2 squares to the 
left and 3 squares down 


- Yew ann ~Co wo 


S 
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17.4 Enlargements and scale factors 


b The transformation that maps triangle P’Q’'R’ onto baal : Plus 
Examiner’s Tip 


triangle PQR is an enlargement with scale factor 


—5, centre (5, 5). The word ‘enlargement’ is used even when the 


new shape is smaller than the original shape. 


The lengths of the sides of triangle PQR are 
3 times those of triangle P’Q'R’ and the 


centre of enlargement is between the two * Plus 


triangles. Examiner’s Tip 


In an enlargement, corresponding sides in the 
object and the image are parallel. 


# Exercise 17E 


Copy the shape on squared paper and draw the enlargement of the shape with the given scale factor 
and centre of enlargement marked with a dot (). 
a Scale factor 3. b i Scale factor 3. 
ii Scale factor 2. 
iii Scale factor 5. 
Draw all three enlargements on the same diagram. 


HH 


On a copy of the diagram complete the following 


y 
enlargements. : 
a Enlarge triangle A with a scale factor of —2, 3 

centre (0, 0). Label this new triangle B. 4 

b Enlarge triangle A with a scale factor of —h 3 

centre (1, 6). Label this new triangle C. 2 

c Find the scale factor of the enlargement 1 
that maps triangle C onto triangle B. 0-9 -8 -7 -6 -5 4-3 -2 =10 123 45% 

=2 

=3 

—4 
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a Ona copy of the diagram, enlarge shape P with a scale factor 
of —1, centre (1, 2). Label this new shape Q. 
The mapping of shape P onto shape Qis also a rotation. 
b Describe fully the rotation that maps shape P onto shape Q. 


Q) Key Points 


© A combination of transformations is when shape P is transformed to shape Q and then shape Q is transformed to 
shape R. It may be possible to find a single transformation which maps shape P onto shape R. 
For example, a reflection in the y-axis has the same effect as a reflection in the x-axis followed by a rotation of 


180° about the origin. 


“Example 11 a Reflect triangle P in the x-axis. 


Label the new triangle Q. 

b Rotate triangle Q 180° about the origin 0. 
Label the new triangle R. 

c Describe fully the single transformation 
which maps triangle P onto triangle R. 


c The single transformation which maps triangle P 


onto triangle R is a reflection in the y-axis. 
ance icone eae gee DMN id, Arnie EE, 
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17.5 Combinations of transformations 


YY Example 12 4 a Enlarge triangle P with scale factor 3 and y 


centre of enlargement (2, 1). 12 
Label the new triangle Q. "1 
b Enlarge triangle Qwith scale factortand "0 , 
centre of enlargement (8, 10). 3 
Label the new triangle R. 8 
‘ . . 7 
c Describe fully the single transformation 6 
which maps triangle P onto triangle R. 2 
4 
a,b YA 3 
n 2 
11 1 ° 
10 ° 
94 eS 
8 
; 
6 
54 
4 
\ 
2-4 
1 e 
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c FromP to Ris 4 to the right and 6 up. 
The single transformation which maps triangle P onto triangle R is the translation with vector (3). 


For each question, make a copy of the diagram. 


Complete the following translations. y 
: 12 
a Translate flag F by the vector (3h. "1 
Label the new flag G. 10 
b Translate flag G by the vector ea ; 
Label the new flag H. 
c Describe fully the single transformation 6 
which maps flag F onto flag H. 5 
d Describe fully the single transformation 4 
which maps flag H onto flag F. 3 A 
2 
1 


je} 
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Cnapter t/ iranstormations 


Complete the following transformations. 
a Rotate triangle T 180° about (2, 1). 
Label the new triangle U. 
b Translate triangle U by the vector (7): 
Label the new triangle V. 
c Describe fully the single transformation which maps 
triangle T onto triangle V. 


Complete the following transformations. 
a Rotate triangle T 90° clockwise about the origin 0. 
Label the new triangle U. 
b Reflect triangle U in the line y = —x. Label the new triangle V. 
c Describe fully the single transformation which has the same 
effect as a rotation of 90° clockwise about the origin O followed 
by a reflection in the line y = —x. 


" 4 | Use your copy of the graph paper to find and describe fully the single 
transformation which has the same effect as a 
translation with vector (5) followed by a reflection 
in the line x = 7. 


234 5 6 7 $ 9 1% 


Use your copy of the graph paper to find and describe 
fully the single transformation which has the same 
effect as a rotation of 180° about (0, 0) followed bya 
reflection in the y-axis. 


Chapter review 


© Ina translation, all points of the shape move the same distance in the same direction. 
© In atranslation 
© the lengths of the sides of the shape do not change 
© the angles of the shape do not change 
© the shape does not turn. 
© Ina translation, any shape is congruent to its image because the lengths of the sides and angles of the 
shape are preserved by the translation. 
© Vectors can be used to describe translations. 
© The top number shows the number of squares moved parallel to the x-axis, to the right or left. 
© The bottom number shows the number of squares moved parallel to the y-axis, up or down. 
© To the right and up are positive. 
© To the left and down are negative. 
© Ina reflection: 
© the lengths of the sides of the shape do not change 
© the angles of the shape do not change 
© the image is as far behind the mirror line as the shape is in front. 
© To describe a reflection, give the mirror line. The mirror line is the line of symmetry. 
© Ina reflection, any shape is congruent to its image because the lengths of the sides and angles of the shape 
are preserved by the reflection. 
© To describe a rotation, give: 
the angle of turn 
© the direction of turn (clockwise or anticlockwise) 
© the point the shape turns about (the centre of rotation). 
© Ina rotation: 
© the lengths of the sides of the shape do not change 
© the angles of the shape do not change 
» the shape turns 
© the centre of rotation does not move. 
© Ina rotation, any shape is congruent to its image because the lengths of the sides and angles of the shape 
are preserved by the rotation. 
© Inan enlargement: 
© the lengths of the sides of the shape change 
© the angles of the shape do not change. 
© To describe an enlargement, give: 
© the scale factor 
© the centre of enlargement. 
© If each vertex of shape P is joined to the corresponding vertex of shape Q, the joining lines intersect at the 
centre of enlargement. 
© In general, when shape P is mapped onto shape Q by an enlargement with centre C and scale factor k, 
CA’ = k X CA for any point A of shape P and the corresponding point A’ of shape Q. 
© A combination of transformations is when shape P is transformed to shape Q and then shape Qis 
transformed to shape R. It may be possible to find a single transformation which maps shape P onto shape R. 


© 


Unapter i/ itranstormations 


On a copy of the grid, draw an enlargement of the shaded shape with a scale factor of 3. 


Nov 2006 


a Ona copy of the grid, rotate the shaded shape 
90° clockwise about the point 0. 
b Describe fully the single transformation that will 
map shape P onto shape Q. 


May 2009 


a Ona copy of the grid, reflect shape A in the y-axis. 
b Describe fully the single transformation which takes shape A to shape B. 


Nov 2008 


Chapter review 


¥ 
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6 | Describe fully the single transformation that will 
map shape P onto shape Q. 


Plus 


Exam Question Report 


ee es 


61% of students answered this question poorly. 


Nov 2007 


: On a copy of the grid: 
a reflect shape A in the y-axis. Label your new shape B. : 
b translate shape A by 3 squares right and 2 squares down. Label your new shape C. 
Nov 2007: 
You have been asked to design a bathroom tile with 
reflective symmetry. 
Draw a design in the top left 4 by 4 corner. 
Then reflect your design in the vertical and horizontal 
lines to create the full pattern. : 


én tee ie EE ae aaa 
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Chapter 1/7 Iransformations 


On a copy of the grid, enlarge triangle A by scale factor 
—}, centre (—1, —2). 
Label your triangle B. 


Nov 2005 


8 | a Describe fully the single transformation that 
maps triangle A onto triangle B. 
b Ona copy of the grid, rotate triangle A 90° anticlockwise 
about the point (—1, 1). Label your new triangle C. 


Nov 2006 


a Ona copy of the grid, reflect triangle P 


b Describe fully the single transformation 
in the line « = 2. 


that takes triangle Q to triangle R. 
Nov 2006 


Chapter review 
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On a copy of the grid, enlarge triangle A by scale factor —2, centre (0, —1). 


Triangle A is reflected in the x-axis to give triangle B. 
Triangle B is reflected in the line x = 1 to give triangle C. 
Describe the single transformation that takes 
triangle A to triangle C. 
June 2008 


Triangle A is reflected in the y-axis to give triangle B. 
Triangle B is then reflected in the x-axis to give triangle C. 
Describe the single transformation that takes triangle A 
to triangle C. 


Samy 


When you buy food, the packaging gives you information about the nutritional value of 
that food, but you will need to interpret it to understand what it means for your health. For 
example, a grilled salmon fillet gives you 30g of protein but unless you know that a woman 
needs approximately 46g of protein a day and a man approximately 56g, this is of little use. 
Now you can work out that for a woman, the salmon fillet gives her about 65% of her daily 
protein intake and for a man about 54%. 


@) Before you start 


In this chapter you will be able to produce and You need to be able to: 

interpret the following, for various types of data: © measure and draw angles to the nearest 
© pie charts degree 

© stem and leaf diagrams © measure and draw lines to the nearest mm 
© bar charts and composite bar charts © understand grouped data. 


© frequency diagrams 

© histograms for continuous data 
© frequency polygons 

© cumulative frequency graphs 
© box plots. 


18.1 Producing pie charts 


Producing pie charts 


© Why do this? 


© You can represent the proportions of When a council collects council tax they like to show the 
different categories of data using a pie taxpayers how they are spending their money. They might use 
chart. a pie chart to show the proportions spent on different things. 


(<>) Get Ready 


1. How many degrees are there in a circle? 
2. How many degrees are there in a quarter-circle? 
3. Whatis a fof360 hb Zof180 cc Zof90? 


© A pie chart is often used to show data. It shows how the total is split up between the different categories. 
© Ina pie chart the area of the whole circle represents the total number of items. 


© The area of a sector represents the number of items in the category represented by that sector. 
This pie chart shows how the population of the United Kingdom is split between Northern Ireland 


Scotland 
the different countries. Wales 
It shows that the lowest number of people live in Northern Ireland. 
The greatest number of people live in England. 
© The angles at the centre must add up to 360°. England 


frequency X 360° 


© The angle for a particular sector is found as follows: sector angle = 
total frequency 


“? Examplel 4 The table shows the number of theatre-goers who attended each type of performance at 
least once in a 1-year period. 


INomber | | 7 | ow | 7 | 4 


Draw a pie chart to represent this information. 


Musical 2. x 360° = 114° | Total frequency = 38 + 27+ 144+17+24=120 
O | Use the formula to find each angle. 
27 oo ae al 
Play 120 ABE = 2 Entertainment 
14 
14 0 Ane Riveieal 
Entertainment 726 X 360° = 42 — ms Pome 
17 
Dance 17 X 360° = 51° Add the angles together to 
120 make sure they add up to 360°. 
24 — a Opera 
x = 
Opera 720 360° = 72 24 Play 
7 27 


| Check: 114 +81+42+51+72=360 


nia nrhart cartnr C-ty ) 
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# Exercise 18A Questions in this chapter are targeted at the grades indicated. 


" The numbers of drinks dispensed by a vending machine in one day are shown in the table. 


B 
coffee 
tins p= | e@ |e | aw |e | aw 


drinks 
Draw a pie chart to represent these data. Use a radius of 4cm. 


* The snack bar at a bus station sold 120 sandwiches one lunch time. 
The table shows the number of each type of sandwich sold. 


Type oF Cheese 
sandwich 

Number of 

sandwiches 


Draw a pie chart to represent these data. Use a radius of 4cm. 


. ey A factory manager asks the employees how they travel to work. 


The table shows these data. 


Method of getting to work Walk 


(A) Key Points 


© To read frequencies from a pie chart use the formula 


sector angle X total frequency 
360° 
© The frequency represented by corresponding sectors in two pie charts is dependant upon the total populations 
represented by each of the pie charts. 


Frequency = 


18.2 Interpreting pie charts 


i) Example 2 4 The pie chart shows the number of Bronze Age finds made with a metal detector and the 
outcomes when they were submitted to a local museum. 


There were 36 finds altogether. 


Pending 


Not treasure 


Not Watch Out! 


acquired 


In an exam ‘work out’ means 
calculate the frequency, so 
don't just measure the angle. 


Acquired 


a Which type of outcome was most frequent? 
b Work out the frequency for each outcome. 


a Acquired’ was the most common outcome. 


sector angle X totalfrequency  240°x« 36 _ 


b Acquired frequency = 360° 360° 24 
. — 80° X 36 _ 
* Plus Not acquired frequency 360° & 
Examiner’s Tip ° 
Not treasure frequency = aoe =5 


Always add up the 
frequencies for each sector Pending frequency = 10° X 356 _ 1 
to make sure they total to the 560 


right number. 
Check:24+8+3+1=36 


¥ Exercise 18B 


| The pie chart shows how the 180 boys in Year 11 at Windup Academy chose from five sports options. 


a Write down the least popular option. 
b Write down the most popular option. 
c Work out how many boys chose tennis. 


d Work out how many boys chose cricket. 


Chapter 16 Frocessing, representing and interpreting data 


A company owns two coffee shops in Twyfield. 


They do a survey to find the number of each type of coffee they sell between 9am and 10am on one 
particular day. 


Frequency =| 

| coffee type Shop A Shop B 

leases 5 5 
wells 


; 


Americano 15 12 

taake 10 24 
—_— 

\vantisa 40 20 


oie - 
Cappuccino 20 11 


Compare and contrast the information by drawing two pie charts. 


Representing and interpreting data in a stem 
and leaf diagram 


© Why do this? 


© You can represent data as a stem and leaf diagram. If you surveyed the number of DVDs that your 
© You can use a stem and leaf diagram to find the friends have, you could use a stem and leaf 

mode, median, range and quartiles of a set of data. diagram to show the pattern of the results. 
<>) Get Ready 


1. Write the numbers in each set in order of size, with smallest number first. 
a 65,54, 72,50 b 4.3, 4.6, 4.0, 4.4 c 0.11, 0.1, 0.01, 0.12 
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© Astem and leaf diagram is a way of presenting data that makes it easy to see the pattern without losing the 
actual data. 


© Astem and leaf diagram should always have a key. 


© From a stem and leaf diagram you can find statistics about the data. The lower quartile (Q,) is the value a quarter 


of the way through the data, the second quartile (Q,) or median is halfway through, and the upper quartile (Q,) is 
three-quarters of the way through. 


© The interquartile range (IQR) is the difference between the upper and lower quartiles = Q, — Q,. 


stem and leaf diagram 


18.3 Representing and interpreting data in a stem and leaf diagram 


YO) Example 34 Here are the numbers of cigarettes smoked per day by 15 people who are going to attempt 
to give up smoking: 


20, 35, 40, 42, 32, 15, 22, 30, 28, 34, 40, 43, 28, 41, 25 


Write these data as an ordered stem and leaf diagram. 
Write down the mode of these data. 

Find the median of these data. 

Work out the range of these data. 

Find the lower and upper quartiles and interquartile range. 


on fF & f 


The digit that each number 
begins with is called the stem. 


The following digit is called the leaf. 


Under stem, write the numbers 1 to 4. 


Opposite each stem, write the leaves. 
Don’t worry about the order. This gives 
you an unordered stem and leaf diagram. 


1 5 Next draw a stem and leaf with the 

9 0 2 5 8 8 leaves in order, starting with the 
smallest. This is an ordered stem and 

3 0 2 4 5 leaf diagram as asked for in the question. 

4 0 0 1 2 =) 


Key 1 |5 stands for 15 


b There are two modes: 28 and 40. Each appears twice, the others only once. 


c The median is 32. 32 is the middle value. 


d The rangeis 435 — 15 = 28 The range is the difference between 


the largest and smallest values. 
The largest and smallest values 
are the first leaf and the last leaf. 


e Q,=25 Q,=40 
lak =40-—25=15 


Q,= 72th value = 4th value 


Q,=3*x 12th value = 12th value 


You can find the values by counting 
in from each end. 


ek Diet i yoe eee e eee 


p> On 
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Exercise 18C 


7 Nassim records the number of emails he receives every day for 35 days. 
The data he collects are shown in the stem and leaf diagram. 


Key 3| 1 stands for 31 


a Write down the mode of these data. 

b Find the median of these data. 

c Work out the range of these data. 

d Find Q, and Q, of these data. 

e Work out the interquartile range for these data. 


Here are the number of minutes a sample of 19 people had to wait to see a dentist. 


10 12 8 9 21 24 17 4 28 30 
5 7 9 15 7 9 14 9 6 

Draw an ordered stem and leaf diagram for these data. 

Use your stem and leaf diagram to find the mode of these data. 

Use your stem and leaf diagram to find the median of these data. 
Work out the range of these data. 

Use your stem and leaf diagram to find Q, and Q, of these data. 

Work out the interquartile range for these data. 


-~ 2 2.0 ec ® 


A delivery driver does a journey on 23 days every month. 
Here are the distances, in kilometres, that he travelled in March. 
56 74 83 74 65 92 52 59 
64 68 72 94 82 63 74 65 
88 69 68 85 68 74 63 


a Draw an ordered stem and leaf diagram for these data. 

b Use your stem and leaf diagram to find the mode of these data. 
c Use your stem and leaf diagram to find the median of these data. 
i Work out the range of these data. 

e Use your stem and leaf diagram to find Q, and Q, of these data. 

f Work out the interquartile range for these data. 


18.4 Interpreting comparative and composite bar charts 


Interpreting comparative and composite 


bar charts 
/ > Why do this? 
© You can interpret comparative bar charts. You may want to compare the sales of various 
© You can interpret composite bar charts. categories of music in two shops. Composite bar 


charts would allow you to do this. 


(<>) Get Ready 


1. What canyou say aboutthe a 50 b 100 
data in these two charts? 95 75 
50 
A B C 
25 
0 


© Composite bar charts (sometimes called compound or component bar charts) can be drawn to compare data. 


© A composite bar chart shows the size of individual categories split into their separate parts. 


© A dual bar chart is a type of comparative bar chart. 
In a comparative bar chart, two (or more) bars are drawn side-by-side for each category, and the heights of the 


bars can be compared category-by-category. 


& Example 4 The dual bar chart shows the number of houses sold by two agents in four months. 


soll 

307 [] Agent A 
2 251 [] Agent B 
= 20-5 < 
° ™ 
2 15>} ; ‘i, 
S 107 | The key tells you which 

54 | bars are agent A’s and 
0 which are agent B's. 
April May June July 
Months 
a_ Inwhich month did A and B sell the same number of houses? 
b Which agent sold the most houses in June? 
c How many houses did B sell in April? 
d How many houses did A sell in April? 
e How many more houses than A did B sell in July? 
| 
The bars are the same height for May. 
a AandB sold the same number of houses in May. =. 
b Asold more houses in June. < A\s bar is higher than B's. | 


B sold 30 houses in April. 

A sold 25 houses in April. Use the key to identify B's colour. Find the month April 
25—-15=10 and read off B’s sales from the left-hand scale. 

B sold 10 more houses than Ain July. <—__| B sold 25 houses in July andA sold 15. 


ona 


Component har charc diral har chart Q2Qq 
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M2 Example 5 4 This composite bar chart shows the amounts of protein, carbohydrate, fat and fibre in 
100 g of white and wholemeal flour. 


100% 
90% 
80% 
70% 
60% 
50% 


a How many grams of protein are there in 100 g of 
white flour? 
b How many grams of carbohydrate are there in 100g 
of wholemeal flour? 
c Write down the flour which had the greater amount 
Fibre of fibre. 
LC] Fat d Write down the flour with the smaller amount of fat. 
O Carhohydrate e How many grams of wholemeal flour were not 
O —e protein, carbohydrate, fat or fibre? 


The key tells you the colour for each constituent. 


White flour Wholemeal flour 


| 


100 - 82 = 18g 


oO 


¥ Exercise 18D 


J) The dual bar chart shows the temperature in a number of resorts in April and October. 


Maximum temperature (°C) 


Resort 
| April ES October 
a Write down the maximum temperature in April. 
b Write down the maximum temperature in October. 
c Write down the resort that had the same maximum temperature in both months. 
d Write down the resorts in which the maximum temperature in October was 29°C. 
e Write down the resort in which the maximum temperature in April was 19°C. 
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18.5 Drawing and interpreting frequency diagrams and histograms 


The composite bar chart shows how David spends his money. _ 


90% 
a What did David spend most on? 80% [J other 
b What did David spend least on? 70% L hi 
c What percentage of his income did he spend on housing? 60% [Housing 


50% | Pension 


40% 
30% 
20% 
10% 

0% 


Spending 
The composite bar charts show the make- 100 
up of 100 grams of each of two cereals: 90 fe] Other 
Wheatees and Fruitbix. 7 [Fibre 
a How many grams of carbohydrate are - [_] carbohydrate 
. v) an 
there in 100 g of Wheatees? = 50 ag Fat 
. . o 
b Estimate the number of grams of fat in 40 a — 
100 g of Fruitbix. 30 
c Write down the name of the cereal that 20 
has more fibre. 10 
Wheatees Fruitbix 


Market days in Ulvston are on Thursday and Saturday. 
Mattie runs a market stall that sells jumpers on each of 


F F = 80 [| Green 
these days. The composite bar chart shows his sales B 69 
' 5 [oy Blue 
in one week in November. 2 4 
. . = 
a Onwhich day were most jumpers sold overall? 2 9 [Red 


b Onwhich day were most green jumpers sold? 
Thursday Saturday 


c How many red jumpers were sold on Saturday? 


Drawing and interpreting frequency 
diagrams and histograms 


© Why do this? 


© You can draw a frequency diagram for grouped An exam board may choose to illustrate how the candidates 
discrete data. in a particular year performed in one of its exams by 
© You can draw a histogram for continuous data. creating a frequency diagram or histogram with the data. 


(<>) Get Ready 


1. What is the width of each class interval? 
a0<sh<3 b8<sh<24 c 75<h< 100 


Q2DQ 
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© A frequency diagram can be drawn from grouped discrete data. 
© A frequency diagram for grouped discrete data looks the same as a bar chart except that the label underneath 
each bar represents a group. 
© Ahistogram can be drawn from grouped continuous data. 
© A histogram is similar to a bar chart but represents continuous data so there is no gap between the bars. 
© You can find information from a histogram, such as the median or the number of people in a given interval. 


" Example 6 The table shows the number of pizzas ordered 


in a restaurant from 7 pm to 8 pm on consecutive nights. 
Draw a frequency diagram for this information. 


Frequency 


There is a gap between the bars because, for example, 
there is no whole number between 15 and 16. 


iS 


16-20 


et: a 
1-5 6-10 11-15 
Number ordered 


& Example 7 The grouped frequency table shows information 


about the lengths of a series of roadworks. 


a Write down the modal class interval. 
b The length of one set of roadworks is 177.2 m. 
In which class interval is this recorded? 
c The length of another set is exactly 180 m. 
In which class interval is this length recorded? 
d Draw a histogram for these data. 


177.2 mis greaterthan175m 


b This set is in the class interval 175 <1< 180. but less than 180 m. 


180 is shown at the end of one class 
interval and at the beginning of another. 
The sign for ‘less than or equal to’ (<) 
shows that 180 m should go in the 
class interval 180 </1< 185. 


This set is in the class interval 12O <1 < 185. 


a 


= N 
a So 
— 


Frequency 


In this histogram the area of the bars is 
proportional to the frequency. 
In the class interval 160 to 165 there are 50 
little squares representing a frequency of 10. 

‘ 4 
Each little square is equal toa frequency of =. 


— 

or Oo 

— a 
i 


0 Boose oy sae ts ae FEEEE 
155 160 165 170 175 180 185 190 195 
Length (metres) 


In the class interval 165 to 170 there are 70 little 
Squares So it represents a frequency of 7O X = = 14. 


334 frequency diagram histogram grouped frequency table — 


18.6 Drawing and using frequency polygons 


F Exercise 18E 


i The grouped frequency table shows information about 
the number of computer games owned by each of 
35 college students. 


Number of games | Frequency | 


6to 8 


Draw a frequency diagram for this information. 


12 to 14 


The grouped frequency table shows information about 
the wingspans of 36 snowy owls. 


Wingspan (w cm) 
125 < w < 130 
130 < w < 135 
135 < w < 140 


a Write down the modal class. 


b The first snowy owl measured had a wingspan of 
140 cm. In which class interval is this recorded? 


i 


140 <w < 145 
145 < w < 150 


c Draw a histogram for these data. 


In a research project 40 young otters were weighed. 
Some information about their weights is shown in the table. 


Weight (w g) 
135 < w < 137 3 
137 <w < 139 
139 <w < 141 


a Write down the modal class. 


b Inwhich class interval does the weight of 137 g fall? 


c Draw a histogram for these data. 
141 <w < 143 


143 Sw < 145 5 


Drawing and using frequency polygons 


© Why do this? 


© You can draw frequency polygons. If you take a sample of your classmates’ long-jump 
© You can recognise simple trends from a frequency results, a frequency polygon would give you a 
polygon. good idea of how the lengths are distributed. 
© You can use two polygons to make comparisons 
between two sets of data. 


<>) Get Ready 


1. Which number is halfway between: 
a 3and7 b 15 and 20 ce 112 and 119? 


22Fr 
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@) Key Points — 


© A frequency polygon is another graph which shows data. 

© When drawing a frequency polygon you draw a histogram then mark the midpoints of the tops of the bars and 
join these with straight lines. 

© More than one frequency polygon can be drawn on the same grid to compare data. 


YW) Example 8 4 Draw a frequency polygon for the data in Example 7. 


Plot the points at the midpoints 
of the class intervals. 


—= 
ao 


py 
Oo 


Frequency 


or 


5 i 
155 160 165 170 175 180 185 190 195 
Length (/ metres) 


Example 9 The frequency table gives information about the time waited, in seconds, 


at a set of traffic lights. 

a Write down the modal class. 

b Use the information to draw a histogram. 

c Draw a frequency polygon to represent 
the information. 


Time waited 
_ (¢ seconds) 


| Frequency 


110 <t< 115 
115s ¢ < 120 


a The modalclassis 100 St< 105. 


As the question asks for both a histogram anda 
frequency polygon to be drawn, draw the histogram first. 


Frequency 


oO rF NM WwW FP oD NY Cc 


336 


18.6 Drawing and using frequency polygons 


Example 10 These two frequency polygons show the heights of seedlings growing in two 
different composts. 


Compare the heights of the two groups. 
Give reasons for your answers. 


>< Compost A 
15 >< Compost B 


Frequency 


Height (cm) 


C 2 Aa tall li i Above 5 cm, the line showing the heights with 
GIA POS bd GMCS DANG! SeecNlligs Over al. compost A is above the line for compost B. 
There are five seedlings in the 7—& cm class 


interval which were grown in compost A 
compared to two for compost B. 


There are more very tall seedlings with compost A. 


There are more very short seedlings with compost B. 


There are seven seedlings grown in compost 
B but only four for compost A inthe 2—3 cm 
class interval. 


¥ Exercise 18F 


A seed producer wants to know the numbers of peas in pods of a new variety of peas. 
: He records the number of peas in 60 pods. The table shows this information. 


Draw a frequency polygon for these data. 


The noise levels at 40 locations near an airport were measured in decibels. 
The data collected are shown in the grouped frequency table. 


Noise level (d decibels) 60<d<70 | 70<d<80 | 80<d<90 | 90<d< 100 


fFreqweney | | tt 


a Write down the modal class. 
b Use the information in the table to draw a histogram. 


c Use your answer to part b to draw a frequency polygon. 
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In a fishing competition the lengths, in centimetres, of all the trout caught were measured. 
The information collected is shown in the table. 


Draw a frequency polygon for these data. 


AD : " The two frequency polygons show the amount of time it took a 
group of boys and a group of girls to do a crossword puzzle. 
Who were better at doing the puzzle, boys or girls? 

Give a reason for your answer. 


Girls 
_ >€ Boys 


Frequency 


he 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
° 
. 
. 
. 
. 
. 
. 
. 


(A) Key Points 


© In histograms, when there are unequal class intervals in a bar you adjust the height by using a scale of 
frequency density rather than width, where: 

frequency 

class width 

or frequency = frequency density x class width. 


frequency density = 


© The area of each bar gives its frequency. 


338 frequency density 


Yo Example 11 4 The table gives information about the times taken, in seconds, by a number of workers to 


Frequency density 


0 
0 


5 


5 20 25 30 35 40 45 
Time (seconds) 


18.7 Drawing and using histograms with unequal class intervals 


complete an operation in a factory. 


Time taken 
(€ seconds) 


Frequency density 
_ frequency 
~ class width 


Time taken 
(¢ seconds) 


10<t=<30 


30 <¢=<35 


35<t=<40 


40<¢=<50 


50<¢=<70 


Work out the width of each class interval (the class width). 
Divide the frequency by the class width to find the 
frequency density which gives the height of each bar. 


On a grid label the horizontal axis ‘Time (seconds)’ and the 


vertical axis ‘Frequency density’. 
Scale the horizontal axis from O to 75 and the vertical 


axis from O to 3. 
Draw the bars with no gaps between them. 


The first bar goes from 10 to 30 and has a height of 0.25 


Oe pa oN aa SN 
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« Example 12 The histogram gives information about the time, in seconds, taken by students to 
solve a puzzle. 


Time taken 
(¢ seconds) 


Frequency density 


Time (seconds) 


a Complete the frequency table. 
b Use the histogram to estimate the number of people who took between 
10 and 36 seconds to solve the puzzle. 


; frequency 
a i < =8&=0, Frequency density =__“** 
2 Frequency density for 20 < t < 30 seconds 7a UO. 4 aaoeniaes 


Now put a scale on the histogram. 
0.5 


Frequency density 


SER Seis Bg Paki] 
30 40 50 60 70 80 
Time (seconds) 


Frequency = frequency density X class width 


0 10 20 


Time taken 
(tseconds) | 


Frequency 


30<t¢=<40 10 < 1.0 = 10 
40<t¢=<50 10 x 0.8 = 8 
50<t=<70 20 X 0.3 = 3 


= 
Oo 


S 
on 


Frequency density 


Frequency = (10 X 0.4) + (10 X 0.8) + (6 X 1.0) 
=4+8+6 
= 18 people 


Work out the area between time = 10 and 36 seconds 
using frequency = frequency density X class width. 


18.7 Drawing and using histograms with unequal class intervals 


¥ Exercise 18G 


The table gives information about the lifetime of a certain make of torch battery. 


Lifetime 
(U hours) 


10</<15 


15<1<20 
20<1<25 


25</1< 30 


30 <1< 40 6 


a Copy and complete the table. 


b Draw a histogram for these data. 


M2 | The table gives information about the distances a group of workers have to travel to work. 


Distance 
(d kilometres) 


30<d=<40 


Draw a histogram for these data and find an estimate of the number of workers who travel between 
15 and 25 minutes. 


| 3 | The table gives information about the age of people visiting a theme park one April morning. 
a Copy and complete the table and histogram. Add a scale where necessary. 


aesiviean) | Faney 
Tocyes | 0 
wcyem [ 
Tacyeo | 
wzyen | 


b Find an estimate of how many people between 5 years and 30 years visited the theme park 
that morning. 


Frequency density 


0 10 20 30 40 50 60 70 80 
Age (years) 
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A) Key Points 


© The cumulative frequency of a value is the total number of observations that are less than or equal to that 


value. 
© Cumulative frequency diagrams (graphs) can be used to find estimates for the number of items up to a 
certain value. 
v2 Example 13 4 The grouped frequency table shows information about the time, in minutes, taken by 


40 runners who had competed in a cross-country race. 


Tine intel | Freawoney 
t<0 | 0 
— 
—i— 


70<t<75 


75<t<80 


a Draw up a cumulative frequency table. 
b Draw a cumulative frequency graph. 


2 Cumulative 
frequency : 


2+ 12= 14 


Each time add the frequency to 
the previous cumulative frequency. 
The previous frequency was 2 so 
add the frequency 12 to get the 
new cumulative frequency 14. 


70<t<75 


504 


The cumulative frequency 35 for the interval 
70 <t <75 is plotted at (75, 35). 

The plotted points may be joined by a curve or 
by straight lines. 


Cumulative frequency 
wo 
oO 


10 Sareea at 


60 65 70 75 80 
Time (minutes) 


ats 


342 cumulative frequency cumulative frequency diagram (graph) cumulative frequency table 


18.8 Drawing and using cumulative frequency graphs 


& Example 14 Forty students took a test. The cumulative frequency graph gives information about 
their marks. 


a Use the graph to estimate the number 
of students who had marks less than 
or equal to 26. 

b Use the graph to work out an estimate 
for the number of students whose mark 
was greater than 44. 

c 26 students passed the test. 

Work out the pass mark for the test. 


Cumulative frequency 


0 
0 10 20 30 40 50 60 70 
Mark 


a There are 20 students with a mark less than 26. 


2 ag 
S 36 
b There are 36 students with a mark less than or 2 30 
equal to 44 so there are 40 — 36 = 4 witha mark £ 20 
greater than 44. 3 
E 10 
Oo 
c If 26 pass there will be 40 — 26 = 14 that fail. OF hills Ae — soa a 
From the graph the pass mark was 22. Mark 


¥ Exercise 18H 


The table shows the ages of people using a bowling alley. 


/ reteyns) |g Cumulative 
frequency 
ee ee 
pwcres | | 
re ee 
Se ee 
ee ee 
Se 
ps<ecm | oz | | 


a Copy and complete the table. 


b Draw a cumulative frequency graph for these data. 


2an> 


A03 
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The cumulative frequency graph shows the time a group of 
girls spent on school computers. 
a Use the cumulative frequency graph to estimate the 
number of girls who spent up to 4 hours on the computer. 
b Use the cumulative frequency graph to estimate the 
number of girls who spent more than 6 hours on the 
computer. 
c Use the cumulative frequency graph to estimate 
the number of girls who spent between 34 and 
6; hours on the computer. 


The cumulative frequency graph shows the speeds of cars 
on a motorway. 
a Use the cumulative frequency graph to find an estimate 
for the number of motorists 
i driving at 45 mph or less 
ii driving at between 40 mph and 70 mph. 
b How many motorists’ speeds were recorded altogether? 
c The speed limit on a motorway is 70 mph. 
Estimate the percentage of cars with a speed greater 
than 70 mph. 


Cumulative frequency 


Cumulative frequency 


Time (hours) 


120 
100 
80 
60 
40 
20 


0 
20 30 40 50 60 70 80 90 100 
Speed (mph) 


Finding quartiles from a cumulative 


frequency graph 


© Why do this? 


© You can estimate the median and quartiles 
from a cumulative frequency graph. 


Which numbers are: a_ halfway along the list 


Looking at the age of Britain's population in a frequency 
table, it is difficult to estimate the median and range. A 


cumulative frequency graph makes it easy to find the values. 


<>) Get Ready 


1. Look at this list of numbers: 5, 5, 6, 7, 9, 9, 12, 13, 18, 20, 22, 23. 
b three-quarters along the list? 
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© The quartiles divide the frequency into four equal parts. 


© The estimate for the lower quartile is the ith value. 
© The estimate for the median is the 3th value. 
© The estimate for the upper quartile is the th value. 


© If there are 7 values then the quartiles can be estimated from the cumulative frequency graph. 


© You can compare measures of spread for two cumulative frequency graphs. 


18.9 Finding quartiles from a cumulative frequency graph 


M) Example 15 4 The cumulative frequency graph shows information about the times, in minutes, taken by 
40 runners who competed in a cross-country race. 


a Find estimates for the median and quartiles. 
b Find estimates for the range and interquartile range. 


s 

s 40 + 

S 

& 30 

$ 

= 20 

3 

E 10 

Oo 

P 
55 60 65 70 75 80 85 
Time (mins) 
a Q, = 69 min Q, is the=2 = 10th value. 
median = Q, = 71.5 min Q, is the 42 = 20th value. 
Qs = 73.5 min Qs is the 3 x 42 = 350th value. 


b Range = &0 — GO = 20min 
IQR = 73.5 — 69 =4.5 min 


Range = highest — lowest values 
IQR = Qs as Q, 


ry 
S 40 
= 
& 30 
o 
= 20 —— —— 
5 10 te + 
0 se 
55 60 65°70 75 «680 85 
Time (mins) 
¥ Exercise 181 
nay The cumulative frequency graph shows the scores a group of 100 
: 100 apprentices got in an engineering examination. 904 
a Find an estimate for the median (Q,). > 80 
b Find an estimate for Q, and Q;. = a 
= 60 
c Work out the interquartile range. i 
d Work out the range. 2 40 
S 30 


20 
10 


4 
0 10 20 30 40 50 60 70 80 
Marks 
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0 2 4 6 8 10 12 14 
Price (£1000s) 

a Find an estimate for the median (Q,). 

b Find an estimate for Q, and Q,. 

c Work out the interquartile range. 


is The cumulative frequency graph shows the prices of detached houses on an estate agent's website. 


1604 — 


a = 
o Ne 
oo oo 


807 


Cumulative frequency 


160 180 200 220 240 260 280 300 320 
Price (£1000s) 


a Find estimates for the median and quartiles. 


b Find estimates for the range and the interquartile range. 


18.1 


©) 


wenn eee Ce eeereeeccoreseesssseeeseeeseee 
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18.10 Drawing and interpreting box plots 


© Box plots (sometimes called box and whisker plots) are diagrams that show the median, upper and 


lower quartiles and the maximum and minimum values of a set of data and are often used to compare 
distributions. 


& Example 16 The times run by an athlete had a maximum of 52.1 seconds, a minimum of 47.2 seconds, 


a median of 48.8 seconds and upper and lower quartiles of 49.3 seconds and 48.2 seconds. 
Draw a box plot for these data. 


Minimum Lower Median Upper Maximum 
value quartile quartile value 
| The box shows the spread over the middle 50% 
of the data (the interquartile range). 


I | The whiskers show the lower 25% 
EMSRS SHS EBSEREEEREE Eee and the upper 25% of the data. 
47 48 49 50 51 52 53 


Time (seconds) 


MW? Example 17 9 The numbers of downloads from a music site during 15 time periods were as follows. 


5 5 7 12 16 20 21 23 
26 26 27 27 28 29 31 


Draw a box plot for these data. 


5 5 7 (12) 16 2 2 (23) 2% 26 
7 (27) 2B 29 31 


The lowest value is 5 and the highest is 31. 


Examiner’s Tip 


The lower quartile is the x1 5 + 1)th Lower quartile is the These formulae are only for 
= = 4(n + 1)th value. . 
= 4th value = 12. 4 discrete data. 
= Sth value = 235. 
Upper quartile is the 3 x (15 + 1)th Upper quartile is the 3(n + 1)th value. 
= 12th value = 27. 


0 5 10 15 20 25 30 35 
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& Example 18 The cumulative frequency graphs give information about the number of sales of mobile 
phones at two shops over 100 days. 


Cumulative frequency 
Cumulative frequency 


0 0 
0 20 40 60 80 100 120 0 20 40 60 80 100 120 
Number of sales Number of sales 


a Draw comparative box plots for these data. 
€ b Compare the sales of the two shops. 


Find the maximum and minimum 
values and the median and 
quartiles from your graph. 


m2 


Shop A ieee et 
Shop B my 


0 10 20 30 40 50 60 70 80 90 100 110 } 
Number of sales 


Draw your box plots to the same scale. 


b Shop B had a higher median so their sales are generally greater. 
Both the range and interquartile range of shop A were greater than those of shop B. 
The sales of shop A are more variable from day to day. 


#3 Awildlife park ranger estimated the heights of all the adult giraffes in the park. The tallest was 5.8 
: metres tall and the shortest was 4.2 metres. The median height was 5 metres, the lower quartile 
4.6 metres and the upper quartile 5.6 metres. Draw a box plot for these data. 


BE The heights of the trees in a small piece of mature woodland were measured in metres. 
They were as follows. 


29 29.2 30.1 32 325 345 34.5 36.7 38 392 395 40.0 403 40.3 404 
Draw a box plot for these data. 
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Chapter review 


; . : : —— Male 
: The cumulative frequency graph gives information about the 


ages of the male and female members of a cycling club. 


—— Female 


a Use the cumulative frequency diagram to find the 
quartiles and the maximum and minimum values. 


: * b Draw two box plots on the same scale using these 
data and compare and contrast the data. 


Cumulative frequency 


0 20 40 60 80 
Age (years) 


© Ina pie chart the area of the whole circle represents the total number of items. 

© The area of each sector represents the number of items in that category. 

© The angles at the centre must add up to 360°. 

frequency X 360° sector angle X total frequency 

total frequency 360° 

© The frequency represented by corresponding sectors in two pie charts is dependant upon the total populations 
represented by each of the pie charts. 

© Astem and leaf diagram is a way of presenting data that makes it easy to see the pattern without losing the 
actual data. 

© Astem and leaf diagram should always have a key. 

© From a stem and leaf diagram you can find statistics about the data. The lower quartile (Q,) is the value a quarter 
of the way through the data, the second quartile (Q,) or median is halfway through, and the upper quartile (Q;) is 
three-quarters of the way through. 

© The interquartile range (IQR) is the difference between the upper and lower quartiles = Q; — Q,. 

© A composite bar chart shows the size of individual categories split into their separate parts. 

© A comparative bar chart shows two or more bars side-by-side for each category. 

© A frequency diagram for grouped discrete data looks the same as a bar chart except that the label 
underneath each bar represents a group. 

© Ahistogram is similar to a bar chart but because it represents continuous data, no gap is left between the bars. 

© You can find information from a histogram, such as the median or the number of people in a given interval. 

© When drawing a frequency polygon you draw a histogram then mark the midpoints of the tops of the bars and 
join these with straight lines. 

© More than one frequency polygon can be drawn on the same grid to compare data. 


© In histograms the area of each bar is proportional to the frequency it represents. 
frequency 


class width 
© The cumulative frequency of a value is the total number of observations that are less than or equal to that value. 


© The quartiles divide the frequency into four equal parts and can be estimated from the cumulative frequency 
graph. 
© If there are n values, the estimates are: 


sector angle = or frequency = 


Frequency density = or frequency = frequency density < class width. 


lower quartile = ath value, median = sth value, upper quartile = anh value. 

© You can compare measures of spread for two cumulative frequency graphs. 

© Box plots (sometimes called box and whisker plots) are diagrams that show the median, upper and lower 
quartiles and the maximum and minimum values of a set of data and are often used to compare distributions. 


Chapter 18 Processing, representing and interpreting data 


¥# Review exercise 


=e 60 students were asked to choose one of four subjects. 
The table gives information about their choices. 


Number of 
students 


French | 10 


Copy and complete the pie chart to 
show this information. 


» 


‘2 The table gives information about the drinks sold in a café one day. 


Size of angle Copy aoe complete the pie chart to 
show this information. 


72° 


Nov 2008 


Hot 
chocolate 


Nov 2008 
=) Mr White recorded the number of students absent one week. 
The dual bar chart shows this information for the first four days. 
16 Key: 
wm [_] Boys 
$12 i Girls 
3 10 
= 8 
= 6 
2 4 
2 
0 Pune | eat (ts | 
Monday Tuesday Wednesday Thursday — Friday 
Days of the week 
a How many boys were absent on Monday? 
b How many girls were absent on Wednesday? 
On Friday, 9 boys were absent and 6 girls were absent. 
c Use this information to complete the bar chart. 
On only one day more girls were absent than boys. 
d Which day? March 2008 
Zoe recorded the weights, in kilograms, of 15 people. Here are her results. 
87 51 46 77 74 58 68 78 48 63 52 64 79 60 66 
a Draw a diagram to show these results. 
b Write down the number of people with a weight of more than 70 kg. 
c Work out the range of the weights. March 2009, amended 
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Chapter review 


Jason collected some information about the heights of 19 plants. 
This information is shown in the stem and leaf diagram. 


1/1 2 3 8 

Z;:3 3 56 § 9 

3;0 2 2 6 6 7 

Find the median. Nov 2008 


The table shows some information about the weights (w grams) of 60 apples. 
On a copy of the grid, draw a frequency polygon ry r 
to show this information. 


‘weak worams) | Frewenoy 
Pim<w<no | 5 | 
Cro=wem |e 
To=weo | 
: 
a a 


Frequency 


130 <w < 140 


140 = w < 150 


100 110 120 130 140 150 


Weight 
eightlw grams) yy, oh gn09 


60 students take a science test. 
The test is marked out of 50. 
This table shows information about the students’ marks. 


Feweey| ¢ | a] 7 [wl 7 | 


On a copy of the grid, draw a frequency 
polygon to show this information. 


Frequency 


0 10 20 30 40 50 
Science mark June 2008 


Yr9 Yr 10 EFS 


Pie chart showing proportion Pie chart showing proportion 
of boys and girls in Year 9 of boys and girls in Year 10 


To draw the pie chart for boys and girls in Years 9 and 
10 combined, Kimberly drew the pie chart on the right: 


James said that this could not be correct. Pie chart showing proportion of boys 
Explain who is right. and girls in Year 9 and Year 10 


Vnapter to rrocessing, representing and interpreting data 


“o John and Peter each own a garage. They both sell used cars. 
The box plots show some information about the prices of cars at their garages. 


| 
7H 
| 
22] 
| 
] 
| 


Peter'sgarage 


i 
{ 
{ 
Ly 
| 
| 
t 
i 
| 
{ 
it 

| 

i t 


T Grate 
0 2000 4000 6000 8000 10000 12000 
Price (£) 


Compare the distribution of the prices of cars in these two garages. 
Give two comparisons. Nov 2008 


The cumulative frequency graph shows some information about the ages of 100 people. 


sp ebauatadud deans baawabaweuhewashawacsonns| 


$itds4peet4 


Cumulative frequency 


Age (years) 


a Use the graph to find an estimate for the number of these people less than 70 years of age. 
b Use the graph to find an estimate for the median age. 


c Use the graph to find an estimate for the interquartile range of the ages. Nov 2008 


Chapter review 


oO Verity records the heights of the girls in her class. 
The height of the shortest girl is 1.38 m. 
The height of the tallest girl is 1.81 m. 
The median height is 1.63 m. 
The lower quartile is 1.54 m. 
The interquartile range is 0.14 m. 


a Using this scale, draw a box plot for this 


information. 
eS ee 
1.30 1.40 1.50 1.60 1.70 1.80 1.90 


Girls’ height (m) 
The box plot shows information about oe We nweerom 


the heights of the boys in Verity's class. t | 


b Compare the distributions of the boys’ 


Be gi eM gaa 
ete pare girls’ heights: 1.30 1.40 1.50 1.60 1.70 1.80 1.90 
Boys’ height 
oys’ height (m) March 2008 


5 
~o<a=eo | 


The box plot gives information about the distribution SURSSSRSRS SENOS SERRE GSHRA 
of the weights of bags on a plane. aaee ee 
a Jean says the heaviest bag weighs 23 kg. — 
She is wrong. Explain why. . 5 0 1% 20 2 30 
b Write down the median weight. Weight (kg) 


c Work out the interquartile range of the weights. 
There are 240 bags on the plane. 


” Lucy did a survey about the amounts of money spent by 

: 120 men during their summer holidays. The cumulative 
frequency table gives some information about the amounts 
of money spent by the 120 men. 


A survey of the amounts of money spent by 200 women 
during their summer holidays gave a median of £205. 
Compare the amounts of money spent by the 

women with the amounts of money spent by the men. 


May 2009 


d Work out the number of bags with a weight of 10 kg or less. June 2009 
The frequency polygons show information about | 3 Girls 
<< Boys 


the IOs of a group of boys and a group of girls. 


a Write down an estimate for the number of 
girls with an IQ of 110. 

b Write down an estimate for the number of 
boys with an IO of 110. 

c Use the frequency polygon to compare the 
overall IQs of the boys and the girls. 


Frequency 


4 | | 
80 90 100 110 120 130 140 
Intelligence quotient 


Ssr2> 
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The table gives some information about the lengths of time some 
boys took to run a race. 
Draw a histogram for the information in the table. 


Frequency density 


40 50 60 70 80 90 
Time (¢ minutes) 


‘Plus 


Exam Question Report 


73% of students answered this sort of question poorly. 


March 2009 


On Friday, Peter went to the airport. 
He recorded the number of minutes that each plane was delayed. 
He used his results to work out the information in this table. 


Minutes 


Peter also went to the airport on Saturday. 
He recorded the number of minutes that each plane was delayed. 
The box plot below was drawn using this information. 


Minutes 


b Comment on the plane delays. March 2009, adapted 
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The speeds of 100 cars on a motorway were recorded. 
The grouped frequency table shows some information about the speeds of these cars. 


Speedemh) | Freawoney | 
Ca<se0 | 4 | 
ase |_| 
Tazsem |_| 
Twsse0 | «| 
Tw<sew | 2 | 


a Onacopy of the grid, draw an appropriate 
graph for your table. 


b Find an estimate for the median speed. 


c Find an estimate for the interquartile range. 


Cumulative frequency 


Speed (s mph) 


June 2008, adapted 


The incomplete histogram and table give some information about the distances some teachers travel to 
school. 
a Use the information in the histogram to complete the frequency table. 


Distance (dk) | Frewency 
Cosas | | 


20<d=<40 
40<d<60 


Frequency density 


Chapter 18 Processing, representing and interpreting data 


R02: The table gives information about parcel sizes and their frequency. 
A03 : 


[Weight(wka) | Frequency | Frequency dens | 
Tocwss| ao |_| 
sews] a [| 
e<w=e | 6 | 
P<w=e | | + 
rr ee 


a Copy and complete the table. 


b Draw a histogram for these data. 


The weight limit for parcels going by Royal Mail is 20 kg. 
c Work out an estimate for the number of parcels which will weigh 20 kg or less. 
d Work out an estimate for the number of parcels weighing between 10 and 30 kg. 


120} The histogram shows information about the lifetime of some batteries. 


Frequency density 


1.5 2 25 3 3.5 4 45 5 
Lifetime (years) 
Two of the batteries had a lifetime of between 1.5 and 2.5 years. 
Find the total number of batteries. June 2008 
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INEQUALITIES AND 
FORMULAE 


The coldest ever recorded temperature in Antarctica was —89°C on 21 July 1983. The 
warmest ever temperature was 15°C on 5 January 1974. So using inequalities, you could 
say that the temperature in Antarctica is => —89°C and < 15°C. On top of these extremes of 
temperature, Antarctica has winds of up to 320 km/hour, and average precipitation of less 
than 5 cm per year. 


(Before you start 


In this chapter you will: You should already know how to: 
© represent inequalities on a number line using the © calculate using directed numbers 
correct notation © setup and solve linear equations 
© solve simple linear inequalities in one variable © plot and read points on coordinate axes 
© solve graphically several inequalities in two © draw lines with the equation y = mx + c 
variables and find the solution set © collect like terms in an algebraic expression 
© use and derive algebraic formulae © know how to substitute into algebraic 
© change the subject of simple and more complex expressions. 
formulae. 


Chapter 19 Inequalities and formulae 


Representing inequalities on a number line 


© Objecti © Why do this? 
© You can represent inequalities on a number line One way to check minimum and maximum 
using the correct notation. temperatures in your greenhouse would be to 


represent them as an inequality on a number line. 


<>) Get Ready 


1. What are the values of a, b, c, and d on the number line? 


dP ae crae sb a 
Ve. SRN, v 


© In this chapter the symbols <, <, > and = are used. 
< means ‘less than’. 
© <means ‘less than or equal to’. 
© > means ‘greater than’. 
© means ‘greater than or equal to’. 
Note: If you think of the sign ‘>’ as an arrow, it always ‘points’ to the smaller value. 
2<7(2<—7)and7>2(7— 2) 
© Inequalities have more than one value in their solution set. The solution set can be shown on a number line. 
© When showing inequalities on a number line, an open circle shows the number is not included and a closed 
circle shows the number is included. 


i") Examplel Show the inequalities x < 4 and x > —2 on a number line. 


(Ciaeiagtaeececiaeaeanag all This is a number line. Plus 
-—+—+ Fp 4 4 4 4 By SA - iners Tj 
-5-4-3}2-10 123 45%, = _ Examiner's Tip 


, 


For > and < use an open circle o 
The open circle shows that 4 is included. For > and <use aclosed circle e 


| The closed circle shows 


that —2 is not included. 


Sy Example 2 4 Write down the inequalities shown on the number line. 


_—__———O_ 
th 
Pat =3 2 =F 01 Pe 


) a 
x2 —Asincethelineistothe | NY & <1 since the line is to the | 
right andthe circleis closed. | | left and the circle is open. 


The solution is x = —4andx< 1. 


358 inequality number line 


19.2 Solving simple linear inequalities in one variable 


¥ Exercise 19A Questions in this chapter are targeted at the grades indicated. 


Show these inequalities on a number line. 
axs<3 b x>0 ec x<3andx>—-—4 
d x<1landx2>-3 e x<Qandx=>-—5 


Write down the inequalities shown on these number lines. 


+ 1 ++ ++ ++ ++-++_ +++ + SSS SSS SSS SS SS 
-5 -4-3-2-10 1 2 3 4 5 -5§ -4-3-2-10 12 3 4 5 


Seeeseseseeessese 


yeh 5 <. 
SPOTTERS S HOM TE HS ESSE SSO ESSHEEEO TEES TEESE E ESSE SESE SO EEESHSEEO SESH EESEEESES ESS EEEEEE HOSES 


(A) Key Points 


© You solve a linear inequality using a similar method to the one you use for solving a linear equation 
(see Section 13.5). 
© If you multiply both sides of an inequality by a negative number, then you must reverse the inequality sign. 


2 Example 3 4 Solve 3(x + 2) > 5 — x and show your answer on a number line. 


SOUteS5 =m” 
4x+6>5 : 


See EEE RRR RE PRR ca { 

=—f=3 27-1 0 T 2 3 4° 5 6 } 

4>=025 Divide both sides by 4. | 
| 


»sKkQ 


Chapter 19 Inequalities and formulae 


& Example 4 Solve —3x < 12. 


—3x=12 @ Examiner’s Tip 
Sy 
—12=3x < Add 3x to both sides | Check your answer by putting 
3x >-12 and subtract 12 from | a value that satisfies your 
both sides. 


) answer into the inequality in 


the question. 
x2-4 meen Divide both sides by 3. 


¥ Exercise 19B 


My) Solve these inequalities and show each answer on a number line. 


a et is5 bh #=3= =2 c 2x+5s<1 d 10x-7>9 

Solve these inequalities. 

a 3xn<x+9 b b4—3>27+9 c 2%x+3)<11 d 5x—7>3(x + 2) 
[Ne : Solve these inequalities. 

a x+325(x — 2) b 3(4+1)<4(x — 5) 

e 22148 d *#P8+isl 


5 2 4 


Finding integer solutions to inequalities in one 


variable 
 Qblective © Why do this? 
© You can find integer solutions to You could find out the grade boundary to get a grade Aina 
inequalities in one variable. test, and then find each individual exam mark that you could 


get that would give you an A. 


<>) Get Ready 


Solve these inequalities. 
1. 5¢ —-1219 2. 3x +4> 16 ah) ip ae SS) A Os of 23 


© When a value has a lower limit and an upper limit, you need to seperate the two inequalities, and solve them 
separately. 


360 lower limit upper limit 


19.4 Solving graphically several linear inequalities in two variables 


CE -2<1<1 


nis an integer. Find all the possible values of n. 


Qe) Show the inequality -3 <n <4 | 

——t—+—+--++_ ++ +_+#_ + + ++- onanumber line. 

-§ -4-3-2-10123 4 5 
: 
} 
*, . i. 
n= —3,—-2,-1,0,1,2,3. Write down the integers 
from the number line. Watch Out! | 


Remember that 0 is an integer. i 


Y Example 6 —-3<2p—-1<8 
| 


p is an integer. Find all the possible values of p. 


-—2S2p 2p<9 

ip p<45 

k 

So-1<p<45 
¥ Exercise 19C 


Find the possible integer values of x in these inequalities. 


a -2<4<5 b -5<x<2 c 0<x<3 d -5<x<4 

: a —-8<2r<6 b -21<5x<36 c -5<10x<42 d -11<3"<28 

Roa -8<2+1<9 b -7<3r-2<11 c¢ -12<4y-7<10 d -9<2%+5<13 2 B 
a -1<$<2 b -2<2<3 o -1<8ta2<2 -3<454<2 [Ne 


OObiective a ¥ , te this? ees es ee 


© You can solve g 


POSS S TEST OESESHHEEEH ESE SEEEEHESEHS SEES SESE ESE SESH TE ESHOHEEEHOHESEHESSE 


Unapter ty inequalities ana formulae 


(a) Key Points - 
© You can show the points that satisfy an inequality on a graph. 


© Lines which are boundaries for regions that do include values on the line are shown as solid lines. Lines which 
are boundaries for regions that do not include values on the line are shown as dotted lines. 


The region y = 1 
The line y = 1 


All points in the region y > 1 satisfy the inequality y > 1. 
This includes points on the solid line. 


1 2 3 4 § % All points in the region x < —1 satisfy the inequality x < —1. 


This does not include points on the dotted line. 


i Example 7 Write down the three inequalities satisfied by 


the coordinates of all points in the shaded 
region. 
Write down the equations of each of the lines. — 


x = —1, since the shaded region is to the right of 
the solid line x = —1. 

x + y S 3, since the shaded region is below the 
solid linex + y = 3. 

y > —2, since the shaded region is above the 
dotted line y = —2. 


19.4 Solving graphically several linear inequalities in two variables 


a On the grid, shade the region of points whose 


coordinates satisfy these inequalities. 
y<3,x4<2,y > 2x —3,andx>—1 

b x and y are integers. Write down the coordinates 
of all points (x, y) which satisfy the inequalities in a. 


ay<3,x<2,y2 2x —3,andx=—1 

Draw the dotted lines y = 3 andx = 2. 

Draw the solid lines y = 2x — 3 andx=—1. 

Shade the region: 

y < 3 (points below the dotted line) 

x < 2 (points to the left of the dotted line) 

y = 2x — 3 (points above the solid line) 

x 2 —1 (points to the right of the solid line). 
b The points are: 


(1.2) G22) 0 230. Te 1) 
far ede So ey 
iO,—"), 1, =1},{=1, -2,0,-2) with a cross (x). 


(—1, —3), (0, —5), (—1, —4), (~1, —5) 


¥ Exercise 19D 


: x and y are integers. 

: —2<K<1 y>-2  y<xtl 
On a copy of the grid, mark with a cross (x), each of the 
six points which satisfy all of these three inequalities. 


Ona grid scaled from —6 to 6 on each axis, shade the region of points whose coordinates satisfy the 
following inequalities. 
axs4 by<1 ce -2<x“<5 d -4<y<2 


On a grid scaled from —6 to 6 on each axis, shade the region of points whose coordinates satisfy the 
following inequalities. 
a -—1<x<3and—-5<y<1 b —3<x<2and—-1<y<4 
c —-2<x<3,y>—4and y<x d x20,yt+x<4andy>3x—-2 


cinch anal OL Ee eee 


Unapter ly Inequalities and Ttormulae 


4 | The diagram shows a shaded region bounded by 
three lines. 


a Write down the equation of each of these lines. 
b Write down the three inequalities satisfied by 
the coordinates of the points in this shaded region. 
c Ifx and y are integers, write down the coordinates 
of the points in this shaded region. 


The diagram shows a shaded region bounded by 
four lines. 


a Write down the equation of each of these four lines. 

b Write down the four inequalities satisfied by the 
coordinates of the points in this shaded region. 

c Ifx andy are integers, write down the least value of 
y in this shaded region. 


—5 -4 -3 -2 x lb 


Using formulae 


ee 


©)Qbiect © Why do this? 

© You can use formulae from Mobile phone bills are calculated using a formula which is based 
mathematics and other subjects. on the number and length of calls made and number of texts sent. 

© Get Ready 

1. Work out 


a 64.9 x 82.4 


a SSS < = 


© A formula is a way of describing a relationship between two or more sets of values. 
Area = length X width is an example of a word formula. 
© A formula is written using words or algebraic expressions. 


Einstein's theory of relativity is described by the algebraic formula 


364 word formula algebraic formula 


19.5 Using formulae 


‘ Example 9 The area of a rectangle is given by the formula. 


Area of a rectangle = length < width. 
a Find the area of a rectangle of length 8 cm and width 5cm. 
b Find the length of a rectangle with an area of 27 mm? and width of 10 mm. 


a Length = cm, width = 5cm 
Area = length X width = &cm X 5cm 
Area = 40 cm* 


The first step to finding a value 
b Area = length X width Divide both sides of rama vest ieee 2 | 
27 = length X 10 the equation by 10. s Pv 
replace each word by its value. 
Length = 27+ 10 
= 2.7mm 


Substitute the 
values for the length 
and the width. 


ES 
# Examiner’s Tip 


, Example 10 Use the formula FE = mc? to work out the value of E when m = 4andc = 3. 


E = mc* Substitute m = 4 and 
E=4~x 32 C = 3 into the formula. 


¥ Exercise 19E 


ee 


Ee v=u+at 
Work out the value of v when 
a u=80,a=10andt=4 b u=35,a=—5andt=12 


T = 3p? — 2p 
Work outthe value of Twhen ap=5 bp=~—1 


V=jarh 
Work out the value of Vwhen 
a w=3.14,r=10andh = 15 b w=3.14,r=24andh = 20 


Use the formula distance = speed X time to work out: 
athe distance travelled by a car travelling for 5 hours at an average speed of 48 mph 
b the average speed of an athlete running 100 metres in 12.5 seconds. 


The cooking time, in minutes, of a turkey is given by the following formula: 
cooking time = weight of turkey in lb x 25 + 30. 
Use this formula to work out: 
a the cooking time for a turkey weighing 11 Ib, giving your answer in hours and minutes 
b the weight, in lb, of a turkey taking 8 hours to cook. 
GH a=ve-v 
Work out the value of a when 
a c=13andb=5 b c=4landb=40 


aok 
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Deriving an algebraic formula 


© You can derive an algebraic formulae Chemists need to derive algebraic formulae when 
from information given. producing the correct balance of ingredients in medicines. 


}) Get Ready 


1.V=LR 
Work out Vwhen 


fares 


a [=4,R = 200 b J=0.3,R = 100 


BRAGS 
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© You can use information given to form an algebraic expression. You give each variable a letter. 
© You must define each variable. 


“~ Example 11 4 A farmer sells sheep and cows at the local market. Each sheep is sold for fs and each 


a Income from sale of 120 sheep is 120 X s = 120s, 
Income from sale of 45 cows is 45 X c = 45¢. 


Total sales is 120s + 45c. €< The total is required, so 
The formula is therefore T= 120s + 45c. add the expressions. 

b s=150andc= 480 Substitute given 
Substituting intoT = 120s + 45c values into the formula. 


cow is sold for £c. 

a Write down a formula for his total sales £7, in terms of s and c, if he sells 120 sheep and 
45 cows. 

b Find the value of Tif s = 150 and c = 480. 


‘Plus 


Watch Out! 


Do not try to combine the 


terms if the variables are 
different. 


T= 120 X 150+ 45 x 480 
T = 18000 + 21 600 
T = 39600 


¥ Exercise 19F 


Duncan hires a car whilst on holiday in Spain. The cost of hiring a car is €90 plus €50 for each day that 
the car is hired for. 

a Write down a formula that could be used to find the total cost, €C, to hire a car for d days. 

b Use your formula to work out the cost of hiring a car for 14 days. 


In some games, 5 points are awarded for a win, 3 points are awarded for a draw and 1 point is awarded 
for a loss. 

In one evening, Caroline wins x games, draws y games and loses z games. 

Write down a formula, in terms of x, y and z, for the total points (P) scored by Caroline. 


19.7 Changing the subject of a formula 


o David owns a hairdressing salon. The average length of time spent on a male client is 45 minutes. 
The average length of time spent on a female client is 75 minutes. 
In one week David had m male clients and ffemale clients. 
Write down a formula, in terms of m and f, for the total time, T hours, that David spent on his clients 
during this week. 


The diagram shows the plan of an L-shaped room. The dimensions of the room are given in metres. 
Write down a formula, in terms of x and y, for the perimeter, P metres, of the room. 


Adult cinema tickets cost £a and child cinema tickets cost fc. 
Mr Brown buys 2 adult tickets and 5 child tickets. 
a Write down a formula, in terms of a and ¢, for the total cost, £7, of these tickets. 


The following week the cinema has a special offer. 

‘For each adult ticket bought, one child ticket is free.’ 

Mr Brown again buys 2 adult tickets and takes the same 5 children. 

b Write down a formula, in terms of a and c, for the new total cost, £P, of these tickets. 
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© Get Ready 


1. Use the formula distance = speed 
travels in 1.5 hours. eae 
2. Use the formula E = mc? to find B 


@ Key Point 


© You can use the techniques you learnt in Chapter 13 to change the subject of a formula by isolating the terms 
involving the new subject. 


paso) ee er ts > g=y 


Chapter 19 Inequalities anda tormulae 


M2 Example 12 4 Make ¢ the subject of the following formula 
| 
v=u-+ at. The aim is to isolate the term in t. | 
| 
\ 


v=urtat 
v-u=urtat—u 


Just like you did when solving linear equations 
in Chapter 13, subtract u from both sides. 
v—-u=at Divide both sides by a. 
Cis now the subject of the formula. 


ic} 

RQ} | 

= 

lI 

= 9/8 


hy Example 13 4 Make p the subject of the following formula iad Plus 


=e = 7) 
g 


Examiner’s Tip 


T 


Only apply one operation in each stage 
of your working. 


q 
if 
2p—2 : 
T= Following the rules of BIDMAS (see section 1.3), first expand the brackets. 
q 
2p-2 | 
TXq= == xg Multiply both sides by g to remove the fraction. 


Tq = 2P-—2 | 


ra 20-1) 


Tg +2 = 2p | 


¥ Exercise 19G 


In each of the following formulae, change the subject to the letter given in brackets. 


y=5x+3 (x) c=5d—-2 (d) v=ur+at (a) 
WA P=sryty = (x) E=4-3m (m) GH f=39-10) (9) 
r=#t2  y By 


w=Fo+o) @ ante t5® wy 


19.8 Changing the subject in complex formulae 


dt A de 


PCSS THES SOSSESSESESESSHEESE SESH ESEESESOEED 


seeeereeeseeses 


SOOO H SSO HEHE ESET H EEO ETESOO SESH ESTE EESSEEH SOO ETED SEES OSES SED EEE ESEEED eeeeeccerseseseseee 


_ es a*—-4 Square both sides using the result that Vx x VE =X. } 
22 X a? | 
( 
Pie oe Add 4 to both sides. 
An . 
c= = + 4) Finally take the square root to give 0 as the subject of the formula. 


iM Example 15 4 Make x the subject | Notice that x appears 


of the formula. twice in this formula. Plus 
P=qxt+2x+2a oe aS 
Examiner’s Tip 


P=qx+2x+2a 


Collect all terms in the ‘new’ 


subject together and then factorise. 
P—2a=qx+ 2x Subtract 2a from both sides. 
P—2a=x(q+ 2) Factorising the right-hand side leaves X appearing once only. 
—_ P= 2a = : 
x qte ee) Divide both sides by (q + 2). 


AaoeaQ 


vnapter ty inequalities and Ttormulae 


Exercise 19H 


In each of the following formulae, change the subject to the letter given in brackets. 


i): ER A=or (R) P=jE=9 (x) 
v=ur+2as  (u) 4 | r= [8 (9) 
y=5V3— 2x? (x) Tl f=39-4+9 |g) 
T= i+ $n (m) Es Rearrange 4(p + 3) = g(1 — p) to make p the subject. 


EX] Make c the subject of a — bc = 3 + 7c. Make T the subject of the formula W = aoe i 


© < means ‘less than’. 

© <means ‘less than or equal to’. 

© > means ‘greater than’. 

© = means ‘greater than or equal to’. 

© Inequalities have more than one value in their solution set. The solution set can be shown on a number line. 

© When showing inequalities on a number line, an open circle shows that the number is not included and a closed 
circle shows that the number is included. 

© You solve a linear inequality using a similar method to the one you use for solving a linear equation. 

© If you multiply both sides of an inequality by a negative number, then you must reverse the inequality sign. 

© When a value has a lower limit and an upper limit, you need to split the two inequalities and solve them 
separately. 

© You can show the points that satisfy an inequality on a graph. 

© Lines which are boundaries for regions that do include values on the line are shown as solid lines. Lines which 
are boundaries for regions that do not include values on the line are shown as dotted lines. 

© A formula is a way of describing a relationship between two or more sets of values. 

© Aword formula is written in words. 

© An algebraic formula is written using algebraic expressions. 

© You can use information given to form an algebraic expression. You give each variable a letter. 

© You must define each variable. 

© You can change the subject of a formula by isolating the terms involving the new subject. 


v=u+2as u=6,a=3,5=75 
: Work out the value of v. Nov 2008 


Chapter review 


Adam, Barry and Charlie each buy some stamps. 
Barry buys three times as many stamps as Adam. 
a Write down an expression for the number of stamps Barry buys. 
Charlie buys 5 more stamps than Adam. 
b Write down an expression for the number of stamps Charlie buys. 


The cost of hiring a car can be worked out using this rule. FS oe 


Cost = £90 + 50p per mile 


Bill hires a car and drives 80 miles. 

a Work out the cost. 

The cost of hiring a car and driving m miles is C pounds. 

b Write the formula for C in terms of m. Nov 2007 


(i 
y=S>S5 a=32, c=18 
Work out the value of y. 


S = 4p + 3q 
a p=5,q=-4 
Work out the value of S. 
b Make p the subject of the formula S = 4p + 3g. 


KA) Write down the inequalities represented on the number lines. 


a _—e) b ————— | 
+ tH —+—_+—_+—_+—_+—_ +++" + + 
—-5 -4-3-2-10 12 3 4 5 —§ —4-3 —2.-1 0 1 2 3 4 45 


c ee e() 


3 
-§ -4-3-2-10 1 2 3 4 5 


Draw a separate number line from —5 to 5 for each part. Show the inequality given in each case. 
a -3<%<2 b «x21 ¢ #==2 d -1<xs3 


8 | 3 Sb <2 
nis an integer. 
Write down all the possible values of 7. Nov 2006 


Ea Solve the inequality 
3t+1<t+12 Plus 
b tis awhole number. 
Write down the largest value of ¢ that 
satisfies 
3t+1<t+12 


Exam Question Report 


43% of students answered this question poorly. 
Remember to keep the inequality sign in 
throughout your working. 


May 2009 
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372 


—6<2y <5  yis an integer. Write down all the possible values of y. Nov 2005 
Solve the inequality 4p —8<7—p. June 2006 
| | 
2x 
ei 


The perimeter of the rectangle R is less than the perimeter of the square S. 
Write down the range of values of x. 


Diagram NOT 
<%t> accurately drawn 


Here are 3 rods. 

The length of rod A is x cm. 

Rod B is 4cm longer than rod A. 

The length of rod C is twice the length of rod B. 

The total length of all 3 rods is Z cm 

a Show thatL = 4x + 12. 

The total length of all 3 rods must be less than 50 cm. 
b Write down the inequality that must be satisfied. 
c Work out the range of possible values of x. 


The region R satisfies the inequalities 
ae Zaye —, xty<6 


Draw a suitable graph and use shading to show the region R. 


re | —91 ,_ a1 

u*y f u=25,0 = 3, 

a Find the value of f- wh ‘Plus 

= Exam Question Report 


b Rearrange tii. lito make u the 
“oo F 


subject of the formula. 


Give your answer in its simplest form. 93% of students answered this question poorly 
because they were not accurate in their 
calculations. 

May 2009 
Make x the subject of 5(x — 3) = y(4 — 3x). Nov 2005 


Chapter review 


P=art+2r+2a P=84,r=67 
a Work out the value of a. Give your answer correct to 3 significant figures. 
b Maker the subject of the formula P = ar + 2r + 2a. June 2005 


a 4x +3y<12 
x and y are both integers. 
Write down two possible pairs of values 
that satisfy this inequality. 


4x + 3y<12, y<3x, y>0, x>0 


b On the grid mark with a cross (X) each of 
the three points which satisfy all these four inequalities. 


- Ny OW FO DN DOK 


is The cost of sweets is £2 per kg. The cost of chocolate is £3 per kg. 
Jim buys x kg of sweets and y kg of chocolate. 

He buys at least 2 kg of sweets. 

He buys at least 3 kg of chocolate. 

He spends at most £20. 


a Write down 3 inequalities in x and/or y. 


b Draw a suitable graph and show, by shading, the region that satisfies all 3 inequalities. 
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. 


Before you start 


© oO : 


© 


20.1 Pythagoras’ Theorem 


Pythagoras’ Theorem 
a © Why do this? 
© You can use Pythagoras’ Theorem to find the The size of a TV is given as the length of the 
length of the hypotenuse in a right-angled triangle. diagonal across the screen. You can use 
© You can use Pythagoras’ Theorem to find the Pythagoras’ Theorem to work out the length and 
length of a shorter side in a right-angled triangle. width of the screen. 


(<>) Get Ready 


1. Find the value of a 122. -b 7.42 

2. Work out a 92 + 402 b 13.8? + 9.3? 
3. Work out a 172 — 82 b 16.42 — 12.92 
4. Work out a ¥242 + 72 b 152 — 92 

5. Work out a ¥3.82+5.22 b V13.12 — 9.62 


Give your answers correct to 3 significant figures. 


® 


@ 


YS 


Squares have been drawn on each side of the triangle and each square 
has been divided up into squares of side 1 cm. 16 
The area of the square on the side of length 3cm is 9 cm’. riety 
The area of the square on the side of length 4cm is 16 cm?. - 
The area of the square on the side of length 5 cm (the hypotenuse) is 25 cm’. 
Notice that 25 = 9 + 16, that is, 52 = 3? + 42. 

In other words, 52 (the area of the square on the hypotenuse) is equal to the sum of 3¢ and 4? (the areas of the 
squares on the other two sides added together). 

This is an example of Pythagoras’ Theorem. It is only true for right-angled triangles. 


Here is a right-angled triangle, ABC. A 

The angle at C is the right angle. 

The side, AB, opposite the right angle is called the hypotenuse. Ya 
It is the longest side in the triangle. 

Pythagoras’ Theorem states that: 

In a right-angled triangle, the square of the hypotenuse is equal 


to the sum of the squares of the other two sides. A c B 
‘Plus 
e=at+ b ; 4 Examiner’s Tip 
or 
AB? = BC? + CA? You will need to learn 
Where AB? means the length of the side AB squared. Pythagoras’ Theorem for 
C a B 


your exam. 


© You can also use Pythagoras’ Theorem to work out the length of one of the shorter sides in a right-angled 


triangle when you know the lengths of the other two sides. 


Cnapter <U rythagoras !heorem and trigonometry 1 


“) Examplel Work out the length of the hypotenuse in this triangle. 


Length of hypotenuse = 17 cm. 


15cm com 


“ Example2 9 In triangle XYZ, angle X = 90°, XY = 8.6 cm and X 


XZ = 13.9 cm. Work out the length of YZ. ) 
Give your answer correct to 3 significant figures. Y ‘ei 
JCM 


YZ? = XY2 + xZ2 YZ is the hypotenuse as it is opposite the right angle. 


YZ? = 73.96 + 193.21 


When you are showing your 
YZ* = 267.17 calculations on your exam paper, 
write down at least four figures of 
YZ = V 267.17 = 16.34... the calculator display. 


YZ = 16.3.cm (to 3 5.f) 


Examiner’s Tip 


¥ Exercise 20A Questions in this chapter are targeted at the grades indicated. 


Work out the length of each hypotenuse marked with letters in these triangles. 
Where appropriate, give each answer correct to 3 significant figures. 


a b 6cm 
12cm a 
8cm b 
5cm 


376 


20.1 Pythagoras’ Theorem 


6.2cm 


10.6cm 


8.3cm 


48cm 


a Intriangle ABC, angle A = 90°, AB = 3.4cm and 
AC = 12.1 cm. Work out the length of BC. 
Give your answer correct to 3 significant figures. 


b Intriangle DEF, angle E = 90°, DE = 6.3cm and D 
EF = 9.8 cm. Work out the length of DF. 
Give your answer correct to 3 significant figures. 
6.3cm 


E 9.8cm 


mn 


c Intriangle POR, angle R = 90°, PR = 5.9cm and OR = 13.1 cm. R 59cm P 
Work out the length of PQ. Give your answer correct to 3 significant figures. 


13.1¢m 


12.6cm 


16.5cm 


Z 


In triangle XYZ, angle X = 90°, XY = 12.6 cm and XZ = 16.5 cm. 
Work out the length of YZ. Give your answer correct to 3 significant figures. 


a= 


VNapter 2y rytnagoras tneorem and trigonometry 1 
W) Example 3 9 In triangle ABC, angle A = 90°, BC = 17.4cm and AC = 5.8 cm. Work out the length of AB. 
Give your answer correct to 3 significant figures. 
c 
58cm 17.4cm 


is 
A 


BC? = AC? + AB2 Angle A is the right angle so the hypotenuse is BC. 
174° = 5.87 + AB2 Write down Pythagoras’ Theorem and put in the values. | 


502.76 = 33.64 + AB? 


Plus 


Examiner’s Tip 


Work out the value of AB? 
by subtracting 33.64 from 
both sides. 


502.76 — 33.64 = AB? 
269.12 = AB* 


Check that the hypotenuse is 
= (269.12 =164 the longest side of the triangle. 


AB 
correct to 3s.f. 


Exercise 20B 


a Work out the lengths of the sides marked with letters in these triangles. 
= appropriate give each answer correct to 3 significant figures. 


b 
25cm 
/ = es 
24cm 
b 


c c d 8.3cem 


1.8cm EEE 
12.4cm 2 tein ‘ 


20.2 Applying Pythagoras’ Theorem 


a Intriangle ABC, angle A = 90°, AB = 5.9cm and BC = 16.3 cm. Work out the length of AC. 
Give your answer correct to 3 significant figures. 


b Intriangle POR, angle R = 90°, PO = 11.2cm and OR = 9.6 cm. R P 
Work out the length of RP. Give your answer correct to 3 significant figures. 


9.6m 11.2cm 
c Intriangle DEF, angle E = 90°, DF = 10.1 cm and EF = 7.8cm. a 


i Draw a sketch of the right-angled triangle DEF and label sides DF and EF with their lengths. 
ii Work out the length of DE. Give your answer correct to 3 significant figures. 


SOOO eS eee SESH SESE SSSS OSS SESESSHHESSSEES 


© You can so 
Theorem. 


ot EES aoe eacccccccbecvcsecccscsscccaccccvesaccsssccscccnsccccscesessusesevenscesssees 
© Get Ready 


1. Draw 


(A) Key Points 


© Pythagoras’ Theorem can be used to solve problems. 
© Isosceles triangles can be split into two right-angled triangles. You can then use Pythagoras’ Theorem. 


A boat travels due North for 5.7 km. The boat then turns and travels due East for 7.2 km. 
Work out the distance between the boat's finishing point and its starting point. 
Give your answer in km correct to 3 significant figures. 


——————————— 


JU d2 = 5.72 4+ 7.22 Draw a sketch of the boat's journey. A reminder 
d2 = 32,49 +51.84 about bearings can be found in Section 5.5. 
5.7km 2 a 
dkm d* = 84.33 
_ ae The triangle is right-angled and the distance 
d= 64.55 = 9.185... between the start and the finish is the 
Start Distance = 9.18km(to3sf) | hypotenuse, so you can use Pythagoras’ Theorem. 
P 


EERE ew rythagoras theorem and trigonometry 1 


“ Example5 The diagram shows an isosceles triangle ABC. o 


The midpoint of BC is the point M. In the triangle, 

AB = AC = 8cmand BC = Gem. 

Work out the height, AM, of the triangle. fem am 
Give your answer correct to 3 significant figures 


B M C 
A <——biem——> 

By Pythagoras 
AB2 = AM2 + BMVv2 Pythagoras’ Theorem cannot be used in triangle ABC as it 
B2 =f24 32 is not a right-angled triangle. 

8cem fan As Mis the midpoint of the base of the isosceles triangle, 
64=h? +9 the line AM is the line of symmetry of triangle ABC. 
64-9=h2 So AM is perpendicular to the base and angle AMB = 90°. 
55 = p2 BM = 3 cmas Mis the midpoint of BC. 


B 3cm M 
h=V55=7.41G... 


Height of triangle = 
742m (to 3s) 


Triangle ABM is right-angled with hypotenuse AB. The 
height, AM, of the triangle is marked h cm on the sketch. 


Exercise 20C 


Find the lengths of the sides marked with letters in each of these triangles. 


Give each answer correct to 3 significant figures. 
a b 


9.7cm 
13.4m 


6.8cm 
6.8m 


The diagram shows a ladder leaning against a vertical wall. 
The foot of the ladder is on horizontal ground, 3.6m from 
the wall. The length of the ladder is 5 m. 


Work out how far up the wall the ladder reaches. 
Give your answer correct to 3 significant figures. 


3.6m 


10.6cm 145cm Work out the area of the triangle. 
Give your answer correct to 3 significant figures. 


380 


20.3 Finding the length of a line segment 


A The diagram represents the end view of a tent, 
triangle ABC; two guy-ropes, AP and AQ; and a 
5m vertical tent pole, AN. The tent is on horizontal 

ground so that PBNC(Q is a straight horizontal line. 


] Triangles ABC and APQ are both isosceles triangles. 


P B N 2m ¢ Q BN =NC =2m,AN =2.5mand AP = AQ=5m 
a Work out the length of the side AC of the tent. Give your answer correct to 3 significant figures. 

b Work the length of i NQ, ii CO. Give your answers correct to 3 significant figures. 

There is a tent peg at P and a tent peg at Q. 

c Work out the distance between the two tent pegs at P and 0. 

Give your answer correct to 3 significant figures. 


Here are the lengths of sides of six triangles. 


Triangle 1 5cm,12cmand 13cm Triangle 2 9cm,40cmand 41cm 
Triangle3 10cm,17cmand 18cm Triangle4 20cm,21cmand 29cm 
Triangle5 8cm,17cmand 20cm Triangle6 33cm,56cm and 65cm 


Which of these triangles are right-angled triangles? 


The diagram shows two right-angled triangles. a 
Work out the length of the side marked a. 
Give your answer correct to 3 significant figures. 


5.4cm 
47cm 


3.9cm 


The size of a computer monitor or TV screen is determined 

by the length of the diagonal across the screen. 

a Acomputer monitor has a screen that is a rectangle with dimensions 13.2 inches by 10.8 inches. 
Work out the size of this monitor by working out, correct to the nearest inch, the length of the 
diagonal of the rectangle. 

b Awidescreen TV has a 37 inch screen which is a rectangle with sides of lengths in the ratio 16: 9. 
Work out the height and width of the TV screen. 


20Q4 


Chapter 20 Pythagoras’ Theorem and trigonometry 1 


Q) Key Points 


© By creating a right-angled triangle, Pythagoras’ Theorem can be used to 
find the length between two points on a line. 


© The length of the line segment AB between aatsbae Sp 
A (xy, yn) and B (3p, yo) is (x — x4? + (yp — yi? er 


(x,,y,) = 


CESS Find the length of the line joining a A(3,2)andB(15,7) b P(—9,4) and Q(7, —5) 
complete the right-angled triangle ABC. 
BC=7-2=5 
AB? = 122 + 52 
to find the length of AB. | 
AB = 169 =13 ati | 


b P(-9,4) 
QR=7--9=7+9=16 Draw a sketch showing P and Qand 
9 PR=4—--5=44+5=9 complete the right-angled triangle PQR. 
a 
R 16 Q (7, —5) I 


PQ? = 162 + 92 

PQ2 = 256+81= 337 Use Pythagoras’ Theorem 
to find the | h of PQ. 

PQ = V337 = 18.4 (to36f) i ia 


Exercise 20D 


a Work out the length of the line joining each of these pairs of points. 


a (3,1) and (11, 7) b (2,5) and (12, 29) 
c (—6, 9) and (8, 13) d (—4, —6) and (6, 12) 
e (9, —15) and (—11, 6) f (0, —5) and (9, —11) 


AOD. The point A has coordinates (5, 2), the point B has coordinates (8, 6) and the point C has coordinates (1, 5). 
: a Work out the length of i AB ii BC iii AC 
b What does your answer to part a tell you about triangle ABC? 


20.4 Trigonometry in right-angled triangles 


: A circle has centre point 0 (4, 2). The point A (9, 14) lies on the circle. 
: a Work out the radius of the circle. 
b Determine by calculation which of the following points also lie on the circle. 
i B (16,7) ii C(—1, —10) iii D (7, 16) iv E (4, 15) 


weeeesseaseese 
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(A) Key Points 


© The hypotenuse (hyp) of a right-angled triangle is the longest side of the 
triangle and is opposite the right angle. The other two sides of the triangle 
are named adjacent and opposite. The side opposite an angle is called opp 


the opposite side (opp). 4 
The side next to this angle is called the adjacent side (adj). 


hyp 


© Here is a right-angled triangle with its hypotenuse of length 1. 
The length of the opposite side (opp) in this triangle is known accurately and is called the 
sine of 70° and is written sin 70°. 


Its value can be found on any scientific calculator. Not all calculators are the same but the 1 opp 
key sequence to find sin 70° applies to many calculators. 


adj 
© Make sure that the angle mode of your calculator is degrees, usually shown by ‘D’ on the calculator screen. 


Press (sin) Key in (0) Press & 
The number | (.93969252 |should appear on your calculator screen. 


So, correct to four decimal places, sin 70° = 0.9397 


\napter 20 Pythagoras’ Theorem and trigonometry 1 


© The length of the adjacent side (adj) is called the cosine of 70° and is written cos 70°. Using a similar sequence 
to the one above, but using the key, correct to four decimal places, cos 70° = 0.3420 


© The terms sine and cosine are called trigonometric ratios, or trig ratios. 

© There is another trig ratio called the tangent of 70° and written tan 70°. As above, but using the key, 
correct to four decimal places, tan 70° = 2.7475 

© You can find the sine, cosine and tangent of any angle. 

© Here are three right-angled triangles. 


cos70° b adj 


The second triangle is an enlargement of the first triangle with a scale factor of 3. 
This means that a = 3 X sin 70° or 3sin 70° and b = 3 X cos 70° or 3cos 70° 
The third triangle is an enlargement of the first triangle with a scale factor of hyp. 
This means that opp = hyp X sin 70° and adj = hyp X cos 70° 
These results can also be written as sin 70° = iW and cos 70° = ae 

© Results like these are true for all right-angled triangles so that 


o_ adj 
= hyp cosx = hyp hyp 
When the opposite side and the adjacent side are involved 
tanx°? = a Ze \ a 


adj 


opp 


SOHCAHTOA might help you remember these results. 
Sin Opp Hyp Cos Adj Hyp Tan Opp Adj oad ‘Plus 
= Examiner’s Tip 


’ 


2 ) 
You need to learn sin x° = i= 


: p 
coon = ae and tan x° = = 
hyp adj 


and know which one to use. 


YY Example7 4 Use a calculator to write down, correct to 


4 decimal places, the value of cos 74.6°, 


Make sure that your calculator 


is in degree mode. 


cos 74.6° = 0.2656 correct to 4 decimal places 


384 cosine tangent SOHCAHTOA 


20.4 Trigonometry in right-angled triangles 


&e Example 8 Find the value of x when tan x° = 2.7. 


Give your answer correct to 1 decimal place. 
Plus 


Watch Out! 


When the value of sine, cosine or tangent is given, a calculator 


can be used to find the size of the angle. To do this, use the 
SHIFT or INV key on your calculator. 


Not all calculators are the same. It 


is important that you know how to 
work your calculator. Make sure that 
your calculator is in degree mode. 


The display will 


Press Press dhawesar” 
Key in (2) The display will show tan~* 2.7 


Press(=} The display will show 69.676 863 17 


x = 69.7 correct to 1 decimal place. 


¥ Exercise 20E 


Use a calculator to find the value of 


a sin 20° b sin 72.6° c cos 60° d cos 18.9° 
e tan 45° f tan 86.4° g cos 137.8° h tan 4° 
i sin 127.2° j sin 14.7° k tan 159.5° | cos 87.3° 


Give each answer correct to four decimal places, where necessary. 


Use a calculator to find the value of x when 


a cosx° = 0.6 b sinx® = 0.43 c cosx° =0.5 
d tanx° = 0.96 e sinx°® = 0.8516 f tanx° = 2.03 
g sinx® = 0.047 h tanx°=V3 i cosx° = = 


Give each answer correct to 1 decimal place where necessary. 


Ki Example 9 Write down the trigonometric ratio needed to calculate: 
. a the size of the angle marked x° b the length of the side marked p. 
a 


7.3cm 
12.6cm 


a The given sides are the hypotenuse and the side adjacent to the angle x° so cosine is needed. 
b The hypotenuse is not involved, p is opposite the given angle and 8.1 cm is adjacent so tangent is 
needed. 


2Or, 
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Exercise 20F 


ae Write down which trigonometric ratio is needed to calculate either the length of the side marked por 
the size of the angle marked x in each of these triangles. You do not have to calculate anything. 
a b 


12.6cm 9cm 


= Example 10 Work out the size of each of the marked angles. | 


Give each answer correct to one decimal place. 


1.7m lis 


a sina = 11.7 _ 0.7358... 


159 15.9 cmis the hypotenuse. 


11.7 cm is opposite angle a. 


C= ATOLO...* 


Use your calculator to find: 
sin’ 0.7358... whichis 47.379...°. 


a= 47.4° correct to 1 dp. 


= te 

b cosb 164 OAG658... 
7.5m b= 62. 

adj 


29 


Oo 


fe) 
16.1¢m ne 


hyp 


Use your calculator to find: 


6 = 62.2° correct to1 dp. | cos-10.4658... which is 62.235...°. 


6.2 cm is opposite angle c. 
9.7 cm is adjacent to angle c. 


Use your calculator to find: 


C= 32.6° correct to 1 d.p. tan71 0.6391... which is 32.585...°. 
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20.4 Trigonometry in right-angled triangles 


¥ Exercise 20G 


Work out the size of each of the — angles. Give each answer correct to one decimal place. 


a 
18cm lem 13cm 
VAX a 
9cm 


14cm 


d 17cm {> 
13.8cm 
18.3cm 
15.8cm ; 
20cm 


14cm 


Triangle ABC is right-angled at B. A 


a 
B c 


a AB =89cmand BC = 12.1 cm. Calculate the size of angle ACB. 
Give your answer correct to 0.1°. 

b BC = 15.5cmand AC = 24.7 cm. Calculate the size of angle BAC. 
Give your answer correct to 0.1°. 


c AB=6.3cmand AC = 11.8cm. Calculate the size of angle ACB. 
Give your answer correct to 0.1°. 


In triangle ACD, the point B lies on AD so that (6 
CB and AD are perpendicular. 
a Using triangle ABC, calculate the size of angle ACB. 9.8cm 
Give your answer correct to one decimal place. 
b Using triangle BCD, calculate the size of angle BCD. a 


Give your answer correct to one decimal place. A . een 8 


c Hence calculate the size of angle ACD. 
Give your answer to the nearest degree. 


roy. ie 2 
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POC a ee eee eeseereseseceseseees WPCC CORES Ee SEEMED ESEeHEETEEEEeeHeeeeEES 


(A) Key Points 


© The results used in the last section can be written as 
opp = hyp X sin x° 
adj = hyp X cos x° hyp opp 
opp = adj X tan x° 


© Trigonometry can be used to solve problems. Sometimes Pythagoras’ Theorem is needed as well. 
Some questions involve bearings and angles of elevation and depression (see Sections 5.4—5.5). 


MY Example 11 9 Work out the length of each of the lettered sides. 


Give each answer correct to 3 significant figures. 


14.2cm 


<> 7cm 


a=13 X cos 50° = 13cos 50° 


= 13 cm is the hypotenuse. 
a= 15 X 0.6427... is adjacent to the 50° angle. 
a= 8.556... 


a= 8.36 cm (to 3s.) 


adj and hyp are involved so use cos. 


adj = hyp X cos 
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20.5 Working out lengths of sides using trigonometry 


b — b opp b= 14.2 X sin24°= 14.2 sin24° | 440 omisthe hypotenuse 
b= 14.2 X 0.4067... bis opposite to the 24° angle. 
b= 5.7756... 


14.20m b= 5.75 0m (tod 5f}) opp and hyp are involved so use sin. 
hyp opp = hyp X sin 
c c= 7 X tan 56° = 7 tan 56° ra = 3 
_ e hypotenuse is not given an 
® c= 7X 14625... opposite and adjacent are involved 
c=10.5779... so use tan. 
c opp = adj X tan 
= c=10.4cm (to 3s) 
7com 
- adj 


When using tan to find a length, it is easiest 
to find the opposite side. Relative to the angle 
of 34°, 7 cmis the opposite side and cis the 
adjacent side. 

The third angle in the triangle is 

(180 — 90 — 34) = 56° 

Relative to the angle of 56°, Cis the opposite 
side and 7 cm is the adjacent side. 


7cm 
adj 


YO Example 12 4 The diagram shows a lighthouse 30 m in height, standing on horizontal ground. 


20m 
a Work out the angle of elevation of the top of the lighthouse from point A on the 
ground. 
b Work out the angle of depression of point A from the top of the lighthouse. 


5 Be 
a tana 20 
tana=1.5 


a = 56.3° (to3 sf) 


The angles of elevation and depression 


b Angle of depression = 56.3° (to 5 5.f}) are the same; alternate angles. 


en tome ontinn ele 22Q 
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Exercise 20H 


- |) Work out the length of each lettered side. 
Give each answer correct to three significant figures. 


a 


16cm 


~~ a 


c PR=12.6cm, angle QPR = 59° 


Triangle POR is right-angled at Q. F 

In each part, calculate the length of QR. 

: Give each answer correct to three significant figures. 

a PQ=7.3cm, angle OPR = 68° 

: b PR =17.2m, angle QRP = 39° 

: : " 
In triangle ABD, the point C lies on AD so that BC and AD are perpendicular. 


B 
a Using triangle ABC, work out the length of i BC ii AC. 
Give each answer correct to three significant figures. 
b Using triangle BCD, work out the length of CD, 13cm 
correct to three significant figures. 
© Hence calculate the length of AD, correct to three significant figures. /o>\ _] 
d Calculate the area of triangle ABD. A C D 


Give your answer correct to the nearest cm?, 


20.5 Working out lengths of sides using trigonometry 


“Example 13 4 Two towns, Aytown and Beeville, are 40 km apart. 


The bearing of Beeville from Aytown is 067°. 

a Calculate how far east and how far north Beeville is from Aytown. 
Give your answers to 3 significant figures. 

Ceeham is 60 km east of Beeville. 

b Calculate the distance between Aytown and Ceeham. 
Give your answer to the nearest km. 

c Calculate the bearing of Ceeham from Aytown. 
Give your answer to the nearest degree. 


a be First draw a diagram showing the positions of Aytown (A) and Beeville (B). 
Draw a line from B ‘west’ to meet the ‘north’ line from A at D. 
D ekm B 
I In the right-angled triangle ABD, the length of AD gives how far Bis 
nkm oa Aa north of A (1 km). The length of DB gives how far B is east of A (e km). 
m 
A In triangle ABD, the 40 km is the hypotenuse and e km 
is opposite the 67° angle. 
e = 40sin 67° = 36.82... opp = hyp X sin 
Distance east = 36.6 km (to 3 s.f) 
nkm is adjacent to the 67° angle. 
n= 40cos 67° = 15.629... ad= Hip * 606 
Distance north = 15.6 km (to 3s.f) 
Having worked out the value of e, the value of n could be 
found using Pythagoras’ Theorem. 
b 


Mark the point 
C (for Ceeham) 
on the diagram 
6O km east of B. 


Ba 2 
ACE = ADS EIDE Ceeham is 15.6 km north of Aytown. 
= 15.6* + 96.82 Ceehamis GO + 36.8 = 96.8 km east of Aytown. 
AC? = 9613.6 Draw triangle ADC. 


AC = 98.04... km 


The distance between Aytown and Ceeham is the length of AC. 
Distance between Aytown and Find the length of AC using Pythagoras’ Theorem. 


Ceeham is 98 km (to nearest km). 


To find the bearing of C from A, calculate the size of angle DAC. 


ce tanDAC = 96.6 _ 6.205... Any of the trigonometric ratios can be used as all three sides 
15.6 of triangle ACD are known. 
F OPP 
DAC = 80.8...° eng en 


= 81° (to nearest degree) 


Bearing of Ceeham from Aytown The bearing should be given as a three-figure bearing. 


is 081° (to nearest degree). 


7 
enn Pe he epee a Ct yp) eet a 
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# Exercise 201 


Where necessary give lengths correct to 3 significant figures and angles correct to 1 decimal place. 


ou The diagram shows the plans for the sails of a boat. 
a Work out the length of the side marked 
ia ii b iii c 
b Work out the size of the angle marked d. 


The diagram shows a vertical building standing on horizontal ground. Th 
The points A, B and C are in a straight line on the ground. 
The point T is at the top of the building so that TC is vertical. 
The angle of elevation of T from A is 40°, as shown in the diagram. 
a Work out the height, TC, of the building. 
b Work out the size of the angle of elevation of T from B. 
c Work out the size of angle ATB. 


L 
U 
OU 
Liu 


A B C 
2 


The points P and Q are marked on a horizontal field. The distance from P to Qis 100m. The bearing of 0. 
from P is 062°. Work out how far: 
a Qis north of P 
b Qis east of P. 


The diagram shows a circle centre O. 
The line ABC is the tangent to the circle at B so that 
the size of angle OBA is 90°. 


a Work out the radius of the circle. 
A 


b Work out the size of angle OCB. 


A, B and C are three buoys marking the course of a yacht race. 
a Calculate how far B is: i north of A ii eastofA. 

b Calculate how far Cis: i north ofB ii east of B. 

c Hence calculate how far Cis: i north ofA ii east of A. 

d Calculate the distance and bearing of C from A. 


20.5 Working out lengths of sides using trigonometry 


6 | The diagram shows an isosceles trapezium. 5.8cm 
a Work out the distance, 2 cm, between the two parallel sides of 
the trapezium. 
The length of the shorter parallel side of the trapezium 
is 5.8 cm, as shown in the diagram. 
b Work out the length of the longer parallel side of the trapezium. 
c Calculate the area of the trapezium. Give your answer to the nearest cm’. 


6.7cm 


© Ina right-angled triangle, the side opposite the right angle is called the hypotenuse. It is the longest side in 
the triangle. 


© Pythagoras’ Theorem states that: in 
In a right-angled triangle, the square of the hypotenuse is equal 
to the sum of the squares of the other two sides. b z 
That is c? = a? + b? 
or 
AB? = BC? + CA? cc 8  B 


where AB? means the length of the side AB squared. 
© You can also use Pythagoras’ Theorem to work out the length of one of the shorter sides in a right-angled 
triangle when you know the lengths of the other two sides. 
© Pythagoras’ Theorem can be used to solve problems. 
© lsosceles triangles can be split into two right-angled triangles. You can then use Pythagoras’ Theorem. 
© By creating a right-angled triangle, Pythagoras’ Theorem can be used to 
find the length between two points on a line. St 


© The length of the line segment AB between 


A (4, y,) and B (22, yo) is (x2 — 4)? + (Yo — 1? HE 


(x,,y,) 


© The three sides of a triangle are named hypotenuse, adjacent and opposite. The side opposite an angle is 
called the opposite side (opp). The side next to this angle is called the adjacent side (adj). 
© The terms sine (sin), cosine (cos) and tangent (tan) are called trigonometric ratios, or trig ratios. 
_. 0 _ OPP o — adj o — OPP 
sin x ~ hyp cosx ~ hyp tan x ~ adj 
SOHCAHTOA might help you remember these results. 
© These trig rations can also be written as 
opp = hyp X sin x° 
adj = hyp X cos x° 
opp = adj X tan x° 


2QaD> 
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¥ Review exercise 


: AC = 12cm. Angle ABC = 90°. Angle ACB = 32°. 
Calculate the length of AB. 
Give your answer correct to 3 significant figures. 


June 2007 


ABC is a right-angled triangle. B 
AC = 6cm. 
BC = 9cm. 9cm 
Work out the length of AB. 
Give your answer correct to 3 significant figures. 
A 6cm c June 2009 


The diagram shows three cities. York 
Norwich is 168 km due east of Leicester. 
York is 157 km due north of Leicester. 
Calculate the distance between Norwich and York, —_157km 
Give your answer correct to the nearest kilometre. 


Leicester 168km Norwich Nov 2006 


4 | In triangle ABC c 
Angle ABC = 90° ‘ice 
BC =8cm 8cm 
AC = 21cm 
Work out the length of AB. A B 
Give your answer correct to 3 significant figures. March 2007 


POR is a right-angled triangle. PR = 12cm. OR = 4.5cm. Angle PRO = 90°. Qa 
Work out the value of x. ia 
Give your answer correct to one decimal place. 


Nov 2007 


Here is a right-angled triangle. 


5cm 
a Calculate the size of the angle marked x. b Calculate the value of y. 


Give your answer correct to 1 decimal place. Give your answer correct to 1 decimal place. 
June 2009 
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Chapter review 


The diagram shows a vertical tower DC on horizontal ground ABC. D 

ABC is a straight line. 

The angle of elevation of D from A is 28°. 

The angle of elevation of D from B is 54°. 

AB = 25m 

Calculate the height of the tower. a __fo\ a 

Give your answer to 3 significant figures. June 2006 


Paul flies his helicopter from Ashwell to Birton. 
He flies due west from Ashwell for 4.8 km. He then flies due south for 7.4 km to Birton. 
Calculate the bearing from Birton to Ashwell. 


Diagram NOT 
accurately drawn 


A 120cm B 


AB and BC are two sides of a rectangle. 

AB = 120cm and BC = 148 cm. 

D is a point on BC. 

Angle BAD = 15°. 

Work out the length of CD. 

Give your answer correct to the nearest centimetre. 


The diagram shows a field 80 metres by 60 metres. A 80m B FS 
Alan runs around the field from point A to C (via point B) : 
at 5 m/s. 

Bhavana sets off at the same time, but runs directly 
across the diagonal of the field (shown by the dotted line) 
from Ato C at3 m/s. 

a Whowill reach point C first? 

b How long will it be before the second person arrives? 


60m 


a Calculate the length of the side of the largest square that fits inside a 10 cm diameter circle. 
b Work out the length of the side of the smallest square that surrounds a 10 cm diameter circle. 


Hamish wants to refelt the roof of his lean-to shed. 
Felt is sold in 5m rolls that are 1 m wide. They cost £12 each. 


a How many rolls will he need to buy? 

The felt is stuck on with an adhesive which costs £6.99 for a 2.5 litre tin. 
It will cover 6 m?. 

b How much will Hamish have to pay for the materials to do the job? 


ant 
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MORE GRAPHS AND | 
EQUATIONS 


Different-shaped curves are seen in many areas of mathematics, science and engineering. 
™ Galileo showed that if an object is thrown it traces out a type of curve called a parabola. 
=1 This bridge is the Butterfly Bridge in Bedford and it has two parabolic arches. 


Objectives ©) Before you start 
In this chapter you will: You should be able to: 
© recognise and draw graphs of quadratic, cubic, © draw straight-line graphs 

reciprocal and exponential functions © work out the value of a given expression by 
© use graphs to solve quadratic equations substituting values. 


© find approximate solutions of equations by using 
a trial and improvement method. 


Chapter 271 More graphs and equations 


Graphs of quadratic functions 


© Why do this? 


© You can recognise and draw graphs of quadratic You can use quadratic functions to represent the 
functions. path of projectiles, such as the trajectory of a 
© You can use graphs to solve quadratic equations. cannonball or of a drop-goal in rugby. 


<>) Get Ready 


1. Draw the graph of y = 2x + 3 for values of x from —3 to +3. 
2. Work out the value of x? — 5 when aaa b x=-3 
3. Work out the value of 2x? when aol b x=-3 


© A quadratic function (or expression) is one in which the highest power of x is x2. 


© All quadratic functions can be written in the form ax? + bx + cwhere a, b and c represent numbers. 
Examples of quadratic functions include x? + 1, x? — 2x + 3,3x2+ x —2,and3— x2 


© The graph of a quadratic function is called a parabola. It has a smooth \_/ or ~\ shape according to whether 
a>0Oora<0. 


© The lowest point of a quadratic graph is where the graph turns, and is called the minimum point. 
© The highest point of a quadratic graph is where the graph turns, and is called the maximum point. 
© All quadratic graphs have a line of symmetry. 


© You can solve quadratic equations of the form ax? + bx +c =0 by reading off the x-coordinate where the 
graph 
y = ax’ + bx + c crosses the x-axis. 

© You can solve quadratic equations of the form ax? + bx +c=mx+k by reading off the x-coordinate at the 
point of intersection of the graph y = ax? + bx + cwith the straight-line graph y = mx + k. 


YY Examplel 9 Draw the graph of y = x? + 1 taking values of x from —3 to +3. 


Whenx = 3,y=3X3+1=10 — Work out the value of y for each value of x. 
Whenx=2,y=2X24+1=5 ————————— 
Whenx=1,y=1X14+1=2 

Whenx =O,y=OXO+1=1 

When «= —1,y=(-1)X(-1)+1=2 
When x = —2,y=(—2)X(-2)+1=5 
When « = —3,y =(—3) X (-3)+1=10 


|x i =5 —Z =" i O = 1 z a These results can be 
ly | 10 5 2 | 1 L 2 5 10 shown ina table of values. | 


quadratic function parabola minimum point maximum point quadratic equations 


Put negative values of x in brackets when 
substituting them. 


21.1 Graphs of quadratic functions 


Be careful to plot the points accurately. 
Use a sharp pencil cross for each point. 
Join your points with a smooth curve. 


hyd 
faa Plus 
Examiner’s Tip 


Make sure your curve passes 
through all the points. 


YN oO Fa DH oOo wo OW 


=4 =3 -2 -19 


h. Example 2 


b Draw the graph of y = x* — 2x — 4forx = —2tox = 4. 
c Write down the equation of the line of symmetry of this curve. 
d Write down the values of x where the graph crosses the x-axis. 


a Whenx =4,y=4*-2X4-4 —-16-8-4=4 
Whenx = 2,y=2%-2X2-4 =4-4-4 =-4 
Whenx =1,y=12-2X1-4 =1-2-4 =-5 


When x = —2,y =(—2)?-2X(-2)-4=4+4-4 =4 


Look at the values of y in the table to 
determine the extent of the y-axis. 
Use values of —G to +5. 


Draw a smooth symmetrical curve 
through all the plotted points. 


c The line of symmetry has equation x = 1. 
d x=-1.2andx=3.2 


tahla af valiiac 2QQ0 
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Fo Exercise 21A Questions in this chapter are targeted at the grades indicated. 


: ig Here is the table of values for y = x? — 3. 


a Copy and complete the table of values. 


b Draw the graph of y = x? — 3forx = —3tox =3. 
c Write down the equation of the line of symmetry of your graph. 
d Write down the coordinates of the minimum point. 


a Copy and complete the table of values for y = 4 — x2. 


b Draw the graph of y = 4 — x* forx = —3tox =3. 
c Write down the coordinates of the maximum point. 
d Write down the values of x where the graph crosses the x-axis. 


a Copy and complete the table of values for y = 2x? + 2. 


b Draw the graph of y = 2x + 2forx = —3tox =3. 
c Use your graph to find: 

i the value of y when x = 1.5 

ii the two values of x when y = 11. 


4 | Draw the graph for each of the following equations: 
a y=x — 4x — 1 for values of x from —2 to 6 
b y = 2x* — 4x — 3 for values of x from —2 to 4 
c y=(x + 2) for values of x from —6 to 2 
d y=5+ 3x — 2x for values of x from —2 to 4. 


For each case use your graphs to: 
i write down the values of x when the graph crosses the x-axis 
ii draw in and write down the equation of the line of symmetry. 


21.1 Graphs of quadratic functions 


“0 Example 3 4 Here is the graph of y = x” — 2x — 2. 


a Use the graph to solve the equation 
x? — 2x —-2=0. 
Give your answers correct to 1 decimal place. 
b Use the graph to solve the equation 
v—22e-5=0. 
Give your answers correct to 1 decimal place. 


x2 —2x-2=0 Find where the graph 
crosses the X-axis — 


that is where y = O. 


x = —O.7 and Read off the values. 


x=2.7 


Rearrange the equation so 
that one sideis x* — 2x — 2. 


x2? —2x%-5=0 


42 —-—2n-2=3 Add 3 to each side of the equation. 
Find where 
x?-2x-2 

%= —‘Léand intersects y = 3. 

x=34 


Read off the X values. 


“2 Example 4 4 The diagram shows the graph of y = x?. 


a By drawing a suitable straight line 
on this graph, solve the equation 
x? = 24 + 3. 


b By drawing another suitable straight 
line on this graph, solve the equation 
ve+x—-3=0. 
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Draw the graph of 
y=2x+3. 


Read off the X values 
at the points of 
intersection. 


Bee 
~ Examiner’s Tip 


If the equation in the question is in 
terms of x remember to give only 
the value of the x-coordinate. 


x7+%x-3=0 Rearrange the 
equation so that one 
side is x?. 

x2=—-x+3 Draw the line 


y=-Xx+3. 


Read off the x values 
at the points of 
intersection. 


¥ Exercise 21B 


- |) Here are four graphs. 
sreaeeatsrcecicns 
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21.2 Graphs of cubic functions 


Use these graphs to solve the equations 


3x — 2? =0 b 22-34 -—4=0 
2x? — 34-7 =0 d 6+2x-—2x7=0 

Use the graphs in question 1 to solve the equations Ane 
3a — 2? =1 bh —3r-—4=—-5 

> 2x? -— 3x -—10=0 d 4+2x-2x7=0 

Here is a table of values for y = 1 + 2x — x?. 

a Copy and complete the table. 

» Draw the graph of y= 1+ 2x — x?. : 

c By drawing a suitable line on your graph, solve the equation 2 + 4x — 2x? = 2 — 2x. :A03 
Make a table of values for y = 3x? — x + 2, taking values of x from —3 to +3. 
Draw the graph of y = 3x7 - x + 2. : 

> By drawing a suitable line on your graph, solve the equation 3x? — 3x —2 = 0. - 


») Get Ready 
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on 


© Acubic function (or expression) is one in which the highest power of x is x°. 

© All cubic functions can be written in the form ax? + bx? + cx + dwhere a, b, c and d represent numbers. 
Examples of cubic functions include 4 — x3 and x3 — 2x? + 3. 

© The graph of a cubic function has one of the following shapes. 
fora>0 fora <0 


Ane eh 


© To draw the graph of a cubic function, make a table of values, then plot the points from your table and join 
them with a smooth curve. 


VY Example 5 9 a Draw the graph of y = x° — 4x2 + 5for -2<x <4. 


b Use your graph to solve the equation x3 — 4x2 -x+5=0. 


y=3°-4X 3*4+5 =-4 


When x = 3, 

Whenx=2, y=29-4x 2245 =-3 
Whenx=1, y=1°-4X124+5 =2 
Whenx =O, y=O°-4X024+5 =5 


Plot the points and draw a smooth 
curve through all the points. 


Compare the expression to 
y=x? — 4x? + 5. 

Add x to each side of the 
equation. 


= Examiner’s Tip 


Take care drawing the graph of y = x if 
there are different scales on the axes. 


Draw y = Xon 
the graph and 
find where it 
intersects with 
y=x°— 4x7 +5. 


The solutions are x = —1.1 
x= 1.2andx = 3.9, 


21.2 Graphs of cubic functions 


¥ Exercise 21C 


a Copy and complete the table of values for y = x° + 2. 


b Draw the graph of y = x3 + 2for -3<x <3. 
c Use your graph to find the value of y when x = 2.5. 


Here is a table of values for y = x° — 9x. 


fm | 3 | 2 | | ofl | 2] | a | 


jy |] of | ef of] feo] | | 


a Copy and complete the table. 
b Draw the graph of y = x9 — 9x for -4<x% <4. 
c Use your graph to find the solutions to the equation x° — 9x = 0. 


a Copy and complete the table of values for y = 12x + 3x? — 2x’. 


je | -3 | -2 | -1 | o | it} 2] 3] 4 
: Ea Ese EEE 


Draw the graph of y = 12x + 3x” — 2x3 for -3<x% <4. 
By drawing a suitable line on your diagram, solve the equation 12x + 3x? — 2x3 = 2x — 1. 


oo = 


Here are four graphs. 
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Here are four equations 
i y = 23 — 3x? — 9x ii y=23 — x? — 8x4 + 12 
iii y = 2% + 3x? — 28 ivy=9+9x-x2- 28 
Match each equation to one of the graphs. 
Give reasons for your answers. 


21.3 


SPSS SST HHH HTS HEEEEHHESHHESEHESHESESE SEH SEES OEEEEEESCE HOSED EEEEEOESS 


) 


Se eeeeeesresssse 


SHH MR SESS TTT E SEES OSE EH EESTESESESES OHSS ES ESTER EEESenTeEeS 


Get Ready 


(a) Key Points 


© The reciprocal of x ist =1+x%. 


© Expressions of the form 3 where k is a number are called reciprocal functions. 


© The reciprocal of 0 is not defined since division by 0 is not possible. 


© This means that the graph of y = + does not have a point on the y-axis where x = 0. 
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21.3 Graphs of reciprocal functions 


© The graphs of reciprocal functions have similar shapes. 

© They are discontinuous and have two parts. 

© They do not cross or touch the x-axis or the y-axis, but get nearer and nearer to them. We say that the axes 
are asymptotes to the graphs. 

© Here are the general shapes of reciprocal functions of the form y = 3 


i 


MW? Example 6 4 a Drawthe graph of y = 1 where x#0. 


b Write down the equations of any lines of symmetry of the graph. 


Fd de ce 
jeter) te Pe 


Complete a table of values. 


Plot the points and join the two 


parts with smooth curves. 


The equations of the lines of 


symmetry of the graph are 
yY=Xandy=-—x. 


AQD 
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¥ Exercise 21D 
[33 an a Copy and complete the table of values for y = 2 for 0<x=<20. 
x 0.2 0.4 0.5 1 | 10 20 
y 25 | 125 25 {| os 


b Using your answer to part a, copy and complete the — table of values for 
y =2 for -20<2<0, 


x | -2 | -0 | -5 | -4 2 1 | -05 | -o4 7 
yt] | 7 J | _[L 
c Draw the graph of y = for —20 <x <20. 


| ay Draw the graph of y = —2 for —10 <x < 10. 
x 


f\vs os _ 12 _ 
x03 a Draw the graph of y = —> for -5 <% <3. 
b Write down the value of x for which y = 12 is not defined. 


ote | 


Graphs of exponential functions 


© Why do this? 


© You can recognise and draw graphs Scientists work out how quickly radioactive materials will 
of exponential functions. break down using a graph of their radioactive half-life, which is 
an exponential graph. 


<>) Get Ready 
1. Work out the values of 

a 3+ b 3° Cao. 
2. Find the value of x in each of these equations. 


a 2*=16 b 5*= 25 c 10° = 1000 


© Expressions of the form a*, where ais a positive number are called exponential functions. 
Examples are 2%, 10", G)* and (1.05)*. 
© The graphs of exponential functions have similar shapes. 
© They are continuous and always lie above the x-axis. 
© They increase very quickly at one end and get nearer and nearer to the x-axis at the other end. 
© They cross the y-axis at (0, 1) since a® = 1 for all values of a. 
© Here are the general shapes of exponential functions of the form y=aandy=a™~*. 
y 
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21.4 Graphs of exponential functions 


YO? Example 7 4 a Drawthe graph of y = 2", for values of x from —3 to +3. 


b Use your graph to find an estimate for the solution of the equation 2* = 6. 


Substitute « = O into y = 2* and work out the value. 


a Whenx =O, y=2? =1 
= = 1 = 
Whenx=2, y=2* =4 
= = oS = 
ah = 7 5, y a - 7 - _ Use the result a~" = i, t0 work out the values 
lye oa 2 e =e for negative values of x (see Section 25.1). 
Whenx=—-2, y=2°-*===0.25 
Whenx=—-3, y=2°°===0.1 


oe ‘Plus 
Draw the graph from # Examiner's Tip 
the table of values. 


b x=26 Use your graph to find the value of X when y = 6. 


Ke Example 8 The sketch shows part of the graph of y = pq’. 


The points with coordinates (0, 5) and (2, 45) lie on the graph. 
a Work out the value of p and of g. yA 
b Find the value of y when x = 3. 


: 125 Complete a table of values. 


Make sure your curve gets nearer and 
nearer to the x-axis without touching it. 


(2, 45) 


a y= pq 
The point (O, 5) lies on the graph so 
ees Sub O 5 
7 ubstitute x = O, y = 5 into y = pq. iT ne 
o= a 1 Use the result g° = 1. e 
p => 


So the equation of the curve is y = 5q*. 


: ; Substitute x = 2,y=45. 
The point (2, 45) also lies on the graph so 


Solve the equation. 


45=5%Xq* Work out the positive value of q. 
9=¢q 
q=5 
pS og55 


Whenx=3 y =5X3° 
= 155 
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. Exercise 21E 


a Copy and complete the table of values for y = 3*. Give the values correct to 2 decimal places. 


BEES 


b Draw the graph of y = 3* for -3 <x <3. 
c Use your graph to find an estimate for: 

i the value of y when x = 1.5 

ii the value of x when y = 15. 


AY The diagram shows the graphs of y = 2%, y = 5*, y = (3)"andy =3~*. 


Ap sl ¢ o 


=5 -4 3 <2 191 1 2 3 4 5 


Match each graph to its equation. 


‘AD3 The number of bacteria, n, after time ¢ minutes is modelled by the equation n = 10 x 2¢. 
a Work out the number of bacteria initially (when ¢ = 0). 
b Work out the number of bacteria after 5 minutes. 
c Find the time taken for the number of bacteria to increase to one million. Give your answer to the 
nearest minute. 


ans The points with coordinates (1, 10) and (3, 2560) lie on the graph with equation y = pq* where p and g 
are constants. Work out the values of p and q. 


Solving equations by the trial and 


improvement method 
© You can use a systematic method to solve an Computers can be programmed to solve complex 
equation to any degree of accuracy. equations using the trial and improvement method. 


(>) Get Ready 


1. Write these numbers correct to 1 decimal place (1 d.p.). 


a 4.613 b 2.157 c 1.498 
2. Show that x = 1 is a solution of the equation x + i= = 2. 
; 3. Work out the value of a3 — 3x when ax= a b «#=2 
DS oo Se eae apt ol a i a ae te ones mi) adh 
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21.5 Solving equations by the trial and improvement method 


() Key Points| 


© Atrial and improvement method is a systematic way of finding solutions of equations to any degree of 
accuracy. 


© A first approximation is found for the solution then the method of trial and improvement is used to obtain 
a more accurate answer. The process can be repeated in order to get closer to the correct value. 


© The root(s) of an equation are found between the two points where the value of the equation changes sign. 


2 Example 9 4 a Show that the equation x? — 2x = 15 has a solution between 2 and 3. 


b Use a trial and improvement method to find this solution correct to 1 decimal place. 


Comment 


Substitute x = 2 into the left- 


2 toolowsince4is | xis greater hand side of the equation and 
less than 15 than 2 compare your answer with 15. 
3 too high since 21 x is between Substitute x = 3 into the left- 


2and 3 


hand side of the equation and 
compare your answer with 15. 


is more than 15 


So the solution is between x = 2 and x = 3 since when 
x% = 2,x° — 2x is too low and when x = 3,x° — 2x is too high. 


Substitute x = 2.5 into the 
left-hand side of the equation 
and decide whether your answer 
is too high or too low. Record 
the interval in which it lies. 


Choose a value between 2.5 and 
3 and decide on a new interval. 


b x Too high | Comment 
or too low 
25 | 2SA=— Bee x is between 
= 10.625 2.5 and 3 


26 | 26°-2X26 too low x is between 
= 12.376 2.6 and 3 


2.7 | 2.7°9-2X2.7 too low x is between 
= 14.283 2.7 and 3 


2h | 2B°=2X28 toohigh | xis between 
= 16.352 2.7 and 2.8 

2.75| 2.75° — 2 X 2.75 | toohigh | xis between 

2.7 and 2.75 


x lies between 2.7 and 2.75. 
So the solution is x = 2.7 correct to 1 decimal place. 
We write x = 2.7 (1 d.p.). 
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= 1 correct 


R lo 


é & Example 10 Use a trial and improvement method to find a solution of the equation x2 — 


to 2 decimal places. 


Comment 
Try substituting whole-number 
values until you find two 
x> 1 consecutive integers between 
which the solution lies: 
1<%<2 in this case xX = 1 andx = 2. 
4B ypeD Substitute values until you find 
two consecutive numbers witha 
difference of O.1 between which 
1.5<4"4<1.7 the solution lies: 
in this case X = 1.6 andx = 1.7. 
1.6<.4<1.7 
Substitute values until you 
find two consecutive numbers 
1.65 <%< 1.7 with a difference of 0.01 
between which the solution 
167 | 1672-—=0.992... L 167 <“<1.7 lies: 
1.67 in this case X = 1.67 and 
x= 1.68. 
168 | 1.68% --2,= 1.036... H | 167<*£<168 
Substitute the value 
1.675 | 1.675? --~3.=1.014...) H 1.67 <“x<1675 halfway between 1.67 and 


1.675 1.68 to find out whether 


the solution is nearer 1.67 
or nearer to 1.68. 


x lies between 1.670 and 1.675 
s0% = 1.67 (2 d.p). 


¥ Exercise 21F 
For each of the following equations find two consecutive whole numbers between which a solution lies. 
a @+2r=4 b e+7=1 cxt5=5 d e-Dao 
Use a trial and improvement method to find one solution of these equations correct to 1 decimal place. 
a B+x=7 b 8—-#+4=0 ortiz 
Use a trial and improvement method to find a positive solution of these equations correct to 2 decimal 
places. 
a 8-4 =25 b diag © xx + 2) = 150 


A cuboid has height x cm. 

The length of the cuboid is 2cm more than its height. 

The width of the cuboid is 2 cm less than its height. 

The volume of the cuboid is 600 cm. 

a Show that x satisfies the equation x? — 4x = 600. 

b Use a trial and improvement method to solve the equation x? — 4x = 600 correct to 1 decimal place. 
c Write down the length, width and height of the cuboid. 
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Chapter review 


© A quadratic function is an expression of the form ax? + bx + c where the highest power of x is x?. 
© The graph of a quadratic function is called a parabola. It has one of the following shapes. 


y=axe?+bx+c,a>0 y=ax?+bx+c6,a<0 

© The graph of a quadratic function has one line of symmetry. 

© The lowest point of a quadratic graph is where the graph turns, and is called the minimum point. 

© The highest point of a quadratic graph is where the graph turns, and is called the maximum point. 

© You can solve quadratic equations of the form ax? + bx + c = 0 by reading off the x-coordinate where the 
graph y = ax? + bx + c crosses the x-axis. 

© You can solve quadratic equations of the form ax? + bx + c = mx + k by reading off the x-coordinate at the 
point of intersection of the graph y = ax’ + bx + c with the straight-line graph y = mx + k. 

© Acubic function is an expression of the form ax? + bx? + cx + d where the highest power of x is x°. 

© The graph of a cubic function has one of the following shapes. 


TM 


y =axe+ bx? +cx+d,a>0 y = ax + bx? + cx+d,a<0 


© Areciprocal function is an expression of the form k 
© The graph of a reciprocal function has one of the following shapes. 


y y 


i=) 
R 
j=) 
R 


A k>0 y=4k<0 
© An exponential function is an expression of the form a* or a~*, where a > 0. 
© The graph of an exponential function has one of the following shapes. 


_’, S| 


=a",a>0 =a*a>0 
® - graphs cross the y-axis at (0, 1) since a® = 1 G all values of a. 
© You can find approximate solutions to equations which cannot be solved exactly by using a trial and 
improvement method. 
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¥ Review exercise 


Co : A load, fitted with a parachute, is dropped from an aeroplane. 
The parachute opens when the load is 400 m above the ground. 
The distance fallen, in metres, £ seconds after the parachute has opened, is given by the equation 
$s = 20t + 2.252. 
a Copy and complete the table of values for s = 20¢ + 2.2502. 


b Draw the graph of s = 20¢ + 2.25¢? for t = Oto t = 10. 

c Use your graph to find out 
i how far the load falls in the first three seconds immediately after the parachute opens 
ii when the load hits the ground. 


a Copy and complete the table of values for y = x? + 2x. 


je | -4 | -3 | -2/ -1 | o | 1 | 2 | 
jy | ea] | of | Tf 


b Draw the graph of y = x? + 2x forx = —4tox =2. 
c Write down the equation for the line of symmetry of this curve. 
d Use your graph to find: 

i the value of y when x = 0.5 

ii the values of x when y = 6. 


a Make a table of values for y =2+%— x’ for -3<x <3. 
b Drawthe graph ofy=2+«—x*for -3<x <3. 
c Solve the equations 
i2+z-2#=0 
i5+x-27=0 
d Write down the coordinates of the maximum point of the graph of y= 2+ x — x? 


a Show thatthe equation x2 - 3x -2=x-2 
can be rewritten as x2 — 4x = 0. 


b Solve the equation x2 — 4x = 0. 

c The equation x* — 2x — 4=0 canbe solved 
by finding the intersection of the graph of 
y = x* — 3x — 2 with the graph of a suitable 
straight line. Find the equation of this straight line. 


5 | a Show that there is a solution of the equation x? + 2 +3 = 0 between x = —0.5andx = —1. 


b Use a trial and improvement method to find this solution correct to 2 decimal places. 


414 


Chapter review 


b Draw the graph of y = x3 — 2x? — 4x forx = —2tox = 4. 
c Solve the equations: 

i= 20 —d¢=0 

fi x? — 2? — 44 +5=0 


a Copy and complete the table of values for y = 3 — : x#0 


b Draw the graph of y = 3 — 2 for —3524 53. 


c This graph approaches two lines without touching them. These lines are called asymptotes. Write 
down the equation of each of these two lines. 


b Draw the graph of y = E for values of x from 0.5 to 4 
c Use the graph to find an estimate for the solution of ¢ =4-x 


d Use the method of trial and improvement to find this value correct to 2 decimal places. 


The equation h = 15¢ — 5¢? gives the height, in metres, of a ball moving through the air t seconds after it 
was projected from ground level by a machine. 

a Draw the graph of h = 15¢ — 5¢? for t = 0 to ¢ = 3, using values of t every 0.5 seconds. 

b Use your graph to find out how long it takes the ball to reach its maximum height. 

c The ball is caught at a height of 2m as it falls back to the ground. 

How long has the ball been in the air? 


A boy throws a ball through the air. 
The equation y =2+ x — me describes the path of the ball where x represents the horizontal 
distance, in metres, of the ball from the boy and y represents the height, in metres, of the ball above the 
ground. 
a Draw a graph to show the path of the ball for values of x from 0 to 80. 
b Use the graph to find 
i the maximum height reached by the ball 
ii the horizontal distances of the ball from the boy when it is at a height of 10 m above the ground 
iii the horizontal distance of the ball from the boy when it hits the ground. 


The diagram shows a rectangle. 
All the measurements are in cm. 


The width is x and the length is 3cm more than the width. x 
The area of the rectangle is 20 cm’. | 
a Draw a suitable graph 


b Find an estimate for the value of x length 


Chapter 21 More graphs and equations 


The diagram shows a cuboid. 
The base of the cuboid is a square of side x cm. 


The height of the cuboid is (x + 4) cm. 
The volume of the cuboid is 100 cm%. ] ae seid 

if if 
Find the height of the cuboid. oF neon Soe 


7 i June 2005 
Match each of the equations with its graph. 
iy=4 ii y= iii y=a2—-4 
ivy=x% vy=x— x — 6x 
A B C 


Chapter review 


oO The diagram shows a sketch of the graph of y = ab* 
The curve passes through the points A (0.5, 1) and B (2, 8). 
The point C (—0.5, k) lies on the curve. 
Find the value of k. 
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Power eonnesecosserresssessseseesseeeeee 


The graph of a quadratic function is a curve called a parabola. A javelin would follow the 


ie Re 


path of a perfect parabola if the effects of air resistance, wind and rotation didn’t affect it. In 
the Ancient Olympics, athletes had to throw the javelin from the back of a galloping horse. 


Objectives 


In this chapter you will: 

© set up and solve a pair of simultaneous equations in two 
unknowns 

© solve a pair of simultaneous equations using a graphical 
approach 

© solve quadratic equations by factorisation, completing the 
square, and using the formula 

© solve algebraic fraction equations and quadratic equations 

© construct graphs of simple loci 

© solve a pair of simultaneous equations in two unknowns 
when one equation is linear and the other is quadratic 

© solve a pair of simultaneous equations in two unknowns 
when one equation is linear and the other is a circle. 


wan 


(©Before you start 


You should already know how to: 

© factorise algebraic expressions 

© solve a simple linear equation 

© construct linear and quadratic graphs 
© substitute into a quadratic expression 
© use surds. 


22.1 Solving simultaneous equations 
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a Key Points 


© When there are two unknowns you need two equations. These are called simultaneous equations. 

© Simultaneous equations can be solved using elimination or substitution. 

© To eliminate an unknown, multiply the equations so that the coefficients of that unknown are the same. 
Add or subtract the equations to eliminate the chosen unknown. 
Sometimes the equations have to be multiplied by numbers before an unknown can be eliminated. 

© To substitute an unknown, rearrange one of the equations to make the unknown the subject, then substitute its 
value (in terms of the second unknown) into the other equation. 

© Once you know one unknown, you can use substitution to find the other. 


2 Example 1 4 Solve the simultaneous equations 


4x —y=3 
x+y=7 
Method 1 
Ax -—y=3 (1) Label the equations (1) and (2). @ Plus 
xty=7 (2) # Examiner’s Tip 
54 +O0=10 Since —y and +y are of different sign, add 


equations (1) and (2) to eliminate terms in y. 


5x=10s0x=2 Divide both sides by 5. 


Whenx =2,2+y=7 
y=7-2=5 

So the solution is x = 2,y = 5. 

Check:4X¥2-5=8-5=3 V7 


When deciding which 
unknown to eliminate, 
if possible choose the 
unknown where the signs 
are different. You can then 
eliminate the unknown by 
adding the equations. 


Substitute x = 2 into equation (2) 
and solve to find the value of y. 


Check your solution by 
substituting into equation (1). 


PARR SA TLR AR Ree aa Pe SSeS AA aa 
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Method 2 


44-y=3 (1) Label the equations (1) and (2). 
x+y=7 (2) 
Rearrange equation (2) 
to make y the subject. 
If a fraction is introduced 
when making y the subject 
4x = (7 = x) = 3 Substitute y = 7—Xinto equation (1 ). of an equation, use an 
44— 7 +4 =5 alternative method since the 
54 — 7 =S Expand the bracket and solve fraction will complicate your 
5x =3+7=10 by the balance method. working 
5x =10s0ox=2 Divide both sides by 5. 
Whenx = 2,2 +y=7 Substitute x = 2 into equation (2) and solve to find the value of Y. 
y=7-2=5 


Chec:4X2-5=8-5=3 V7 


Example 2 4 Solve the simultaneous equations 


5a — by = 13 
3x — 4y =8 


y=7-% 


lad ‘Plus 
# Examiner’s Tip 


Sx—-OGy=13 (1) 
3x -4y=8 (2) 
15%4—-18y=39 (3) 
15% —-20y=40 = (4) 


Multiply (1) by 3 and (2) by 5 to make the coefficients of x equal. 
Label the new equations (3) and (4). 


Subtract equation (4) from equation (3) to eliminate the terms in x. 
—18y —(—20y) = —18y + 20y = +2y 


O+2y=—-1 


4 


2 
54 —- (6X -3) =13 Substitute y = —tinto equation (1). 
De —(—3) = 13 


5x +5 =13 
5x =10 
x=2 


So the solution is x = 2,y = —Z. 
Check: 3 X 2 — (4X -4 =6+2=8 Check your solution by substituting into equation (2). 


22.2 Setting up equations in two unknowns 


Questions in this chapter are targeted at the grades indicated. 


¥ Exercise 22A 
: Solve these simultaneous equations. 

 w+y=9 2 | 
xt+y=5 

TM rt+ay=6 Is 
3x — 2y =4 

Gl i-y--4 is 
yar 

4x — 3y = 14 
2x + 2y = —7 

5x + 4y = 
3x — by = —34 


3x —y = 12 
2x + y = 13 
x+2y=9 
y=x+3 
3x — 4y = -2 
y=r+ 

3x + 2y = 11 
2x — by = 1 
7x — 2y = 13 
4x — 3y = 13 


eeeeeseeeserss eee 


wEDys 
Ps 
2 | 
13. 

2 | 


5a — 2y =9 
3x — 2y =7 tage 
2x + 5y = 12 

y=3-% 

8x — 3y = —-2 

y=3-2& 

4x + 6y =5 

3x + 4y =4 

4x —3y=5 

2x + 2y = —1 


Sees eereseeseseseeesessesensseseseeeesoues 


SPOS eee esse ee eeEeeeseBeseresseeeseseEsessEseeEsseTesee®D 


© When setting up your simultaneous equations, clearly define the unknowns used. 


Zach has some ten pence coins and some twenty pence coins in his piggy bank. 
In his piggy bank he has a total of 18 coins which amounts to £2.30. Work out the number 
of ten pence coins and the number of twenty pence coins in Zach’s piggy bank. 


Define th k i: 
Let x be the number of 1Op coins in the piggy bank. 


Let y be the number of 2Op coins in the piggy bank. 


10x + 2O0y = 230 (1) 


xaty=18 


The sum of the 10p and 
20p coins is £2.30. 
(2) There are 18 coins altogether. 


Watch Out! 


Make sure that both sides of each 
equation have consistent units. 


Chapter £4 Uuaaratic and simultaneous equations 


10x + 20y = 230 (1) Multiply equation (2) by 10 to give equation (3). 
10x + 10y = 180 (3) 


yes 
x+5=18 Substitute y = 5 in (2) to find the value of x. 
C= 15 


So Zach has 13 ten pence coins and 5 twenty pence coins. Check: 15 x 10p + 5 X 20p = £2.30 


The sum of two numbers is 19 and their difference is 5. Find the value of each of the numbers. 


The total cost of a meal and a bottle of wine is £28.10. 
The meal cost £8.90 more than the bottle of wine. Find the cost of the meal. 


A taxi company charges a fixed amount of £/f plus x pence for each mile of a journey. 
A journey of 10 miles costs £10.20. 

A journey of 6 miles costs £7.40. 

Work out the cost of a journey of 8 miles. 


Cinema tickets for 1 adult and 3 children cost £13.50. 


The cost for 2 adults and 5 children is £24. Find the cost of one adult ticket and the cost of one child 
ticket. 


Three nuts and six bolts have a combined mass of 72g. 
Four nuts and five bolts have a combined mass of 66 g. 
Find the combined mass of one nut and one bolt. 


The diagram shows a rectangle. 2a -3 
All sides are measured in centimetres. 
a Write down a pair of simultaneous equations in a and 0. 


4a 3b+1 
b Solve your pair of simultaneous equations to find a and b. 


Mary and Ann together receive a total of £306 for baby-sitting. 
Ann is paid for 14 days’ work and Mary is paid for 15 days’ work. 
Ann’s pay for 6 days’ work is £6 more than Mary gets for 4 days. 
Work out how much they each earn per day. 


Atif walks for x hours at 5 km/h and runs for y hours at 10 km/h. He travels a total of 35km and his 
average speed is 7 km/h. Find the value of x and y. 
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22.3 Using graphs to solve simultaneous equations 


Using graphs to solve simultaneous equations 


© Why do this 


© You can solve a pair of simultaneous It can be easier to find solutions to some simultaneous 
equations by using a graph. equations if they are plotted on a graph. 


<>) Get Ready 


The sides of a rectangle are 4a, 24 — 3b, 3b + 4 and 3a. 
1. Set up two simultaneous equations in a and b. 
2. Find a and b. 


3. Find the perimeter of the rectangle. 


( )Key Point 7 . Se a a - 7 


© Simultaneous equations can be solved graphically, by drawing the graphs of the two equations and finding the 
coordinates of their point of intersection. 


nA Example 4 Solve the simultaneous equations 


2x -—y=5 
x+y=4 
2% -—y=5 — Rearrange 2x — y = 5 to make y the subject. 
2n =yt5 pee 
y=2x-5 


Fory = 2x — 5, <—{ Findand plot any three points ony = 2% — 5. 


when x =O,y = —5 
whenx = 2,y=—-1 
whenx = 4,y = 3. 


Forx ty =4, Find and plot the points where X + y = 4 crosses the axes and one other point. 
whenx =O0,y=4 eee 
wheny =O,x=4 e Plus 
when % = 2,y = 2. Examiner’s Tip 
; 
| Tonltgatu pane | Check your solution by 
ee, substitution into both 


equations. 


” 4 
é Find the coordinates of the 

point where the lines cross. | 
This gives the solution of the | 


| simultaneous equations. 
4 


So the solution is x = 3,y = 1. 
Check:2X¥3-—1=5 
and3+1=4. 


Chapter 22 Quadratic and simultaneous equations 


The diagram shows three lines A, B and C. 
a Match the three lines to these equations. 


y =2x 
xt+y=3 
x—2y =3 
b Use the diagram to solve these simultaneous equations. 
iy=2x iixt+y=3 ili y = 2x 
x+y=3 x—2y=3 x—2y=3 


vy For each of these pairs of simultaneous equations, draw two linear graphs on the same grid and use 
them to solve the equations. Use a scale of —10 to +10 on each axis. 
a 4xn+y=8 b 2x + 3y = 12 c x+y=10 
x-y=2 y=2x—-3 y=3x+2 


SE a a a 


* 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
. 
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© Get Ready 


(A) Key Points 


© A quadratic equation can always be written in the form ax? + bx + c = Owherea (4 0), b and crepresent 
numbers. 


© To factorise a quadratic equation you need to find two numbers whose sum is b and whose productis c. 


© Ifthe product of two numbers is 0, then at least one of these numbers must be 0. For example, if cd = 0 then 
either c = 0 or d = O or they are both 0. 


© A quadratic equation has two solutions (or roots). Sometimes these solutions may be equal. 


22.4 Solving quadratic equations by factorisation 


kK, Example 5 Solve 
\, : 
a 2x? = 6x b yw—y-2=0 Y) Plus 
Watch Out! 
Ah tems 
a 2x° = 6x When there is a power of x on both sides 
2x* — 6x =0 Rearrange into the form 


of an equation, do not simply divide both 
sides by one of the powers of x because 


the solution x = 0 may be lost. 
3. 


giving the two solutions x = O and x = 


ax? +bx+c=0. 


b y7—-y—-20=0 Factorise into two bracketed terms. 
y¥—5)\y+4)=0 
So either (y — 5) = Oor(y+ 4) =O. 
The two solutions are y = 5 andy = —4. 


Remember: You are looking for two numbers whose 
product is —20 and whose sum is —1 (i.e. —S and +4). 


"2 Example 6 4 Solve gig + 4) + 4=69 +3. 


q(iq+4)+4=6q+5 


qg@+4q+4=69+3 Expand the brackets and rearrange into the form ax? + bx + ¢ =O. 
@+4q+4-6q-3=0 


gq? -—2q+1=0 


So either g — 1 = Oorg — 1=O,giving 
the two equal solutions g = 1 andq = 1. The solutions are both the same. 
We say the solution is g = 1. 


2 Example 7 4 Solve 4x? — 25 = 0. 


Method 1 

4x? —25=0 

4%? = 25 

x=+V6.25 

So the two solutions are x = 2.5 0rx = —2.5. 

Method 2 

4 Bee Factorise by the difference of two squares 
(2x — 5)(2% + 5)=0 method (see Section 9.4). 

So either (2x — 5) = Oor (2x + 5) =O. 

So the two solutions are x = 2.5 0rx = —2.5. 


Unapter 24 Uuadratic and simultaneous equations 


¥ Exercise 22D 

"Solve 
a x(x —4)=0 b (a+5)\(a —3)=0 ce (2m —1)(4m — 9) =0 
d y+ 2y=0 e ?—t=0 f 4p*-—7p=0 

~~ Solve 
a x2-—6x+8=0 b x2+7x+6=0 c x#+x-12=0 
d 22-6%+9=0 e x*—5x% —-36=0 f «2?-16=0 
g x? +10x+25=0 h x*-—100=0 


Solve 


a 5x*+264+5=0 b 302-114 +6=0 c 242+7x-4=0 d 52+ 14x -3=0 


Solve 
a x-—x=6 b x2-—10=3x ec a(x-—3)=x+21 
d 22-—36=2x-1 e x(3x—1)=2?4 15 f 6(x? +3) = 31x 


g (x +4)(x — 3) = 4(2x — 1) h (4% -1)=10-x 


Besesescceesecsesee 


yi tee eeeeeccsceerereeesrcseres esses escseeeseeesseeesansees. 


(A) Key Points 


© Expressions such as (x + 1)%, (x + 4)? and (x + 3? are all called perfect squares. 


2 2 
© Expressions like x? + bx + c can be written in the form (x + 5 = (3) +e. 


This process is called completing the square. 


© Expressions like ax? + bx + c are rewritten as a(x? + 


2) + c before completing the square for the expression 
inside the brackets. 


@ 


426 perfect square completing the square 


22.5 Completing the square 


7 : . 
Example 8 Write x? + 4x + 5in the form (x + p)? + q, stating the values of p and gq. 


x® + 4x = (4+ 2)? -4 Ignore the constant term. Find the perfect square which will give the 
correct terms in X? and X, then subtract 4 to make the identity true. 


So 


p=2q=1 Compare (x + 2)? + 1 with (x + p)?+q 
and write down the values of p and q. 


a Write the expression 2y? — 12y — 5in the form ply + g)? +r. 


b Hence write down the minimum possible value of 2y? — 12y — 5. 
c Find the value of y for which 2y* — 12y — 5 has its minimum value. 


a 2y2—12y—5 = 2(y2- Gy) -5 Take out the coefficient of y? for the y? and y terms. 
Leave the constant term separate. 


= 2[(y— 3)? -9]-5 Complete the square for y” — Gy. 
= 2(y - a — 23 Simplify the expression so that it is in the required form. 


b The minimum possible value of any square number is zero so (y — 3)* = O for any value of y. 


ein Sales Substitute (y — 3)? = O into the answer to part a. 
2(y — 3)? - 23 =2X0- 23. 


The minimum value of 
2y* — 12y — 5is therefore —23. 


i Ba = 
¢ The minimum value of 2y 12g = Secours Find the value of y which makes (y — 3)? = O. 
when y = 3. 


¥ Exercise 22E 


Write the following in the form (x + p)? + q. 


a 2+ 4x b 22+ 10x c x2 + 12x d x? — 2x 
e x*— 14x f x? -— 24x g wt+n h x?-3x 
i x? + 4x +7 j «2+ 8x +17 k x2+ 10x — 20 1 —6e+11 
m a? — 20% + 80 n x? — 26x —-1 o v@-—x+1 p 2@+5"*—-5 


Chapter 22 Quadratic and simultaneous equations 


Write the following in the form a(x + p)? + q. 
a 2x2+ 12x b 2x2?-4x4+5 
c 3x*-—12x+ 10 d 5x2 + 50x + 100 


For all values of x, x? + 8x + 24=(x+ p)?+q. 
a Find the value of the constants p and g. 
b Write down the minimum value of x? + 8x + 24. 


4 | The diagram shows a sketch of the curve with 
equation y = x? + 6x +10. 
a Write down the coordinates of the point A, 
at which the curve crosses the y-axis. 
b By completing the square for x2 + 6x + 10, 
find the coordinates of the minimum point B. 


y=x+6x +10 


yr: a Bywriting 1 + 4x — x* as —(x* — 4x — 1) find the value of r and the value of s for which 
1+ 4x —2? =r —(x — s)* 
b Use your answer to part a to write down the maximum value of 1 + 4x — x2, 
c For what value of x does this occur? 


Solving quadratic equations by completing the 


square 
© Why do this? 
© You can solve quadratic equations by completing The path of a cricket ball can be modelled using a 
the square. quadratic equation. 


©) Get Ready 


Solve 
1. 27-4=0 2. x2-x-6=0 3. x? — 3x —28=0 


= uty 


© By completing the square, any quadratic expression can be written in the form p(x +g +r. 
© Similarly, any quadratic equation can be written in the form p(x + q?+r=0. 
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22.6 Solving quadratic equations by completing the square 


Example 10 Solve x2 — 12x + 9 =0. 
Give your solutions: a in surd form 
b correct to 3 significant figures. 


x? — 12x + Q will not factorise into two brackets 
since no two integers have a product of 9 anda 
sum of —12. 


x2-12x+9=0 
(x - 6)? -36+9=0 
(x -6)?-27=0 


(i= 6)* =27 . I 
n-6=+ 27 Take the square root of both sides. | 


Add 6 to both sides. 


Complete the square for x* — 12x. 
Comparing this with p(x + q)? +r =O 
gives, p = 1,9 = —Gandr=—27. 


a The two solutions arex = G+ 3V3 andx = 6 — 3V3. 
b The two solutions arex = 11.2 andx = 0.804. 


"0 Example 11 4 Solve 2x? — 54 +1=0. 


Give your solutions correct to 2 decimal places. 


2x? — Set 1=0 Divide both sides by 2, the coefficient of x?. 


x2 -—2.5x+05=0 


Complete the square for 
x? — 2.5%. 
Evaluate —1.252+ 0.5 


(x — 1.25)? - 1.252+0.5=0 
(« — 1.25)? — 1.0625 =O 


(x — 1.25)? = 1.0625 PI 
*—-1.25=+V1,0625 Take the square root e ~luS 
x—1.25=+1.030 776406 of both sides. # Examiner’s Tip 


Write down more digits 
than are required from your 
calculator display before you 
do any rounding. 


The two solutions are x = 2.28 and x = 0.22. 


¥ Exercise 22F 


Solve these quadratic equations, giving your solutions in surd form. 
a #?-—6*-2=0 b a2+44+1=0 c 22+ 10%—-12=0 
d x?-—2x—-7=0 e 2x*-6x%-3=0 f 5x24 12n+3=0 


Solve these quadratic equations, giving your solutions correct to 2 decimal places. 
: a + 8r+5=0 b a-9%+6=0 c #@+x-8=0 
d 2x?+4x%-—5=0 e 6x*-3x-—2=0 f 10%2-5x-—4=0 
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@ Key Points 


© You can use the method of solving the general quadratic equation ax? + bx +c =0 by completing the square 
(see section 22.5) to develop a formula which can be used to solve all quadratic equations. This is called a 
quadratic formula. 
ax? + bx+c=0 


: So 
(x + By - (by +£=9 Complete the square on x2 + 2x 
2a) \2a) “a P : a 


eal Gl) 3 
(«+ 35) mage a= ae 
a abe Eee 


© Ifthe value of b? — 4ac is negative, the quadratic equation does not have any real solutions. 


430 quadratic formula 


22.7 Solving quadratic equations using the formula 


i) Example 12 4 Solve x? — 54 +3 =0. 
Give your solutions correct to 2 decimal places. ed ‘Plus 
= Examiner’s Tip 


2 —- Set S3=0 Compare with ax? + bx + ¢=Oand : Sal 
q=4 heh pes write down the values of a, b and c. In equations like x* + bx + c=0 


pa TOC EV ESP = 4KTXS 


it is helpful to write it as 
1x? + bx + c = 00 that the value 


Substitute a,b andc 


2x1 wen the mandratt of ais clearly 1. 
quadratic 
ya Dtves—12 formula. 
2 | 
_54+V13 | 
——s | 
orx = BIAS. 3 15 | 


The solutions are x = 4.30 or x = 0.70 


Ke Sess CwEM> Solve Sx2+2—3=0. 
Give your solutions correct to 2 decimal places. 


5x27 +%-3=0 Compare with ax? + bx + C= Oand 

on Bh 4 em Se write down the values of a, b and c. 

—_ —1+V¥12-4x5xX-3 Substitute a, b and C into the quadratic formula. 
2x5 


—-1+v¥1+60 
x 
10 
, = sani araes —] a3 8" 


¥ Exercise 22G 


Solve these quadratic equations. Give your solutions correct to 3 significant figures. 


+ 4x+2=0 +7x+5=0 + 6x—-4=0 
FA e+x-10=0 x — 4x —-7=0 TH e-5r+3=0 
2x2 + dx +1=0 Ey 5x? -9x+2=0 By) ox? -5x-8=0 
10x? + 3x -2=0 4x? — 7x +2=0 aly —1)=x+5 


x(2x + 3) =4—7x (x + 2) — 3) = 15 3x +5 = 5x? + 2x — 4) 
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© Equations with algebraic fractions often occur in mathematics. 
© These sometimes lead to quadratic equations which you can solve using one of the methods already described. 


U 5 6 
E le 14 a a | 
i xample Solve 5 7 - i 3 * Pp lus 


- ’ Examiner’s Tip 
(2% + 1)(@ + 1) X —=— ay EF + 4 Multiply both sides by 
| (2x + 1)(x + 1) and cancel. When the denominators have no 
a ee 


(ent ae 1) x al = common factor, multiply by the 
product of the denominators. 


(eece Tte-+ 1) So 


S(x + 1) + G(2x + 1) = 3(2x + 1)(a+ 1) 


ont 12+ 6 = Slee" + Set 1} Expand the brackets. 
17x +11 =6x2+9x4+3 Simplify both sides. 
Res 


6x* — 64-8 =0 <— Rearrange into the form ax? + bx +c =O. J 
3x" - 44 -4= i 
(3x + 2)(x — 2) = <——{ Solve by factorisation. | 
So either 3x + 2 = Ours 2= rs 
The solutions are x = —2 and x = 


¥ Exercise 22H 


Solve these quadratic equations. 
aE 2 3) 
wv z—1' x41! 
2 4 


22.9 Setting up and solving quadratic equations 


In questions 7-12, give your solutions correct to 3 significant figures. 


3 1 = = 2 = 2 a = [\v* 
% ite x+4 eon ¢-i ean! LY 
3.2 =] att 12 2. _ if =] 
x-1 «+3 # 6 x-1 1-2x 


Setting up and solving quadratic equations 


© Why do this? 


© You can solve practical problems which involve You can find the best positioning for a satellite dish 
quadratic equations. by setting up and solving a quadratic equation 
involving the diameter and depth of the dish. 


(<>) Get Ready 


Multiply out: 
He RA — 2a) 2; (eT) ) 3. (3x + 2)(4 — x) 


© To find the equation to represent a problem: 

© where relevant, draw a diagram and put all of the information you are given on it 

© use x to represent the unknown which you have been asked to find 

© use other letters to identify any other relevant unknowns 

© look for information in the question which links these letters to x and write them down 
try simple numbers for the unknowns and see if this helps you to find a method 
© make sure that the units on both sides of your equation are the same. 


7 
i"? Example 15 4 The diagram shows a rectangular lawn <3 ——_> 
A03 


surrounded on three sides by flower beds. 
Each flower bed is 2m wide. by 
me 
The area of the lawn is 14 m2. bis ue 
Find the length of the lawn. | 
— 


Length of lawn = 3x — 2 ea Write down expressions for the length and width of the lawn. 
Width of lawn = 24 — 4 
Area of lawn = (3x — 2)(2x — 4) ef using area of rectangle = length X width. | 
= 6x* — 16x + 8. = 
But the area of the lawn is given as 14 m*. : 
So 6x* — 16x + 8= 14 ————_ Set up a quadratic equation. 
6x2 —16x-6 =O 
Sx —- 24-3 =0 
(3% + 1)(@—3) =O 
So either x = -t orx = 3. <—{ sove using the method of factorteation. | 


ADa®> 


Chapter 22 Quadratic and simultaneous equations 


The solution cannot be negative since 
% is a measurement of length. 

Substitute x = 3 into the expression 
for the length of the lawn. 


Example 16 Angela drove 300 km to the seaside. 
A03 


Her average speed was 10 km/h less than she expected. 
The journey therefore took 1 hour longer than she had planned. 
Find Angela's actual average speed. 


} 
! 
Let Angela's actual average speed be x km/h. Define the letters to be used. 


Her expected average speed was (x + 10) km/h. 


The only acceptable solution is x = 3. 
Length oflawn = 3x-2=3X3-2 
= 7 


F ‘ — 300 — distance 
he time taken for the journey = = hours. Time = ak 4 
— _300 
Her expected time for the journey FED hours. 


300 _ 300 _ 
x x+10_ 


30O(x + 10) — 300x = x(x + 10) 


500x + 3000 — 300x= x? + 10x 
x* + 10x — 3000 =0 
Since x cannot be negative, x = 50. 


Angela's actual average speed is 50 km/h. 


a Exercise 22I 


A* ee The sum of the square of an integer and 2 times itself is 24. 
Find the two possible values of the integer. 


& The product of three numbers 5, 2x and x — 8 is —160. 
Find the value of the integer x. 


A man is four times as old as his son, and 8 years ago the product of their ages was 160. 
Find their present ages as integers. 


4 | The length of a rectangular wall is 5m greater than the height of the wall. 
The area of the wall is 16 m2. Work out the length of the wall. Give your answer correct to 3 significant 
figures. 


The sum of the squares of two consecutive integers is 41. 
a Ifxis one of the integers, show that x2 + x — 20 = 0. 
b Solve x? + x — 20 = 0 to find the two consecutive integers. 
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22.10 Constructing graphs of simple loci 


Find the length of each side of this right-angled triangle. and ‘AY 
The measurements are given incm. 20 pe 
Give your answers correct to 2 d.p. mee 

eed 


192 square tiles are needed to tile a kitchen wall. If the tiles had measured 2 cm less each way, 300 tiles ‘ao 


would have been needed. Find the size of the larger tiles. i 
_. A farmer uses 60 m of fencing to make three sides of a rectangular sheep pen. The fourth side of the 
pen is a wall. Work out the length of the shorter sides of the pen if the area enclosed is 448 m’. 
_ The diameters of two circles are4xcmand(x+3)cm. 9 pees ae a. 
The area of the shaded region is 84a cm?. 
Work out the value of x. x+3cm 4xcm 
~~ Ona journey of 420 km, a train driver calculates that the journey would take 40 minutes less if he i AO2 


increased his average speed by 5 km/h. 
Work out his present average speed. Give your answer correct to the nearest whole number. 


Ceeoecesecceseosoene 


eee eeerereesseseesenesseee 
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© Get Ready 


a 


(A) Key Points 


© The locus of a circle is the path of all points equidistant from a given fixed point. 


Unapter <2 Uuaaratic and simultaneous equations 


© To construct the graph of x? + y? = r? consider any point P with 
coordinates (x, y) at a distance r from the origin O (0, 0). 
Draw the lines PQ and OQ to form the right-angled triangle PQO. 


© By Pythagoras, x? + y? = r2. 
This is true for any point P, at a distance r from the fixed point O. 
This is the definition of a circle. 

© Joining all of the points A, B, C, D, E, etc gives a circle of radius r. 


D (x, y) (x, y) (a; y) 


So x? + y? = ris the equation of a circle of radius r, centre (0, 0). 


Example 17 4 a Construct the graph of the locus of all points distance 3 units from the line Y=xX. 


b Find the equation of this locus. 
Construct the locus using 
techniques from Chapter 1 2. [ 
Draw the lines 3 units from y = x. 


b Intriangle OAB, OA = AB = 3 unite. I 
By Pythagoras, OB* = 32+ 32=9+9=18 
OB = 18 = 4.2426... 
Equation of locus through Bis y = x — 4.24... 
Equation of locus through Cisy =x + 4.24... 


— 


22.10 Constructing graphs of simple loci 


Ye Example 18 9 a Construct the graph of x2 + y? = 25. 


b Find the equation of the tangent to the curve at the point (3, —4). 


rete =5 Compare x? + y? = 25 


y with 42 + y? =r. 


Draw a circle, centre O, with 

compasses set to 5 units. 
Draw tangent through (3, -4) and 
read off y-intercept (—6.25). 


b Gradient of tangent = 3 + 4 


y-intercept = —6.25 
The equation is y = 0.75" — 6.25 


¥ Exercise 22] 


On graph paper, draw the graphs of the following equations. 
avt+y=4 b v+y=16 c e+y=36 d «t+ y? = 64 e x+y? = 100 


Using your graph of x? + y* = 16, construct a tangent parallel to the line y = x. 
Write down the coordinates of the point where this tangent touches the graph. 


Find the equation of the locus of points 5 units from the following lines. 
a y=6 by=-4 c x=3 d x=-5 


= | 


Find the equation of the locus of points 6 units from the line with equation y = x + 4. 


Viapter 242 UuddratiC and simultaneous equations 


(A) Key Points 


© You can solve a pair of simultaneous equations where one equation is linear and the other quadratic by an 
algebraic method or a graphical approach. 


© The solution of a pair of simultaneous equations where one is linear and one is quadratic is represented by the 
points of intersection of a straight line and a quadratic curve. 


y Example 19 Solve the simultaneous equations a graphically b algebraically. 
+ 2y =1 
y=x-1 


Fory=x-—1, 
whenx = 3,y=2 

whenx =O,y= —1 
whenx = —4,y= —5 


ee 
= Examiner’s Tip 


The graph of the linear equation 
crosses the graph of the quadratic 
at two points. So the pair of 
simultaneous equations has two 
solutions. 


Find and plot any three 
points then draw the graph. 


Construct a table of 
values, plot the points and 
draw the graph. 


The points of intersection of the two 
graphs are P(1, 0) and Q(—3, —4). 


The solutions are x = 1,y = Oandx = —3,y = —4. 
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22.12 Solving simultaneous equations when one is linear and the other is a circle 


b x? + 2y=1 (1) Label the equations (1) and (2). 
y=x-1 (2) 
eo Pi 4 Substitute (2) into (1) and rearrange. 


K2+ 24-2 =1 
x2 +2%-3=0 
(«+ 3)\@—1)=0 method of factorisation. See Section 22.4. 


So either (x + 3) =Oor(x-—1) =O 


45 —Sors = 
When x = —3, Substitute values of x into (2). 


y=-3-—1 
y=—-4. 
When x = 1, 
y=1-1 
y=0. 


So the solutions arex = —3,y = —4andx=1,y =O. 


¥ Exercise 22K 


For each of these pairs of simultaneous equations: 

a draw a quadratic graph and a linear graph on the same grid and use them to solve the simultaneous 
equations (use a scale of —10 to +10 on each axis) 

b solve them using an algebraic method. You must show all of your working. 


allah eee : A2OQ 
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@ Key Points 


© The equation of a circle with centre (0, 0) and radius r can be written as x2 + yer. 

© You can solve simultaneous equations where one is linear and one is the equation of a circle graphically and 
algebraically. 

© Ifthe solutions are not integer values, they can only be estimated using the graphical method and can be 
calculated using the quadratic formula (see Section 22.7). 


2 Example 20 4 Solve the simultaneous equations a graphically b algebraically. 


e+ y* = 25 
y=xrl 


centre (O, O) of radius 5 units. 


Fory=x+1, Plot the points and draw the line y = x + 1. 


whenzx = 2,y=3 
when x = O,y = 1 
whens = —2,y=—1. 


The solutions are 
“= 3,y =4andx = —4,y= —3. 


b a° + y*? = 25. (1) 
y=x+1 (2) 


2x2 + 2x-24 =0 


et e— 12 =H 
(1 - 3)\(x +4) =O Solve the quadratic equation by the factorisation method. 


Sox = 3orx=—-4 
y=5+1=4ory=—-44+1=-3 


Substitute values of x to find 
the corresponding values of y. 


The solutions are x = 3,y=4andx= —4,y=—-3. 


22.12 Solving simultaneous equations when one is linear and the other is a circle 


2 Example 21 4 Draw suitable graphs to find estimates of the solutions of: 
x+y? = 16 
y=x-1. 


The graph of x” + y* = 1G isa circle, centre (0, O) of radius 4 units. Compare with x? + y? = r?. 
Fory=x2— ‘1, Plot the points and draw the line y =x — 1. 


whenx =2,y= 1 
whenx =O,y = —-1 
whens = —2,y=—-3 


The solutions can only be estimated. 


/ 
The estimated solutions are 
L=3.5,y = 23 andx = —2.3,y = —3.35. 
"2 Example 22 4 Solve these simultaneous equations | 
x? + y? = 16 
you=1 


Give your answers correct to 2 decimal places. 


x? +y* =16 (1) 
y=x—-1 (2) 
e+@— 1% = 16 Substitute (2) in (1) and rearrange to give a quadratic equation. 
we a = Bae = 
ax? —2e—-15 =0 


2X2 


pa 2EVaT 120 _ 24 V124 
2Ke 4 


x= 3.28 of —2.28 


The solutions are x = 35.28, y = 2.26 Write the solutions correct to 2 decimal places. 


andx = —2.28,y = —3.26to2 dp. 


Vilapter 242 UuddarallC and simultaneous equations 


¥ Exercise 22L 


Ne oo On graph paper, draw the graph of the circle with equation x? + y’ = 36. On the same axes, draw the 
straight line with equation y = 2x. 

Hence find estimates of the solutions of the simultaneous equations 

x? + y* = 36 and y = 2x. 


Draw suitable graphs to find estimates of the solutions of the simultaneous equations 
ve+y=9andy=x+3. 


Draw suitable graphs to find estimates of the solutions of the simultaneous equations 
v+y?=49andx+y=5. 


Solve these simultaneous equations. 


a v+y=13 b #+y*?=20 c r+y’=34 

Solve these simultaneous equations. Give your answers correct to 3 significant figures. 

a v+y’=20 b 22+ y* = 32 c x+y? = 100 
y=xt4 y=1+4+ 3x y=2x—-3 


© When there are two unknowns you need two equations. These are called simultaneous equations. 

© Simultaneous equations can be solved using elimination or substitution. 

© To eliminate an unknown, multiply the equations so that the coefficients of that unknown are the same. 
Add or subtract the equations to eliminate the chosen unknown. 
Sometimes the equations have to be multiplied by numbers before an unknown can be eliminated. 

© To substitute an unknown, rearrange one of the equations to make the unknown the subject, then substitute its 
value (in terms of the second unknown) into the other equation. 

© Once you know one unknown, you can use substitution to find the other. 

© When setting up your simultaneous equations, clearly define the unknowns used. 

© Simultaneous equations can be solved graphically, by drawing the graphs of the two equations and finding the 
coordinates of their point of intersection. 

© A quadratic equation can always be written in the form ax? + bx + c = Owherea (* 0), b and c represent 
numbers, 

© To factorise a quadratic equation you need to find two numbers whose sum is 6 and whose productis c. 

© Ifthe product of two numbers is 0, then at least one of these numbers must be 0. For example, if cd = 0 then 
either c = 0 or d = O or they are both 0. 

© A quadratic equation always has two solutions (or roots). Sometimes these solutions may be equal. 

© Expressions such as (x + 1)?, (x + 4)? and (x + 3 are all called perfect squares. 


© Expressions like x? + bx + c¢ can be written in the form [x + by = (3) +e, 


This process is called completing the square. 


© Expressions like ax? + bx + care rewritten as ale? + O,) + ¢ before completing the square for the expression 


inside the brackets. 


Chapter review 


© By completing the square, any quadratic expression can be written in the form p(x + g)* +r. 
© Similarly, any quadratic equation can be written in the form p(x + qg)? +r =0. 
© All quadratic equations can be solved by the formula 


= Ot vb — 4ac 
2a 


© Ifthe value of b? — 4ac is negative, the quadratic equation does not have any real solutions. 

© Equations with algebraic fractions sometimes lead to quadratic equations. 

© To find the equation to represent a problem: 
© where relevant, draw a diagram and put all of the information on it 
© use x to represent the unknown which you have been asked to find 
© use other letters to identify any other relevant unknowns 
© look for information in the question which links these letters to x and write them down 
© try simple numbers for the unknowns and see if this helps you to find a method 
© make sure that the units on both sides of your equation are the same. 

© The locus of a circle is the path of all points equidistant from a given fixed point. 

© The equation of a circle with centre (0, 0) and radius r can be written as x? + y? = r’. 

© You can solve a pair of simultaneous equations where one equation is linear and the other quadratic by an 
algebraic method or a graphical approach. 

© The solution of a pair of simultaneous equations where one is linear and one is quadratic is represented by 
the points of intersection of a straight line and a quadratic curve. 

© You can solve simultaneous equations where one is linear and one is the equation of a circle graphically and 
algebraically. 

© Ifthe solutions are not integer values they can only be estimated using the graphical method and can be 
calculated using the quadratic formula. 


¥ Review exercise 
Solve the following equations a x#*=9 b 2x*=72 c 2x?-— 108=0 
2 2 
Solve the following equations a 4—y’?=0 b c= 1 c 5 —3= 
The diagram shows a trapezium. xt+2 
The lengths of three sides of the trapezium are Slsatein NOT 
accurately drawn 
x—5,x+2andx+6. x-5 
All measurements are given in centimetres. 
The area of the trapezium is 36 cm?. x+6 
Find the length of the shortest side of the trapezium. 
4 | Solve the following equations 
a yy —5y—-6=0 b 4-16=0 c 4—3p—p?=0 
5 | Solve these simultaneous equations. 
a awt+y=11 b 3x-y=-4 c 4x—3y=7 
y=xt+7 y=3+2x y=2x-1 


6 For each of these pairs of simultaneous equations, draw two linear graphs on the same grid and use 
them to solve the simultaneous equations. Use a scale of —10 to + 10 on each axis. 
a y=8-3x b &wt+y=4 
xt+ty=4 3a + 4y = 12 


Chapter 22 Quadratic and simultaneous equations 


A rectangular room is 2 metres longer than it is wide. EFS 
If its area is 52 m?, what is its perimeter? Give your answer to 2 decimal places. 


The height of a ball above the ground in metres can be h FS 
calculated from the formula: 
h = 30t — 5¢? 
where ¢ = time in seconds after being thrown. 
Find: 
a_ the total time that the ball was in the air (0) t 


b the maximum height of the ball above the ground 
c the time at which the ball was 25 cm above the ground. 


Solve the following equations 
a 2k?—-11k+5=0 b 4m? — 4m =3 ce (2n — 1)(3n + 2) = 24 


x? + 8x + 5 can be written in the form (x + p)? + g. 

a Find the value of p and the value of g. 

b Use your answer to part a to solve the equation x2 + 8% +5 =0. 
Give your solutions to 3 significant figures. 


Solve this quadratic equation x2 — 5x — 8 = 0. 
Give your answers correct to 3 significant figures. June 2006 


a Solve the equation x? — 2x —-1=0. 

Give your answer correct to 3 significant figures. 

Hence, or otherwise 

b solve the equation 3x? — 6x — 3 = 0. June 2009 


a x? — 2x + 3is to be written in the form (x + a)? + b. 
Find the values of a and 0. 
b Use your answer to part a to find the minimum value of x2 — 2x + 3. 
c Write down the value of x for which x? — 2x + 3 has a minimum value. 
d Sketch the graph of y = x? — 2x + 3. 


Write 4x? + 24x in the form a(x + p)* + q. State the values of a, p and q. 


Solve these simultaneous equations. 
a 2x +3y=10 b bx + 4y =8 c W+3y=1 
3x + by = 16 2x — 3y = —6 7x + 8y = —4 


A gas bill consists of a fixed charge (£F) and a charge (g pence) for each unit used. 
Mrs Anwar used 350 units and paid £30. Mr White used 450 units and paid £35. Find the fixed charge 
and the charge per unit. 


Chapter review 


: Write down the pair of simultaneous equations that are solved by the coordinates of the point of 
intersection of the two lines shown in the diagram. 


Plus 


Exam Question Report 


58% of students answered this sort of question 
well. They used all the information in the question. 


Solve this pair of simultaneous equations 
4x + 3y =4 
2y = 1 — 3x 
a by drawing two linear graphs on the same grid 
(use a scale of —10 to +10 on each axis) 
b by using an algebraic method (you must show all of your working). 


x? — 8x + 23 = (x — p)* + q for all values of x. 
a Find the value of p and the value of q. 
Here is a sketch of the curve with equation 
y = x° — 8x + 23 
Bis the minimum point on the curve. 
b Find the coordinates of B. 


June 2006 
Kate buys 2 lollies and 5 choc ices for £6.50. 
Pete buys 2 lollies and 3 choc ices for £4.30. 
Work out the cost of 1 lolly. 
Give your answer in pence. June 2007 


The diagram shows a sketch of the graph of y = 3(x? — x). 
The line y = 4 — 4x intersects the curve y = 3(x* — x) at the points A and B. 
Use an algebraic method to find the coordinates of A and B. 


Nov 2005 
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~— a Show that the equation - 2 >= ‘= can be rearranged to give 3x2 + 7x — 13 = 0. 


b Solve 3x? + 7x — 13 = 0. 
Give your solutions correct to 2 decimal places. 


Plus 


Exam Question Report 
cca 


80% of students answered this question poorly 
because they did not take care with the brackets 
in the denominators. 


June 2008 


The diagram shows a 6-sided shape. ~ 
All the corners are right angles. Diagram NOT 
All the measurements are given in centimetres. RR aw 


ax +1 
5 
The area of the shape is 95 cm’, * 
a Show that 2x? + 6x — 95 = 0. 
b Solve the equation 2x? + 6x — 95 = 0. 
Give your answers correct to 3 significant figures. Nov 2008 


Sean runs in a 20km fun run. He runs the first 10 km ata speed of x km per hour. He runs the second 


10 km at a speed 1 km per hour less than the first 10 km. His total time for the fun run is 4 hours. 
a Showthat12 ,_10__ 4. 
x #—-T 
b Show « satisfies the quadratic equation 4x2 — 24x + 10 = 0. 
c Find the two solutions of the equation 4x? — 24% + 10 = 0. 
Give your answers correct to 3 significant figures. 


d What was Sean’s speed for the second 10 km? 


aa 


__ Solve these simultaneous equations. Give your answers correct to 3 significant figures. 
a e+y?=19 b vty? =45 
y=xt+5 y=6+ 2 


Solve the equation x? — 44 + 2=0. 


Show that any straight line that passes through the point (1, 2) must intersect the curve with equation 
x? + y* = 16 at two points. June 2006 
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Use the diagram to find estimates of the solutions to the equations: 
xt y? = 25 

y= +1. 


Nov 2005, adapted 


The photo shows a work of art by the artists Christo and Jeanne-Claude in which they 
wrapped the Pont Neuf Bridge in Paris in 40,876 m2 (454,178 sq ft) of silky golden fabric. To 
wrap these buildings, they needed to work out the surface area and calculate the amount 


of fabric required. 


Objectives 


In this chapter you will: 

© find the length of an arc, the area of a sector of 
a circle, and answer problems involving circles 
in terms of a 

© convert between units of area and volume 

© work out the volume and surface area of 3D 
shapes 

© specify and find points in three dimensions. 


©) Before you start 


You need to: 

© be able to solve problems involving perimeters 
and areas 

© know and be able to use the formulae for the 
circumference and area of a circle 

© be able to work out the volume of cuboids, 
prisms and cylinders. 


23.1 Sectors of circles 


Lido 
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A) Key Points 


© Fora sector with angle x° of a circle with radius r: 
sector = Ses of the circle so Ls 
area of sector = os x a [=> 
and arc length = a x 2ar 


Example 1 4 For this sector of a circle, work out: 


a the arc length 


; 1icm 
b the perimeter. 
Give your answers correct to 3 significant figures. a 
a arclength = os xX2X 7X11 Use arc length =A X 2arwithx = 7O andr = 110m. 
arc length = 13.4390... Write down at least 4 figures of the calculator display. 


arc length = 13.4.cm Give the answer correct to 3 significant figures. 


The units are the same as the radius (cm). 


b perimeter = 13.4390 + 2 X 11 perimeter = arc length + two radii. 


perimeter = 35.4390... Use the unrounded value for the arc length. 
perimeter = 35.4.cm Give the answer correct to 3 significant figures. 


Chapter 23 Area and volume 2 


W) Example 2 9 Calculate the area of this sector. 


Give your answer correct to 3 significant figures. | 


—— i 2 
area of sector = ——_ X ar 
360 


area = 122 x wx 92 
360 with x = 130 andr = 9m. 


area = 91.8915... 


Always write down the angle 
area of sector = 91.9 m2 at the centre of the circle as a 


fraction of 360. 


Examiner’s Tip 


? Exercise 23A Questions in this chapter are targeted at the grades indicated. 


In this exercise, if your calculator does not have a 7r button, take the value of zrto be 3.142. 
Give answers correct to 3 significant figures unless the question says differently. 


Calculate the arc length of each of these sectors. 


a \ b 
7 5cm | 
7.2cm 


a Calculate the area rm of these salir 


7.6cm 
47cem 


Calculate the perimeter of each of these sectors. 


<J an 
_< 


23.2 Problems involving circles in terms of 7 


The diagram shows a sector of a circle of radius 5.5 cm. incl [Ne 
The length of the arc of the sector is 6.72 cm. a 
Work out the size of the angle, x, of the sector. 6.72em 5.5m 


Give your answer to the nearest degree. 


_ The diagram shows a sector of a circle. “02 
The area of the sector is 17.453 cm?. cine 
Work out the radius of the circle. 
Give your answer correct to the nearest cm. 
80° : 
The diagram shows information about the throwing circle and the landing area for a “n02 
discus competition. a 
The radius of the throwing circle is 1.25 m. : 
Distances are measured from the front of the circle as shown. } 
The discus must land in the sector shown green in the ‘a 
diagram. The angle of the sector is 40°. j 
The winning throw in the men’s discus in the 2008 
Olympics was 68.82 m. 
Calculate: 
a the area of the region shown green 
b the length of the arc of the landing area sector. 
~ Here is a shape made from a sector of a circle of radius 16 cm and a semicircle. Ao2 


The angle of the sector is 60°. a 


The diameter of the semicircle is a radius of the sector. 
a Work out the perimeter of the shape. 
b Work out the area of the shape. 


= Se 
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1. Simplify a 2 
2. Find the value 
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M0 Example 34 A circle has a radius of 6cm. Find: a the circumference of the circle b the area of the 


circle. Give your answers in terms of 7. 


a C=2X7X6=127 Use C= 2ar withr =6cm. 


Circumference = 12a7cm 2x6=12 


Do not forget the units. 


b A=7X62=7X 26=367 Use A = ar? withr = G cm. 


Area = 367rcm2 


‘A02 M0 Example 4 4 The perimeter of this sector is (27 + 127) m. 
A03 


Find the radius, rm, of the sector. 


arc length = ss X2X7Xr= g X27xXr Find the arc length of the sector. 


arc length = 3ur 


r=2X12=24 
Radius of sector = 24m 


¥ Exercise 23B 


Giving your answer in terms of 7, find the circumference of a circle: 
: a with diameter 9cm b with diameter 1m c with radius 26mm 


Giving your answer in terms of 7, find the area of a circle: 
a with radius 2cm b with radius 10m c with diameter 40m 


C A02: The diagram shows two circles with the same centre. 

‘aa a Show that the area of the coloured region between 
the two circles is 647 cm?. 

b Find, in terms of zr, the circumference of a circle whose 
area is the same as the area of the coloured region. 
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23.3 Units of area 


The blue arc and the red arc make a complete circle. 6arem [33 
The length of the blue arc is 6zrcm and the length of the red arc is 1077cm. 

a Find the radius of the circle. 

b Find, in terms of 7, the area of the circle. 


1077 cm 


Find, in terms of a: 
a the area of this sector 18cm 
b the arc length of the sector 
c the perimeter of the sector. (ww 


6 | A shape is made by drawing three semicircles 
on the line AB as shown. Two of the semicircles 
have diameter Xcm and Ycm as shown. A B 
Show that the perimeter of the shape is the same 
as the circumference of a circle with diameter 
(X + Y)cm. 


Units of area 


© Why do this? 


© You can change between m? and cm?, between It is sometimes necessary to change from one unit 
cm? and mm? and between km? and m2. to another, for example, a garden design may have 
measurements in both metres and centimetres. 


© Get Ready 


1. Work out a 10 x 10 b 100 x 100 e 1000 x 1000 
2. Work out a 5x 100 b 13 x 10000 ec 7.6 x 1000000 
3. Work out a 7000 + 100 b 3500 + 10000 ec 49000 + 1000000 


7 


© The diagram shows two identical squares. 
The sides of square A are measured in metres and the sides of square B are measured in centimetres. 


Square Ais 1m by 1mso the area of square Ais 1 X 1m? = 1 m2. 
Square B is 100 cm by 100 cm so the area of square B is 100 X 100 cm? = 10000 cm?. 
The squares have the same area so 1m? = 100 X 100 cm? = 10000 cm?. 


An 
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There are similar results for other units. 


1m? = 10 X 10 = 100mm? 


1m = 100cm 1m? = 100 < 100 = 10 000 cm? 
1km = 1000 m 1km? = 1000 < 1000 = 1 000 000 m2 


divide by 100 divide by 10000 ~— divide by 1000000 
—_—— > O—————ODWm»mni—a > 


[mm] [om?] [ me ] km? 


multiply by 100 multiply by 10000 multiply by 1000000 
————— SSS ——————— 


V2 Example 5 4 Convert 4.6 m? to cm?. 


4.6 m* = 4.6 X 10000 cm? 
= 46000 cr? 


‘Plus 


Watch Out! 


1m? = 10000 cm? 
Multiply the number of m? by 10 OOO. 


“2 Example 6 4 Convert 870 mm? to cm?. 


870 mm2 = 870 + 100 cm? = 8.7 cm? 


Remember that to change 
from a larger unit to a 
smaller unit, you multiply. 


1 cm? = 100 mm? 
So 1mm? = aig om? 


Divide the number of mm? by 100. 


Exercise 23C 


Work out the area of this circle in: 


a cm? b m2, 


Work out the area of this triangle in: 


a cm? b mm?. 


8cm 

Convert to cm?. 

a 4m? b 6.9m? c 600mm? d 47mm? 
Convert to m’, 

a 5km? b 0.3 km? c 40000 cm? d 560 cm? 
a How many mm are there in 1m? b How many mm’ are there in 1 m2? 

c Convert 8.3m? to mm?. 
6 | Find, in cm?, the area of a rectangle: 

a 3.2mby1.4m b 45mm by 8mm. 
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23.4 Volume of a pyramid and a cone 
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(A) Key Points 


© Volume of pyramid = 3 X area of base X vertical height 
© Volume of cone = ; X area of base X vertical height 
= lath 
where r is the radius and h is the height. 


A pyramid has a square base of side 3.6m 


and a vertical height of 5m. 
Work out the volume of the pyramid. 


3.6m 


Volume of pyramid = z X356X5.6X5 Use volume of pyramid = 3 x area of base X vertical height. | 


X 64.8 = 21.6 m® Here the base is a square of side 3.6 m, so the area 
of the base = 3.6 X 3.6 m?. The vertical height of 


the pyramid is 5 m. 


all 
3 


Cy) : ‘ . F 
, Example 8 A cone has a circular base of radius 7 cm and a vertical height of 16.2 cm. 
Work out the volume of the cone. i 


Give your answer correct to 1 decimal place. 
16.2cm 


Volume of cone = s X t@X 727X162 


= $ X 3.142 X 7X 7 X 16.2 A cone is a pyramid with a circular base. | 
Use volume of pyramid = > X area of base X 
= 2X 2493.796248... veartical heli 


= 331.2654161... — = 7 X 7? cm? and vertical 
= 831.3cm (1 dp) i a a 


pvramiad cone 455 
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¥ Exercise 23D 


AE ke Work out the volumes of these pyramids. 


The Great Pyramid at Giza has height of 262 m and a square base of side 434 m. 
Work out the volume of the Great Pyramid. 


Work out the volumes of these cones. Use 7 = 3.142. 
Give your answers correct to 3 significant figures. 


The diagram shows a shape made from a cone with 
base radius 4cm and height 4 cm joined to a cone 
with base radius 4 cm and height 6 cm. 

Work out the total volume of the shape. 

Give your answer in terms of 7. 


The diagram shows a cone cut into two parts, 
part A and part B. Work out the volume of part B. 


23.5 Volume of a sphere 


Ld 
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ofasphere. = 


© Get Ready 


A) Key Point 


© Volume of sphere = $ar°, where ris the radius. 


<« Example 9 The radius of a spherical raindrop is 1.8 mm. Work out the volume of the raindrop. 
Give your answer correct to 3 significant figures. 


Use volume of sphere = gar, 
Herer = 1.8mm. 
Remember 1.8° means 1.8 X 1.8 X 1.8. 


Volume of raindrop = 5 X m X 1.8° 


=X 3.142 x 18X18X16 


=2x 18.324144 
= 24432192 ! 
= 244mm? (3 sf) 


, 
The volume of a spherical ball is 0.86 m®. Work out the radius of the ball. 
Give your answer correct to 3 significant figures. Use a = 3.142. 


Let the radius of the ball = r metres. Write down an equation 
in terms of I, the radius 


of the spherical ball. 


* Plus 
# Examiner’s Tip 


Show all stages in your 


F 3 
on Snr? = 0:86 The volume of the ball is O.26 m°, working. 


so Za7* = 0.86. 


3X gar? = 2.58 
ar = 0.645 
r? = 0.2052832591 
r= V0.2052832591 | 
= 0.5899083062 
radius = 0.590 m (3 5) 


To make r the subject of the equation, multiply both 
sides by 3, divide both sides by 4, divide both sides 
by 3.142 and then take the cube root of both sides. 
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¥ Exercise 23E 


In the following questions, use the value of zon your calculator and give your answers correct 
to 3 significant figures. 


A spherical soap bubble has a radius of 4 cm. Work out the volume of the bubble. 


A hemispherical dome has a diameter of 25 m. Work out the volume of the dome. 
The volume of a sphere is 2400 cm. Work out the radius of the sphere. 


The dimensions of a cuboid are 30cm X 20cm X 40cm. The volume of a sphere has the same volume 
as the cuboid. Work out the radius of the sphere. 


A spherical ball is made from plastic. The external and internal diameters of the ball are 50 cm and 
49.5 cm, respectively. Work out the volume of plastic used to make the ball. 


The volume of a sphere of radius r metres is twice the volume of a sphere of radius 4 metres. 
Work out the value of r. 


A03 


Further volumes of shapes 


© You can work out the volumes of harder shapes Many toys, such as a wooden toy trains, are made 
made from cuboids, cylinders, cones, pyramids up of combinations of simple shapes, such as 
and spheres. cuboids and cylinders. 

<>) Get Ready 


1. Calculate the volume of: 

a acylinder of radius 2cm and length 5mm 

b a triangular pyramid where the length of the base of the triangle is 12 cm, the height of the base triangle is 
6 cm and the height of the pyramid is 24 cm. 


© To work out the volume of a composite shape, work out the volumes of the shapes it is made from and add the 
volumes together. 


CESSES = Work out the volume of this shape. 


The shape is made from a cuboid 
| and a pyramid. 
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23.6 Further volumes of shapes 


Volume of cuboid =4X 3X 2.5=30m? Work out the volume of the cuboid. 
Use volume of cuboid =axb xc. 
Hered =4m,b=3mandc= 2.5m. 


Volume of pyramid = 1x4X%3X3=12m> | Work out the volume of the pyramid. 
° Use volume of pyramid = z X area of base X vertical height. 
Here area of the base = 4 X 3m? and vertical height is 3 m. 


— = 3 
Total volume =50+12=42m Work out the total volume. Add the volume of the 


cuboid and the volume of the pyramid. 


The shape is made from a cylinder 
and a cone. 


Work out the volume of the cylinder. 
Volume of cylinder = a X 3% X 8 = 72acm? Use volume of cylinder = mr#h. Herer = 3cmandh = 6cm. 
y 


Work out the volume of the cone. 
= 2 = 3 | Usevolume of cone = + x area of base X vertical height 
Volume of cone = = X m X 3*X9=277cm ae 3 
Herer = Z3cmandh=9cm. 


Total volume = 727 + 277 = 99mcm? 


Work out the total volume in terms of 7. Add the 
volume of the cylinder and the volume of the cone. 


# Exercise 23F 


Work out the volumes of these shapes. Give your answers correct to 3 significant figures. 


| | : 
t 
I 


10cm 


ke— 6cm—><— 5m 5cm— 
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A cone is joined to a cylinder, as shown in the diagram. 
Work out the total volume of the shape. Give your answer in terms of 7. 


ke—— 8cm —>| 


A hemisphere is joined to a cylinder, as shown in the diagram. 
Work out the volume of the shape. 


Give your answer in terms of 7. 
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ke— 40cm —><- 30cm >| 


A wooden cube of side 15 cm is used to make a spherical ball. 
Work out the volume of wood that must be cut from the cube 
to make a ball with the largest possible radius. 


15cm 


5 | A conical hole is cut into a cylinder to make the shape shown in the diagram. 
Work out the volume of the shape. Give your answer in terms of 7. 


The height of the cone is 27 cm. Find an expression, in terms of r and 7, for 


6 | A shape is made by joining a hemisphere of radius rcm to a cone of radius rcm. i 
the volume of the shape. 


23.7 Units of volume 
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(4) Key Points 


® 1m’ = 1000000 cm? Tom? = STL —1_ m3 


=i 
© 1cm? = 1000 mm? 1mm? = sy95 cm? 


© Litres are often used to measure the capacity or amount a container can hold. 
© 1 litre = 1000 cm? 


© tem? = 1ml 
“Example 13 4 “Example 13 4 Convert 4 m* to cm?. 
Convert m® to cm®. 
Draw a cube of side 1 m. 
100¢ Now 1m= 100cm, 
solmx1mxX1m= 
100cm 100cm X 100cm X 100 cm. 
100cm 
1m> = 100cm X 100cm X 100cm = 1 000 000 cm® Replace 1 m? with 1 000 000 cm®. 
S504m> = 4 X 1000000 cm? = 4 000 000 cm? 
"Example 14 4 "Example 14 4 Convert 358 mm to cm?. 
Convert cm® to mm?®. 
Draw a cube of side 1 cm. 
Now 1cm = 10mm, 
Torn solcomxX 1comX 1cm= 
10mm 10mm X 10mm X 10mm. 
10mm 


1cm? =10mm X 10mm X 10mm = 1000 mm? Convert mm*® to cm?>. 


So1mm? = age? 1 cm? = 1000 mm, so 1 mm? = zoa5 om? 
Replace 1 mm? with +. cm®, 
358mm? = 358 xX 1a cm? s0 356 mm? = 358 x =. cm’. 
= 0.358 cm? 
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Example 15 9 a Convert 3.5 litres to cm’. 


b Convert 17 000 cm to litres. 


a 3.5 X 1000 = 3500 cm? 
b 17000 + 1000 = 17 litres 


¥ Exercise 23G 


Convert these to cm?, 


a 2m8 b 6.75 m3 c 450mm? d 6.8mm? 

Convert these to mm?. 

a 7cm$ b 3.75cm3 ce 0.025 cm’ 

Convert these to m°. 

a 75000 cm b 800cm$ ec 125000 mm? 

Convert to litres. 

a 830ml b 5600 cm’ c 1m d 3540 mm 

A swimming pool has length 50 m, width 9 m and depth 1.6 m. FSi 


How much water does it hold? 
Give your answer in litres. 


A cylinder hold 34.5 litres of molten metal. 
The metal is to be made into cubes of side 3cm. 
How many cubes can be made? 


The table gives the volumes of three shapes. 
Which shape has the greatest volume? 
Give a reason for your answer. 


[Shape | Volume | 
Ce 
3.75 x 10° mm? 
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Get Ready 
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23.8 Surface area of a prism 
@ Key Point 


© To work out the surface area of a shape, work out the surface area of each of the sides and add them together. 


& Example 16 Work out the surface area of this cuboid. 


A cuboid has 6 faces. Each face is a rectangle. 
Work out the areas of the rectangles. 


Opposite faces of a cuboid have the same area 
so there are 3 repeated areas. 


Surface area = (3 X 5) + (3 X 5) + (3 X 4) 
+(3X4)+(5X4)+ (5X4) 
=15+154+12+12+20+ 20 
= 94 m* 


Give the unit with your answer. The lengths of 
the sides are in m, so the unit of area is m?. 
“Example 17 4 Work out the surface area of this triangular prism. 


A triangular prism has 5 sides: 2 triangles (with equal areas) 
and 3 rectangles. Work out the area of the triangular side. 
4cm Use area of triangle = = X base X height. 
Here base = 3 cm and height = 4.cm. 


| | 7cm 
3cm 
Surface area = (LX 3X 4) + (FX 3X 4) () ‘Plus 
+(5X7)+ (4X 7)+ (3X 7) Watch Out! 
mp pcan re Make sure you are adding the 
= 96 cm® 


areas of the right number of sides. 


¥ Exercise 23H 


Work out the surface areas of these shapes. Give the units with your answers. 


7110cm 


Chapter 2s Area and volume 2 


10cm 


14cm 
0.5m 
18cm 
35cm 
21cm 
rin” ~ ‘Nee 
12cm 
10cm 


21cm 30cm 


A room has dimensions 6.8 metres X 9.2 metres X 2.5 metres. Stephanie wants to paint the 
walls of the room. A large tin of paint covers 20 m2 and costs £11.75. Ignoring windows and doors, and 
— for two coats of paint how much will it cost ieee: to palin the room? 


Further surface area of shapes 


© Why do this? 


© You can work out the surface area of If you have an oddly shaped present that you need to wrap, 
harder shapes made from cylinders, you can work out the surface area of the present so that 
cones and spheres. you know how much wrapping paper you will need. 


(<>) Get Ready 


1. Whatis the radius of a circle if the circumference is 6.4 cm? 
2. Whatis the diameter of a circle if the area is 12.96 -cm2? 
3. Whatis the radius of a cylinder which has a volume of 44024 mm? and length 3.4mm? 


tenon eve 


© Total surface area of cylinder = 2arh + 2a, 


where r is the radius and h is the height. 
© Total surface area of cone = ar? + orl, 
where r is the radius and Lis the slant height. A 


© Surface area of sphere = 4772, where r 
is the radius. 


464 


23.9 Further surface area of shapes 


Ke Example 18 A cylindrical can has a radius of 4cm and a height of 12 cm. Work out the surface area of 
the can. Use a = 3.142. Give your answer correct to 3 significant figures. 


Surface area = 2X 7X4X%124+2X 7X 44 Use total surface area of cylinder = 2arh + 2777. 


=, Herer =4cmandh=12cm. 
DS Elie At LE Replace with 3.142. 
2X35.142X4xX4 Remember 4? = 4 x 4. 
= 301.632 + 100.544 Write down all the figures on your calculator display. 
= 402.176 Give your final answer correct to 3 significant figures. 


== AP onnt (3 sf) Remember to give the units with your answer. 


& Example 19 A cone has a radius of 3cm and a vertical height of 4cm. 


Work out the total surface area of the cone. Give your answer in terms of 7. 


To work out the total surface area of a cone you need 
to find the slant height of the cone. Label the slant 
height, I, in the diagram. 


Let the slant height = / cm. 
Using Pythagoras Theorem, 
[2= 4? + 3 


Remember Pythagoras’ theorem: c? = a? + b?. 
Herec=l,a=4cmandb=3cm. 


=16+9=25 
l=V25=5cm 


Use total surface area of cone = mr? + ail. 
Herer = 3cmand]=5cm. 


Total surface area of cone 
=7X32*+7X3X5 
=9nr+157 

= 24rcm* 


Example 20 A hemisphere has a radius rcm. 


Show that the total surface area of the hemisphere is 3ar? cm?. 


curved surface 


A hemisphere is half a sphere, so the area of the 


curved surface = = x 4ar?. 


The area of the circular base = m1, so the total 


surface area of the hemisphere = 4 xX 4nr? + ar. 
circular base 


Total surface area = s x Anr? + ar? 
= 2ar? + ar* 
= Bare cm? 
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Exercise 231 
Work out the total surface areas of these cylinders. Give your answers correct to 1 decimal place. 
‘<<a : 
4cm 


0.95m 


Work out the total surface areas of these cones. Give your answers correct to 3 significant figures. 
A02: i 
— k<-10cm—>'— 12cm >| 
: <—— 8cm ——— 
[ie : 


Work out the total surface areas of these prisms. 


--y-----------> 


A02: 


20cm 
5cm 


No Wiycotisr 
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23.10 Coordinates in three dimensions 


GQ) Key Points 


© To locate a point in two dimensions, two perpendicular axes are used, the x-axis and 
the y-axis, and two coordinates are given, the x-coordinate and the y-coordinate. 

© In three dimensions, an extra axis is needed, the z-axis. 

© The three axes are perpendicular to each other. 

© The position of a point is given by three coordinates: the x-coordinate, the y-coordinate 
and the z-coordinate. 

© The coordinates of a point are written (x, y, z). 


M) Example 21 4 The diagram represents a cuboid on a 3D grid. 


OR = 2 units, OP = 4 units and OS = 3 units. 
Find the coordinates of 

a S b P c R 

d V e U ft © 

g Find the midpoint of PV. 


s=(030 To get to S from O you go O along the x-axis, 3 units 
= (0, 3,0) up the y-axis and O units parallel to the Z-axis. 


a 
bP 0.0.4 
c R=(-2,0,0) 
d V=(-2,3,0) 
e U=(-2,3,4) To get to Ufrom O you go — 2 units along the X-axis, 3 units 
parallel to the y-axis and 4 units parallel to the Z-axis. 
f 0=(0,0,0) 
g Midpoint of PV = (° pes NESE EBs 2) =(-1,14,2) 
2 2 Zz 
¥ Exercise 23] 


Write down the coordinates of each vertex of this cuboid. 


AQ a? 
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Draw a diagram to show the points A(1, 0, 0), B(1, 0, 3) and C(1, 2, 3). 


a Write down the coordinates of each vertex of this cuboid. 
b Write down the midpoints of 

i DG 

ii EB 


B = The coordinates of five of the corners of a cuboid are 
3 (1, 0, 0), (1, —3, 0), (1, -3, —1), (1, 0, 1) and (—2, 0, 0). 
Find the coordinates of the other three corners. 


© For a sector with angle x° of a circle with radius r: 


—_& 2 
area of sector = —~ X ar 
360 


= 0 
and arc length = 360 X 2ar 


1cm? = 10 X 10 = 100 mm2 
1m=100cm 1m? = 100 X 100 = 10000 cm2 
1km = 1000m 1 km? = 1000 X 1000 = 1000000 m2 


divide by 100 divide by 10000 divide by 1000000 
_— —_—_————— SSS 
mm? cm? m? km? 
multiply by 100 multiply by 10000 multiply by 1000 000 
—_—_——_._ <—_________ m_ ——______. 


© Volume of pyramid = k X area of base X vertical height 
© Volume of cone = ; X area of base X vertical height 
= qar’h 
where ris the radius and h is the height. 


kK —=— 


© Volume of sphere = $zr°, where ris the radius. 
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Chapter review 


© To work out the volume of a composite shape, work out the volumes of the shapes it is made from and add the 
volumes together. 
_ 3 =i 


© 1cm? = 1000 mm? 1mm? = 7 cm’ 

© Litres are often used to measure the capacity or amount a container can hold. 

© 1 litre = 1000 cm? 

© 1cm* = 1ml 

© To work out the surface area of a shape, work out the surface areas of each side of the shape and add them 
together. 


© Total surface area of cylinder = 2arh + 2ar’, where r is the radius and h is the height. 


m? 


© Total surface area of cone = ar? + arl, where ris the radius and / is the slant height. Se 


© Surface area of sphere = 4zr?, where ris the radius. 


© To locate a point in three dimensions, three perpendicular axes are used, the x-axis, 
the y-axis and the z-axis. 

© The position of a point is given by three coordinates: the x-coordinate, the y-coordinate 
and the z-coordinate. 

© The coordinates of a point are written (x, y, Z). 


# Review exercise 


Work out the total surface area of the triangular prism. 


; BSN oe 


<— 4cm—> 


Give the units with your answer. June 2008 


AL 
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Work out the total surface area of the L-shaped prism. PLL 


‘ . Diagram NOT 
State the units with your answer. ay 


accurately drawn 


4cm ———> 


June 2007 


The volume of this cube is 8 m3 
Convert 8 m3 to cm, 


2m June 2007 


Convert to cm?2. 
a 450mm2_ b 6 m2 


The area of a large farm is 6 540 000 m2. 
Convert 6 540 000 m? to km?2. 


The diagram shows a storage tank. 
The storage tank consists of a hemisphere on top of a cylinder. 
The height of the cylinder is 30 metres. 
The radius of the cylinder is 3 metres. 
The radius of the hemisphere is 3 metres. 
a Calculate the total volume of the storage tank. 
Give your answer correct to 3 significant figures. 
A sphere has a volume of 500 m3, 
b Calculate the radius of the sphere. 
Give your answer correct to 3 significant figures. Nov 2008 


<«—_ 8—_ >< w-> 


Rainfall on a flat rectangular roof 10m by 5.5 m flows into a cylindrical tub of diameter 3m. 
Find, in cm, the increase in depth of the water in the tub caused by a rainfall of 1.2 cm. 
Give your answer correct to 2 significant figures. 


The volume of a cone with base radius 2x cm and height 5x cm is equal to the total surface area of a 
cylinder with radius 3x cm and height h cm. Find an expression for A in terms of x. 


The diagram shows an equilateral triangle ABC with sides of length 6 cm. 
P is the midpoint of AB. 

Qis the midpoint of AC. 

APQ is a sector of a circle, centre A. 


6cm 6cm 
Calculate the area of the shaded region. 
Give your answer correct to 3 significant figures. 


A <—®_—— 6cem———__> C 


June 2009 
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Chapter review 


The diagram shows a sector of a circle, centre 0. 
The radius of the circle is 6 cm. 


Angle AOB = 120°. . z 
Work out the perimeter of the sector. bem <> oun 
Give your answer in terms of rin its simplest 0 

form. 


—=—= 
—4 


Exam Question Report 


82% of students answered this question poorly 


because they forgot to include all the parts of the 
perimeter. 


May 2009 


OAD is a sector of a circle centre O radius 6 cm. 


. “a0? 
OBC is a sector of a circle centre O radius 8 cm. 
OAB and ODC are straight lines. = 
Angle COB = 45°. € i 
Find, in terms of zr: D*s. | 
a the area of ABCD ; “3 a 
b the perimeter of ABCD. se 
oe 
0 
A cylindrical bowl has a radius of 15cm. <em> 
It is filled with water to a depth of 12cm. 
Work out the volume of water in the bowl. ‘i 
Give your answer in litres as a multiple of hk 


The diagram shows a cuboid drawn on a 3D grid. 
Vertex A has coordinates (5, 2, 3). 
a Write down the coordinates of vertex E. 


B and D are vertices of the cuboid. 
b Work out the coordinates of the midpoint of BD. 


Diagram NOT 
accurately drawn 


Nov 2008 


AW4 
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Diagram NOT 
i | accurately drawn 


The radius of the base of the cylinder is 2x cm and the height of the cylinder is h cm. 
The radius of the sphere is 3x cm. 
The volume of the cylinder is equal to the Plus 
volume of the sphere. 

Express h in terms of x. 

Give your answer in its simplest form. 


Exam Question Report 


91% of students answered this question poorly 
because they did not apply the power to all the 
parts of the expression. 


June 2007 


The diagram represents a large cone of height 30 cm 
and base diameter 15 cm.The large cone is made by al 
placing a small cone A of height 10 cm and 
base diameter 5cm on top of a frustum B. 
Calculate the volume of the frustum B. 

Give your answer correct to 3 significant figures. 


<— 15cm—> <— 15cm—> June 2003 


. The diagram shows a pyramid and a cone. The volumes are 
equal. Hamud says that the heights of the solids are equal. 
Is he right? Give a reason for your answer. 


Calculate the area of the shaded segment of this quarter circle. 


8cm 


472 


SOOO or ee eee ease esas eeressseeeeseseseeseeessesssees 


ee rr agai” 


io cts ea cbilbic 


Life expectancy over time is one variable often represented using a line graph. The line for 
life expectancy in the UK shows a continual increase from 1980 to the present day. In 1980, 
a man could expect to live to an age of about 71 years whilst the average life expectancy 
for a woman was 77. By 2009, the life expectancy for both sexes had gone up considerably 
~ with average life expectancy for a baby girl at 81.5 years and for a baby boy at 77.2 years. 


In this chapter you will: You need to: 

© draw and interpret line graphs and scatter © understand how to draw, label and scale axes 
graphs © substitute numbers in simple algebraic 

© distinguish between positive, negative and zero expressions. 
correlation 


© draw and use lines of best fit. 


4 : Be AS Sea ee ae 


A= oD 


Chapter 44 Line Glagrams anda scatter grapns 
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(4) Key Points 


© Sometimes when sampling you take two observations from each selected member of the population. 
We call these bivariate data. 

© Bivariate data consists of pairs of related variables. 

© Pairs of observations can be plotted on a line graph. 

© Time is often the variable along the horizontal axis in line graphs. 


MW? Example 1 4 The table gives information about the close-of-day price for buying a share in a particular 
company during one week in June. 


[Day(lune) [Wed am [Thar tah] FATEH | Sat TGH | Sn TRH [ Mon Th [Tes 1] 
Pricepersheretpence) | rae | | tm | Cosea | ia” | 1 


a Draw a line graph for these data. 
b On which day was the share price at its highest? 
ce Onwhich day was the share price at its lowest? 


You often get periods like 
this when nothing happens. 
Monday's price starts at 
closing price of Friday. 


1465 
1444 — 
142 
140 
1387 


Share price (pence) 


Plot the points on the graph. 


36-+— pay 
12 13 14 15 16 17 18 19 20 
June 2009 


b 14th March Find when the highest value occurs. 
ce 18th March Find when the lowest value occurs. 


474 line graph 


Join the points with straight lines. 


24.1 Drawing and using line graphs 


V2 Example 2 9 The line graph shows the temperature, in °C, at different times of the day during a day in 
April. 


Temperature (°C) 


08:00 09:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 
Time (hours) 
The temperature for 13:00 hours was missed. 
Estimate the temperature at 13:00 hours. 
b Estimate the times when the temperature was 8.5°C. 
c What was the highest temperature reached and at what time did it occur? 
d_ In which hour did the temperature rise most quickly? 


2 


To estimate the temperature at 13:00 hours, 
draw a line up from 13:00 until it meets the 
line graph. Draw a horizontal line from here to 
meet the vertical axis. Read off the answer. 


Temperature (°C) 
Ss 


To estimate the times at which the 
temperature was 8.5°C draw a line horizontally 
from &.5. Draw lines down from where this 

crosses the line graph. Read off the answers. 


00 09:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 
Time (hours) 


a, W2.5°0 


d The temperature rose most quickly 
between 10:00 and 11:00 hours. 


® Exercise 24A Questions in this chapter are targeted at the grades indicated. 
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Chapter 24 Line diagrams and scatter graphs 


The line graph shows the time it took a parent to take her child to school. 


Distance (metres) 


012 3 4 5 6 7 8 9 10 
Time (mins) 


How far was the journey to school? 

How many times did they stop on the journey and for how long did they stop? 
Use the line graph to estimate how long it took them to walk 600 metres. 

d Use the line graph to estimate how far they had walked in 8 minutes. 


Oo om ® 


The line graph shows the depth, in metres, of water in a reservoir each month for one year. 


100 
95 
90 
85 
80 
75 
70 
65 


Depth of water (m) 


_ 
NR 
wo 
> 


5 6 7 8 9 10 11 12 
Month of year 


a Inwhich month was the water at its deepest? What was the depth? 
b Use the line graph to estimate the depth of water in the fourth month. 
In which months was the water at its lowest? Suggest a reason for this. 


oO 


The line graph shows the power supplied, for domestic power consumption, by Yorkoft power station 
over a 12-hour period in September. 


a Atwhattime was domestic consumption of power atits z 190 
highest? & 170 
Suggest a reason why demand is high at this time. va 
; : a 150 
b What was the consumption at 16:00 hours? ES 
c Use the line graph to find an estimate of the times when 3 Ls 
the consumption was 150 000 kilowatts. = 110 
d Write down the time when consumption was at its lowest. 2 90 
Suggest a reason for this. - 
10:00 12:00 14:00 16:00 18:00 20:00 22:00 


Time 


24.2 Drawing and using scatter graphs 


Drawing and using scatter graphs 


© Why do this? 


© You can use a scatter graph to see if there is You could use a scatter graph to plot the data 
any relationship between pairs of variables. on local speed limits and the number of children 
involved in traffic accidents, and see if there is a 
relationship between the two. 


© Get Ready 


1. What are the values of points A to E? 


a | | b | c d i 
[rap ye La eer | ha ae ees ooo ft PAR Lianes sagas oe 


63 64 10 1 54 55 16 7 


© When taking pairs of observations from members of a sample, we plot points on a graph to see if there is any 
relationship between the two variables being observed. 
The resulting graph is called a scatter diagram or scatter graph. 

© Ascatter graph enables you to see how scattered pairs of values are when plotted. 


VY Example 3 9 In a certain city council area the proportion of open space was 2% and the percentage of 
accidents involving children was 40%. 


The table shows the figures for seven other council areas. 


Open space (%) 


b Describe how the variables are related. 


a Draw a scatter diagram for these data. » 


The pairs of values are plotted on the 
| graph in the usual way. This cross shows 
| open space 5%, child accidents 43%. 


Child accidents (%) 


There are two variables, open 
spaces and child accidents. | 


J 


0 5 10 15 
Open space (%) 


b We can see that the crosses are in a roughly downward sloping line. 
So there seems to be a relationship between the amount of open space and the percentage of 
accidents involving children. 
The relationship is not perfect but a general trend can be seen. 
The greater the percentage of open space, the fewer children involved in accidents. 


Chapter 24 Line diagrams and scatter graphs 


a Example 4 The table below shows females’ years of birth and the age they could expect to live to. 


‘Year ofbirth | ‘1986 coe oa 1996 | 2001 | | 2006 | 


pene expectation 
(years) 


Data source: Stats.gov.uk 


a Draw a scatter graph for these data. | 
é b Comment on the relationship between birth year and life expectancy. 


Life expectancy (years) 


7 ABAbS ReASA BEARER | 
1980 1990 2000 2010 
Year born 


b There seems to be a close relationship. 
The later a person was born the greater their life expectancy at birth. 


— o- _ onal 


(A) Key Points 


© If every time one variable changes the other variable changes as well, we say the variables are correlated. 
If the points lie almost in a straight line they are said to be linearly correlated. Linear means ‘in a straight line’. 
A relationship between pairs of variables is called a correlation. We will only consider linearly correlated 
variables here. 

© If one variable increases as the other one increases the correlation is said to be positive. 

© If one variable decreases as the other increases the correlation is said to be negative. 

© If there is no relationship between the variables then there is no correlation and the correlation is said to be 
zero. 
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24.3 Recognising correlation 
These three possibilities are shown in these graphs. 


Positive correlation Negative correlation 


No correlation 


As one value increases the As one value increases the The points are random and 
other one increases. other decreases. widely spaced. 


© If there is perfect positive correlation between two variables the correlation is given a value of +1. 
© If there is perfect negative correlation between two variables the correlation is given a value of —1. 
© If there is no correlation then the correlation is zero and is given the value 0. 


I“ ke BS 


Correlation +1 Correlation 0 Correlation —1 


M2 Example 5 4 A bar is supported at each end. A weight is hung in the middle and the amount that the 
middle of the bar sags is measured. 


The scatter diagram shows the resulting sag for different weights. 


Sag (mm) 


a Describe the correlation. 
b Describe the relationship between the 
load and the amount of sag in the middle of the bar. 


a Positive correlation. As one variable increases so does the other one. 


b The greater the weight the greater the sag. 


MW Example 6 4 Which of the following pairs of variables are related? 


a Achild’s height and weight 

b Acar’s engine size and the number of seats 

ce The number of MP3 players and the number of flat screen televisions sold by a store 
d The number of speed cameras and the number of speeding fines 


0 
10 15 20 25 30 35 40 45 50 55 60 
Load (kg) 


The number of seats in a car doesn’t affect the size of the 


engine. Sales of MP3 players don’t affect sales of flat screen 
televisions. 


The variables of a and d are related. 


ATQ 


Chapter £4 Line diagrams ana scatter grapns 


¥ Exercise 24B 


The table gives information about the engine size, in litres, and the petrol consumption, in miles per litre, 
of eight cars. 


(mpi) 


a Draw a scatter graph for these data. 
b Describe the correlation. 


c Describe the relationship between engine size and petrol consumption. 


The table gives information about the selling price of computers and their screen size. 


(£) 
a Draw a scatter graph for these data. 
c What can you say about the relationship between screen size and price? 


Screen size 
(inches) 


b Describe the correlation. 


In the year 2000 a river was restocked with fish. 


The estate with the fishing rights kept a record of the number of fish caught on a particular stretch of 
the river for the next 10 years. The data collected are shown in the table. 


Year after 
restocking 


Number of 
fish caught 


a Draw a scatter graph for these data. 
b Describe the correlation. 


c Describe the relationship between years after restocking and number of fish caught. 


Which of the following pairs of variables are related? Give a reason for your answer. 
a Acar’s maximum speed and its weight 
b The length of a motorway and the number of petrol stations on the motorway 
c The number of washing machines and the number of computers sold by an electrical store 
d The number of bicycles and the number of cycle helmets sold by a shop 
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24.4 Drawing lines of best fit 


@) Key Points 


© Ifthe points on a scatter graph lie approximately in a straight line the correlation is said to be linear. 
© Ifthe points are roughly in a straight line you can draw a line of best fit through them. 


© Aline of best fit is a straight line that passes as near as possible to the various points so as to best represent the 
trend of the graph. 


© Aline of best fit does not have to pass through any of the points, but it may pass through some of them. 


© When drawing a line of best fit, draw it so that roughly the same numbers of points are either side of the line and 
so that the line drawn best represents the trend of the points. 


If lines of best fit are added to the scatter graphs in Example 3 and Example 4 they will look like this. 


Life expectancy (years) 


Child accidents (%) 


n as BERKS PORES NORSK ERRSR DAUSK SRKRN| 
1980 1990 2000 2010 
Year born 


Open space (%) 
© Anisolated point is an extreme point that lies outside the normal range of values. 


© When drawing lines of best fit, or reaching conclusions, isolated points should be omitted from your data set. 


Y) Example 7 4 The table shows information about the percentage of people unemployed in a country and 
the percentage rise in wages over a number of years. 


a Draw a scatter graph of these data. 


b Describe the correlation between the percentage of unemployed and the rise in wages. 
c Draw a line of best fit on your scatter graph. 


An economist thinks that when there is a lot of unemployment wage rises will be lower. 
d Is the economist right? Give reasons. 


Chapter 24 Line diagrams and scatter graphs 


b They are negatively correlated. 
c See the scatter graph. 


d Yes. As unemployment increases 
rise in wages falls. 


Choose suitable scales. 
Plot the points. 


Rise in wages (%) 


0 1 2 3 4 =«5 
Unemployed (%) 

Look to see what happens to the other 

variable when one variable increases. 


Draw a line so it best represents the trend, and has 
the points equally spaced either side. 

The point (1.6, 1.4) is well away from the other 
points. This point does not fit the pattern, it is an 
isolated point. It could be due to a number of causes, 
for example 4.1 mistyped as 1.4. 


¥ Exercise 24C 


The scatter diagram shows the energy consumption and the GNP (Gross National Product, a measure 
of economic prosperity) for nine countries. 


800 
700 -Se ae 
6005 — 

500 
400 
300 
200 
100 


GNP 


0 5 10 15 20 25 30 35 40 45 50 
Energy consumption 


a Copy the scatter diagram. 
b One point seems to be an isolated point. Circle the isolated point and write down its coordinates. 
c Ignoring the isolated point, draw a line of best fit on your diagram. 


The table shows the ages and prices of 10 second-hand cars. 


p2{/3]3]s5[2[7 | 
tooo) | 10 [75] 7 | 5] 45] 8 | 2 | 
a Draw a scatter graph for these data. 


b One point seems to be an isolated point. Circle it and suggest a reason why this might have occurred. 
c Ignoring the isolated point, draw a line of best fit on your scatter graph. 


24.5 Using lines of best fit to make predictions 


o The table shows information that has been recorded by a researcher about the mean high and the 
mean low temperatures for some cities. The first six cities have been plotted on the scatter graph. 


= as 
Rangoon 


a Copy the scatter diagram and complete it 
by plotting the last six points. 


b There is one point that seems to be an isolated 
point. Circle this point. 


c Write down the name of the city that is the 
isolated point. Suggest a reason for this 
isolated point. 


Mean low temperature 


d Ignoring the isolated point, draw a line of 
best fit on your scatter graph. 


A) Key Points. 


© Ifa value of one of the variables is known, you can estimate the 


corresponding value of the other variable by using the line of best fit. = ans StH r tha] srs 
For example, to estimate the likely rise in wages given that 3.6% were 3 4 rte 
unemployed, you draw a vertical line at 3.6% until it hits the line of best fit. $ 

. i=4 
You then draw a horizontal line from there and read off where it comes on ‘g 
the vertical scale. In this case, you read off 2%. a 


0 1 2 38 4 5 
Unemployed (%) 


AR®e 
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© Using the line of best fit when the value you are finding is within the range of values on the scatter diagram is 
called interpolation which is usually reasonably accurate. 


© Using the line of best fit to find values outside the range of values on the scatter diagram is called 
extrapolation which may not be very accurate. 


& Example 8 The scatter graph gives information about the population density, in people per hectare, 
and the distance, in kilometres, from a city centre. 


Population density 
(people per hectare) 


Distance (km) 


a_ Identify any possible outliers. 
b Draw a line of best fit. 

c Estimate the population density at 1.2km from the centre. | 
d_ Estimate how far an area with a density of 30 people per hectare is from the centre. 


a Point (3.4, 50) is an isolated point. 


For C draw a line from 1.2 on the horizontal 
axis up to the line of best fit. From where it hits 
the line draw a horizontal line across to the 
vertical axis and read off the required value. 


Population density 
(people per hectare) 


For d draw a horizontal line from 30 on the 
vertical axis across to the line of best fit. From 
where it hits the line draw a vertical line down to 
the horizontal axis and read off the required value. 


Distance (km) 


c 38 people per hectare. 


eo 
d 2km. . Examiner’s Tip 


Always draw the lines on your | 
diagram. Even if you get the 

wrong answer you might get 

marks for the correct method. 


434 


24.5 Using lines of best fit to make predictions 


¥ Exercise 24D 
The scatter diagram shows the marks in statistics and 100 ae 

mathematics of a group of students. 90 

a A student gets a mark of 50 in statistics. » 80 

Use the line of best fit to find the mark he is likely to get in = 70 

mathematics. = 60 

co 

b A student gets a mark of 60 in mathematics. = 50 

Use the line of best fit to find the mark he is likely to get in 40 

statistics. 30 


20 
30 40 50 60 70 80 90 100 
Statistics 


The scatter graph shows the latitudes and the mean highest temperatures of 10 countries of the world. 


Mean high temperature (°F) 


50 
10 15 20 25 30 35 40 45 50 55 
Latitude (degrees) 


a_ Use the line of best fit to work out an estimate of the mean high temperature at a latitude of: 
i 40 degrees ii 25 degrees. 


b Use the line of best fit to work out an estimate of the latitude where you are likely to get a mean high 
temperature of: 
i 60°F ii 85°F. 


An engineer measured the length of a copper rod at various temperatures. Ry 
The table represents the data collected. 


Temperature (°C) 20:5 | 27.5 43 | 65 70 


2.4636 


2.4611 | 2.4614 | 2.4619 | 2.462 | 2.4623 | 2.4629 


a Draw a scatter graph for this data. 


b Work out an estimate of the temperature when the length is 
i 2.462 metres 
ii 2.463 metres. 


c Work out an estimate of the length when the temperature is 30°C. 


Lar oe 


Chapter 24 Line diagrams and scatter graphs 


© Bivariate data consists of pairs of related variables. 

© Pairs of observations can be plotted on a line graph. 

© A scatter graph enables you to see how scattered pairs of points are when plotted. 

© Arelationship between pairs of variables is called a correlation. 

© If one variable increases as the other one increases, the correlation is said to be positive. 

© If one variable decreases as the other increases, the correlation is said to be negative. 

© If there is no relationship between the variables then there is no correlation and the correlation is said to be zero. 


© Aline of best fit is a straight line that passes as near as possible to the various points so as to best represent 
the trend of the graph. 


© An isolated point is an extreme point that lies outside the normal range of values. 


© Ifa value of one of the variables is known, you can estimate the corresponding value of the other variable by 
using the line of best fit. 


© Using the line of best fit when the value you are finding is within the range of values on the scatter diagram is 
called interpolation which is usually reasonably accurate. 


© Using the line of best fit to find values outside the range of values on the scatter diagram is called 
extrapolation which may not be very accurate. 


¥ Review exercise 


; The table gives information about the number of people who were unemployed in a seaside town over 


the course of a year. 
May] sun] Jul | Aug | Sep | Oct | Nov | Des) 


(Month =| den | Feb [Mar Hor 
No-ofunenployed | 10 | 86 | ss | 50 | a | [av | a0 [os | - | a5 | 105 


a Plota line graph for these data. 
b Estimate the number of unemployed people in October. 
c For which month of the year was the number of unemployed lowest? Give a reason for this. 


The table gives some information about the science and art marks of some students. 


a ee 
[Sciencemark | 78 | 65 | 48 | 68 | 89 | 95 | 46 | 
[Arman | 48 | 8 | 60 | 50 | 43 | 70 | 82 | 


Draw a scatter graph for these data. 


a 

b One point appears to be an isolated point. Circle that point. 

c Ignoring the isolated point, describe the correlation. 

d Describe the relationship between the science marks and the art marks. 


hot te ae . 2s ae Oe oe Oa a eS Fe aD ee ——— — ae) ee 


Chapter review 


The table shows the height, in metres, above sea level and the temperature, in °C, at 06:00 hours 
at 10 places in Austria on one day in July. 


Temperature (°C) 


a Draw a scatter graph for these data. 

b Describe the correlation. 

c Describe the relationship between the height and the temperature. 
d Draw a line of best fit on your scatter graph. 


4 | The table gives some information about the length of a metal rod at different temperatures. 


Temperature (x °C) | 60 | 65 | 70 | 75 | 
Length(ymm) | 902 | 908 | 917 


a Draw a scatter diagram for these data. Use values from 90 to 94 for the y axis and 55 to 85 for the 
x axis. 


co 
8 


Describe the correlation. 

Draw a line of best fit on your graph. 

Work out an estimate for the gradient of the line of best fit. 
Interpret the gradient in terms of length and temperature. 


on. Oo 


A superstore sells the Clicapic digital camera. 
The price of the camera changes each week. 
Each week the manager records the price of 
the camera and the number of cameras sold 
that week. 
The scatter graph shows this information. 


a Describe how the price of the camera and 
the number of cameras sold are related. 

b Draw a line of best fit on a copy of the 
scatter graph. 


Number of cameras sold 


Price (£) 


Nov 2008 


Unapter 24 Line diagrams ana scatter grapns 


- 6 | The scatter graph shows some information 
: about the ages and values of fourteen cars. 
The cars are the same make and type. 


a Describe the relationship between 
the age of a car and its value in 
pounds. 

b Draw a line of best fit on a copy of 
the scatter graph. 


Value in pounds (£) 


A car is 3 years old. 
c Find an estimate of its value. 
A car has a value of £3500. ; 
; : . Age in years 
d Find an estimate of its age. March 2008 


* Jake recorded the weight, in kg, and the height, in cm, 
of each of ten children. 
The scatter graph shows information about his results. 


a Describe the relationship between the weight and the 
height of these children. 

b Draw a line of best fit on a copy of the scatter graph. 

c Estimate the height of a child whose weight is 47 kg. 


Height (cm) 


35 40 45 50 55 
Weight (kg) 
June 2008 


cn) 100 | 165 | 105 | 190 | 170 | 104 | 108 | 108 | 192 | 200 

[7a [mo [w [ a6 [os [75 fe [os [os | os 

a Using a horizontal scale from 160 to 210 cm and a vertical scale from 65 to 90 kg, draw a scatter 
graph for these data. 


b Describe the correlation. 


c Describe the relationship between height and weight and estimate the weight of an athlete who is 
175 cm tall. 


Chapter review 


9 | In a study to see how effective a weight-reducing 
drug was, data regarding the weight loss, in lbs, 
and the length of treatment, in months, 70 Seka 


was collected. BS 60 

Some of the results are shown in the 3 50 ae pay Favae dans teens cones ne = 
scatter graph. = 40 

a Copy the scatter graph. Sop HEHE SEH et 
Three more people’s records are taken. 20 ata x 

Jackie lost 70 Ibs in 22 months. Joan lost 60 lbs 10 fe 

in 18 months and Tim lost 55 Ibs in 14 months. 0 


. 2 4 6 8 10 12 14 16 18 20 22 24 
b Add these pieces of data to your scatter graph. : 


Months taking drug 
c One piece of data seems to be an isolated point. 
Circle it. Do you think this is a genuine piece of data? 
Give a reason for your answer. 
Ignoring the isolated point, describe the correlation. 
e Write down whether or not you think the drug is effective. Give a reason for your answer. (mt 
The scatter diagram shows the amount of fertiliser used and the crop yields on 10 equal-size FF 


plots at a crop regulatory centre. 

a Describe the correlation. 

b Describe the relationship between crop yield and amount of 
fertiliser used. 

c Estimate the crop yield when 4kg per 80 m? of fertiliser is used. 

d Estimate the amount of fertiliser used to give a crop yield 
of 15000 kg. 

e Nassim says he will use the line of best fit to find out what the 
crop would be if 20 kg of fertiliser per 80 m? was put on a plot. 
Will Nassim get a sensible result? Explain your answer. 


A03 


Crop yield (1000s kg) 


: N03 


0 
OC 1 2 8 4 8 6 
Fertiliser (kg per 80m’) 


The numbers of fleas kept in an enclosed environment were counted every 6 days. “a02 
The results are shown in the table. : 


Co EERE ERRSESES 
[Number offieas | 50 | 100 | 196 | 390 | 780 | 1550 | 3000_ 


a Drawa scatter diagram of these data. 
b Draw ina curve of best fit. 
c Suggest a suitable general equation for the relationship between these data. 


A scatter diagram is drawn to show the height above sea level (x) and air temperature (y). 
The equation of the line of best fitis y = —0.01% + 19. 
a Interpret the gradient in context. 
b What does the number 19 in the equation tell you about the height above sea level and air 
temperature? 


:A03 


» tam — 
rel \. ‘ 
eo : =~; AN} t ; ae t oo 
R = Aes! - AQ 


POCO HCHO Ree OEE EHO OEOO REESE TEESE HERES ES EE SOT EESO EE OS EE OO DESEO ESOS ODES SEEDS Ee eeEsSeS 


SCOOPS HE SHSET ESSEC H HOSES EEE EE SEOEESSOSS COCR OK HOS eee eeeereneEsessseseneseseEeseseese 


Before you start 


i 


POR ee eee ee eeeees et eseeeee 
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25.1 Using zero and negative powers 


@) Key Points 


© For non-zero values of a 
a=1 
© For any number n 


oe 
oe 


Work outthe valueof a 3° b 5? c 6? d ey 


|: 
a 3°=1 Any number to the power of zero is 1. f 


_ hice 
b 5 t= Use the rule a~” = =; 
2. = A : 
a ed Plus 
2— = 5 
=i ae ne = Se # Examiner’s Tip 
2\-2_ 1 
d (2) “75 ye To work out the reciprocal of a fraction, Dien ean “s shina ; 
(é) turn the fraction upside down. to a decimal. It is much 
Square the number on the top and the easier to square the 
2 F : ; ; 
= (2) number on the bottom of the fraction. aumburs i atraetion ten tt 
_ 25 is to square a decimal. 
4 
¥ Exercise 25A Questions in this chapter are targeted at the grades indicated. 


__ Write down the value of these expressions. 


i 


a 7? b 8"! c 5! d 40 
e (-—2)-3 f 9-2 g 10* h 145° 
i (-—3)-2 j (-8)° k 16° 1 10-6 


Chapter 25 Indices, standard form and surds 


B VE Work out the value of these expressions. 
ag » gy" ey” 4 gy 
© (025) 1 gy 3G) n @y 
i (12) j (1z)° k (0.1)-4 | (0.2)-3 


Using standard form 


© Why do this? 


© You can convert between ordinary numbers and Astronomers use standard form to record large 
standard form. measurements. The Sun's diameter is about 

© You can calculate with numbers in standard form. 1.392 x 10®km. Biologists working with micro- 

© You can convert to standard form to make sensible organisms sometimes use standard form to 
estimates for calculations. record their very small sizes, like 2.1 x 10-4cm. 

<>) Get Ready 


1. Workout a 10? b 102 
2. Write 10000 as a power of 10. 
3. Work out 2.35 x 10000. 


© Standard form is used to represent very large (or very small) numbers. 

A number is in standard form when it is in the form a X 10" where 1 <a < 10 andnisan integer. 
© Anumber in standard form looks like this. 

6.7 x 104 

This part is written as a we wa This part is written as a 

number between 1 and 10. power of 10. 
© These numbers are all in standard form: 4.5 X 102,9 x 10-8, 1.2657 x 10°. 
© These numbers are not in standard form because the first number is not between 1 and 10: 67 X 10°, 0.087 x 10°, 


© Itis often easier to multiply and divide very large or very small numbers, or estimate a calculation, if the numbers 
are written in standard form. 


© To input numbers in standard form into your calculator, use the or key. 


To enter 4.5 X 10’ press the keys OI )to}(7}. 


SESE = Write these numbers in standard form. a 50000 b 34600000 c 6825 


a 50000 = 5 X 10000 


=5xX10* . 
b 34600 000 = 3.46 X 10000 000 ee Use 3.46 not 34.6 or 346 as | 
=346xX 107 | 3.46 is between 1 and 10. 
c 662.5 =6.8625 X 100 
= 6.625 X 107 


492 standard form 


25.2 Using standard form 


MW) Example 34 Write as an ordinarynumber a 8.1X10° b 6X 10 


a 8.1 X 10° =8.1 X 100000 


= 610000 
b 6X 10° =6 X 100000 000 
= 600 000 OOO 
¥ Exercise 25B 

_ Write these numbers in standard form. 

a 700000 b 600 c 2000 d 900000000 e 80000 
_ Write these as ordinary numbers. 

a 6X 10° b 1X 10* c 8x 105 d 3x 10° e 7X10! 
_- Write these numbers in standard form. 

a 43000 b 561000 c 56 d 347 e 60 
__ Write these as ordinary numbers. 

a 3.96 x 104 b 6.8 X 10’ c 8.02 x 10° d 5.7 Xx 10! e 9.23 x 10° 
5 | In 2008 there were approximately 7 000 000 000 people in the world. Write this number in standard form. 
6 | The circumference of Earth is approximately 40 000 km. Write this number in standard form. 


& Example 4 Write these in standard form 
a 0.000 000 006 b 0.00056 


sLogenecaRne @ x ppnoGRHO 
= 1 


=6 7 000 000 000 
=6x—L Usinga~"=4 
10° 
=6x 10 
b 0.000 56 = 5.6 X 0.0001 
= 1 
= 5.6 X caeud 
3 
10 
=5.6 xX 1074 


“2 Example 5 4 Write these as ordinary numbers 


a 3x 10-6 b 1.5 x 10-3 


-6—_5 315 
a ox 10 ~ 706 b 15X10 102 
= % = 15 _ 
= 7600000 10.000 
= 0.000 003 = 0.0015 


Aaz 


Unapter £9 indices, standard torm and surds 


i Write these numbers in standard form. 
a 0.005 b 0.04 c 0.000007 d 0.9 e 0.0008 


Write these as ordinary numbers. 
a 6x 10-5 b 8x 10-2 ec 5x 107? d 3x 107! e 1x 10-8 


Write these numbers in standard form. 
a 0.0047 b 0.987 ec 0.000803 4 d 0.000 15 e 0.601 


a 8.43 x 10-5 b 2.01 x 10-2 ce 42x 107 d 7.854 x 107! e 94x 1074 


Write these numbers in standard form. 


2 | 
3 | 
Write these as ordinary numbers. 
5 | 


a 457000 b 0.0023 c 0.0003 d 2356000 e 0.782 

f 89000 g 200 h 0.005 26 i 6034 j 0.000 008 73 
6 | Write these as ordinary numbers. 

a 4.12 x 10-4 b 3x 10° c 2,065 x 10’ d 4x 10-6 e 3.27 X 10 

f 7.5 xX 1077 g 1.5623 x 10? h 5.12 x 1077 | 27x 1 j 6.12 x 107! 


1 micron is 0.000 001 of a metre. Write down the size of a micron, in metres, in standard form. 


8 | A particle of sand has a diameter of 0.0625 mm. Write this number in standard form. 


* : 
# Examiner’s Tip 


 Example6 4 Write in standard form 


a 40 x 10? b 0.008 x 10-2 


Method 1 
a 40X102=4x 101 x 102 Write 40 in standard form. 
=4x101+2 Use the rule a” x q® = qmt", The power of 10 tells you how 
many Os there are. 
=4x 10% 
10?= 100 2zeros 
b 0.008 X 10°2=8&xX 107 3x% 107-2 10-2 = 0.01 2 zeros 
34-2 Write 0.008 in standard form. 
sa =8 x 10 Use a x q’= — qmtn, 
=8x1075 
Method 2 | 


a 40 X 10*=40 X 100 


ae Work out th | lati 
_ ork out the calculation. 
b 0.008 X 107 * = 0.008 x 4. 
= 0.008 + 100 
= 0.000 08 


= 8-10-28 


Use the rule a~” = a. 


Multiplying by =i is the same as dividing by 100. 


25.2 Using standard form 


¥ Exercise 25D 


Write these in standard form. 
a 45 x 10° b 980 x 10-3 c 3400 x 10°? d 186 x 10" 


Write these in standard form. 
a 0,009 x 10° b 0.045 x 108 ce 0.3708 x 10-" d 0.006 x 1077 


Some of these numbers are not in standard form. State if a number is in standard form. 
If a number is not in standard form then rewrite it so that it is in standard form. 


a 7.8 X 104 b 890 x 108 e 13.2 x 10-5 d 0.56 x 10° 
e 60000 x 10-* f 8.901 x 1077 g 0.04005 x 10-" h 9080 x 10'5 
i 6.002 x 106 j 0.0046 x 10° k 67000 x 10-3 | 0.004 x 108 


4 Write these numbers in order of size. Start with the smallest number. 
6.3 X 10°, 0.637 x 10’, 6 290 000, 63.4 x 105 


‘= Write these numbers in order of size. Start with the smallest number. 
0.034 x 10-2, 3.35 x 107, 0.000 033, 37 x 10~* 


“2 Example 7 4 Work out (3 x 108) (4 x 10%) giving your answer in standard form. 


Rearrange the expression so the powers of 10 are 
together. 


(3 X 10%) X (4 X 10°) = 3 X 4 xX 10° X 10° 


_ 9 

=12X 10 Multiply the numbers. 

= 1.2 X 10’ xX 109 Use a” x a" = a"*" to multiply the powers of 10. 
=1.2x1010 12 X 10% is not in standard form. 


Write your final answer in standard form. 


By writing 760 000 000 and 0.000 19 in standard form correct to one significant figure, work 
out an approximation for 760 000 000 + 0.000 19. 


760 OOO OOO = & X 10° correct to one significant figure. 
0.000 19 = 2 X 10~* correct to one significant figure. 


760 000 000 _ 8X 10° 
0,000 19 2% 10" 


8 Rearrange the expression so the powers of 10 
—~8,_10 
=3 x 70-4 are together. 
— Divide the numbers. 
=a ® 10 Use a" + a" = a"~" to divide the powers of 10. 


=4% 10% 


: Work out and give your answer in standard form. 
a (4x 108) x (2 x 108) b (6 X 105) x (1.5 x 108) e (4x 1077) x (3 x 105) 
d (8.6 x 108) + (210) e (1x 10!) + (4 x 10°) f (7x 10-%) + (7 X 1075) 


, Write these in standard form. 
: a (2x 10? b (5x 10) e (4x 108) d (7 x 10-8? 


Chapter 25 Indices, standard form and surds 


By writing these numbers in standard form correct to one significant figure, work out an estimate of the 
value of these expressions. Give your answer in standard form. 
a 600008 x 598 b 78018 x 4180 c 699008 + 198 d 8104660000 + 0.000078 


4 | The base of a microchip is in the shape of a rectangle. Its length is 2 x 102mm and its width is 
1.6 < 10-3 mm. Find the area of the base. Give your answer in mm? in standard form. 


The distance of the Earth from the Sun is approximately 149 000 000 kilometres. 
Light travels at a speed of approximately 300 000 kilometres per second. 
Work out an estimate of the time it takes light to travel from the Sun to the Earth. 


6 | An atomic particle has a lifetime of 3.86 x 10-5 seconds. It travels at a speed of 4.2 X 10° metres per 
second. Calculate an approximation for the distance it travels in its lifetime. 


MO) Example 9 Use a calculator to work out 


a (3.4 x 108) x (7.1 x 104) 
b (4.56 < 108) + (3.2 x 10-3) 


a (3.4 x 10°) x (7.1 x 10*) =2414*10"1 Use the[EXP Jor (10*) button 
: 
b (4.56 X 10°) +(3.2*x 10-8) = 1425x1011 on your calculator. 


CSE «=31x 0% y= 47x10" 
x+y 


Use a calculator to work out the value of cee 


Give your answer in standard form correct to 3 significant figures. 


(5.1 X 10"? + 4.7 X 107 ‘) Substitute the values Plus 
(3.1 X 107 X 4.7 X 1077) into the expression. : : 
= Examiner’s Tip 


— 207 X% 101 
1.457 X 1024 Include brackets here to ensure that the 
answer from the calculation on the top of 
the fraction is divided by the answer to the 
calculation on the bottom of the fraction. 


Write the number from your 
calculator correctly in 

standard form showing more 
than 3 significant figures. 


=245xX 1071 Give your answer correct 
to 3 significant figures. 


=2,4502.... 4% 10-™ 


¥ Exercise 25F 


: Find the value of these expressions, giving your answers in standard form. 
Give your answers to 4 significant figures where necessary. 


a 500 x 600 x 700 b 0.006 x 0.004 - 55% 120 
8.82 X 5.007 1500 
¢ "10000 e (12.8) f (2.46 x 10") = (2.5 x 108) 


g (3.6 x 10”) = (3.75 x 10°) = fh (2.46 x 10-1) + (2.5 x 108) 
i (3.6 X 107%) + (3.75 x 10-8) 
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25.3 Working with fractional indices 


Evaluate these expressions. Give your answers in standard form correct to 3 significant figures. 
a (3.5 X 10") + (6.5 x 108) b (1.33 x 101) x (4.66 < 104) 
c (3.5 x 10") + (6.5 x 1079) d (1.33 x 107") x (4.66 x 104) 


% = 3.5 X 10%, y = 4.7 x 105 
Work out the following. Give your answer in standard form correct to 3 significant figures. 


x xY , (_% 
a= E + neers d (+ y? 
y b ate S00p) x + 800y 7000)" + Y 
WA «=24x 10°, y=96x 10° 

Evaluate these expressions. 

Give your answer in standard form correct to 3 significant figures where necessary. 
Pe b x + y? wy 


a-— 


cl 


y ety ay 
The distance of the Earth from the Sun is 1.5 X 108 km. 
The distance of the planet Neptune from the Sun is 4510 million km. 
Write in the form 1:7 the ratio 
distance of the Earth from the sun: distance of the planet Neptune from the Sun 


The mass of a uranium atom is 3.98 x 10-” grams. 
Work out the number of uranium atoms in 2.5 kilograms of uranium. 


Working with fractional indices 


© Why do this? 


© You know the meaning of fractional indices. Fractional indices are used when you model the 
rates at which things vibrate, such as your voice box. 


(©) Get Ready 


Work out 
1. 1000 2. V8 cen Soy) 


Ons 


© Indices can be fractions. In general, 
1 


a =Va 
®@® " ‘pny tits means that 
= Ja and si = Va 


AQ a 


Chapter 25 Indices, standard form and surds 


W? Example 11 9 Find the value of the following 


1 i 
a 25° b (—1000)3 c_ i6-°* | 


lt | 
a 25%?=V25 The square root of 25 is 5 because 5 X 5 = 25. 
5 
b (-1 000) = fF 000 The cube root of —-1000 is —10 because 
=-10 -10 X —10 X -10 = —1000. 


c 16-02% = 16% 


Change the decimal into a fraction 0.25 = 


a 
1 “ 


| Use the rule a~" = —,. 
16% | 
=a 16*=/16 =2 | 
V16 because 2+ = 16 | 
ok 
2 
2 Example 12 9 Work out the valueof a 8? b 1678 | 
; 
a 8 = (83/2 Use the rule (a’”)"” = a, 
= 22 Work out the cube root of 8 first. 
= Then square your answer. 
b 1@es_l, 
168 od Plus 
= 1 ! Examiner’s Tip 
(164 3 Use a~” =i. = 
= ay It is easier to work out the root 
fi first as this makes the numbers 
= B smaller and easier to manage. 
Exercise 25G 
Work out the value of the following. 
1 A. 1 1 
a b 4g e 100° d @ e (1) 
Work out the value of 
qi 1 
a 27 b 1000: e (—64) d 125 e (1) 
Work out the value of 
a 16% b 42 c 12573 d (Sy e (t)? 
Work out the value of 
2 2 2 
a 273 b 10008 c 64s d 16" e 25 


498 


Work out, as a single fraction, the value of 


a 12573 b 10000-* © 2773 d 853 
3 2 -} 2 
f 125 ?x(2) g 8 ?x (2) 
Find the value of n. 
a t=8 b 64=2 ci= d (V7b=7" 


ewe e ee wesereseseeseersseeeses 


eee eeesereessee se ee 


25.4 Using surds 


3 
e 647 


e (V2)" = 2" a: . 


. 
Pt aS Se a OWS Oe 6 SSeS UM .2 00880 |9'S)0e 6216: 0.0008 SOSH HTS S SSH SS SS SOSH SHEESH SSESES SET ESEEESe 


(A) Key Points 


© Anumber written exactly using square roots is called a surd. 
V2 and V3 are both surds. 


© 2 — 3 and5 + V2 are examples of numbers written in surd form. 
V4 is not a surd as V4 = 2. 


© These two rules can be used to simplify surds. 
= ym _ [m 
vm X Jn = Vmn Tit {2 
© Simplified surds should never have a surd in the denominator. 


© To rationalise the denominator of a fraction means to get rid of any surds in the denominator. 


vb 


© To rationalise the denominator of you multiply the fraction by 7 This ensures that the final fraction has an 


integer as the denominator. 


a_ayVo_ axvb _alb 


vo vb vob voxvo 8 


Simply 7 


¥v12=V4X3 
-~ JAX JB yells 


= 2/5 


aes ee oe oll lam eel eemnininn lem ite on: 


AaQ 


Chapter 25 Indices, standard form and surds 
~~ Example 14 Expand and simplify (2 + /3)(4 + v3). 


(2+ V3)\(4+V3)=8+2V5+4/34+V35XxV5 Multiply out the brackets. 
=8+6/3+3 | 
implify th — 
=114+6/3 Simplify t e expression 


Exercise 25H 


Find the value of the integer k. 


a V8=k/2 b ¥18 =kV/2 c /50 = kV/2 d V80 =k/5 
Simplify 
a /200 b 32 c V20 d (28 


Solve the equation x? = 30, leaving your answer in surd form. 


4 | Expand these expressions. Write your answers in the form a + bV@ where a, b and c are integers. 
a V3(2 + V3) b (v3 + 1)(2 + V3) ce (v5 — 1)(2 + v5) 
d (V7 + 1)(2-— v7) e (2-3) f (V2 +5) 


The area of a square is 40 cm?. Find the length of one side of the square. 
Give your answer as a surd in its simplest form. 


> The lengths of the sides of a rectangle are (3 + V5) cm and (3 — /5) cm. 
Work out, in their simplified forms: 
a the perimeter of the rectangle b the area of the rectangle. 


7 The length of the side of a square is (1 + V2) cm. Work out the area of the square. 
Give your answer in the form (a + bV2) cm? where a and b are integers. 


28 v3 
a ae x iil Multiply the fraction by — 
ie ae 


V5 xXVB Simplify the denominator by using 
the fact that (3 x V3 = 3. 


Chapter review 


K Example 16 Rationalise the denominator of Li = and give your answer in the form a + by5. 


16 —(5 _ 15-v6 vo 


v5 V5 5 Watch Out! 
_ 16/5 -/Bx¥5. Remember to multiply both parts 
V5xV5 of the expression on the top of 
_ 155-5 the fraction. 
5 


=—11+ 573 


Simplify the fraction by dividing both parts of 
the expression on the top of the fraction by 5. 


¥ Exercise 25I 
Rationalise the denominators and simplify an‘ eens if possible. 
4 
ae eee a ee 
v2 v5 v10 v2 v12 
wal Rationalise the denominators and give your answers in the form a + bV¢ where a, b and c are integers. 
, 2t+v2 , Bav2 ~ W+Vv5 q 12=v3 - Mtv7 
v2 v2 v5 v3 v7 


~The diagram shows a right-angled triangle. 9 
The lengths are given in centimetres. V3 
Work out the area of the triangle. 


ce 
Give your answer in the form a + bV¢ where a, b and c are integers. V2 


4 | Solve these equations leaving your answers in surd form. 


a #@—64+2=0 b 22+ 10x+14=0 
~The diagram represents a right-angled triangle ABC. c 
AB =(vV7+2)em AC =(Vv7 —2)cm. (V7 — 2) 
Work out, leaving any appropriate answers in surd form: A (V7 + 2) B 


a_ the area of triangle ABC 
b the length of BC. 


© For non-zero values of a 
a =1 

© For any number n 
at we 

© Standard form is used to represent very large or very small numbers. 

© Anumberis in standard form when itis in the form a X 10” where 1 < a < 10 and mis an integer. 

© Itis often easier to multiply and divide very large or very small numbers, or estimate a calculation, if the 
numbers are written in standard form. 


© To input numbers in standard form into your calculator, use the or key. 


eee ley ara ae atee 3 mei alae PERRO Se eae 


Chapter £5 Indices, standard form and surds 


© Indices can be fractions. In general, 
1 
a" =Va 
© Anumber written exactly using square roots is called a surd. 
© These two laws can be used to simplify surds. 
vm x n= vim YM = j= 
vn n 


© Simplified surds should never have a surd in the denominator. 
© To rationalise the denominator of a fraction means to get rid of any surds in the denominator. 


© To rationalise the denominator of you multiply the fraction by a this ensures that the final fraction has an 
integer as the denominator. 


Work out the values of 


qa 40 b 471 c 20 d 2-3 
Work out the values of ; 
a 30 b (-3)9 ¢ 37! d (3) 
Work out the values of 144 4 

alt jt \~ -1 = 
ah : 5) c 2x4 a4 
Work out 

ll a i 1 
a 92 b 1002 c 83 d 643 
Work out ; ‘ ; 
a 9-05 b 49 2 e 125 3 d 83 
Work out 

J. Sail 
a 4 b 83 June 2009 


eth ise 
axe 


i 


Mars 


[seu ace 


[urenis aah 
Neptune asc 


The table above gives the average distance in kilometres of the nine major planets from the Sun. 
a Which planet is approximately 4 times further away from the Sun than Mercury? 

b How far apart are the orbits of Neptune and Pluto? 

c Which planet is about half the distance from the Sun as Uranus? 

d 

e 


Which planet is 40 times further away from the Sun than Venus? 
A probe was sent from Earth to Mars. If it took one year to reach Mars, what average speed 
would it have to travel? Give your answer in km/h. 


Chapter review 


a i Write 7900 in standard form ii Write 0.000 35 in standard form. 


4X10 «& : 
b Work out 8x 1073 Give your answer in standard form. 


In 2003 the population of Great Britain was 6.0 x 10’. 
In 2003 the population of India was 9.9 X 10°. 
Work out the difference between the population Plus 

of India and the population of Great Britain in —==™ Exam Question Report 
2003. 

Give your answer in standard form. 


80% of students answered this question well. 
They knew how to use their calculators properly. 


June 2007 


3x /27 =3" Find the value of n. June 2006 


8/8 can be written in the form 8. 

a Find the value of k. 

8/8 can also be expressed in the form mv2 where m is a positive integer. 
b Find the value of m. 


c Rationalise the denominator of —. 


8v8 
Give your answer in the form 2 where p is a positive integer. June 2006 


Work out 


2X 2.2 x 10" x 1.5 x 102 
2.2 x 10'2 — 1.5 x 10" 


Give your answer in standard form correct to 3 significant figures. Nov 2007 

+ 
r= Pea 

pq 

p=4~x 10° 

q=3 x 10 

Find the value of x. 

Give your answer in standard form correct to 2 significant figures. Mar 2005 


A nanosecond is 0.000 000 001 seconds. 
: a Write the number 0.000 000 001 in standard form. 
A computer does a calculation in 5 nanoseconds. 
b How many of these calculations can the computer do in 1 second? 


Give your answer in standard form. June 2004 
Solve 
a = b ead ° 2x2*=4 d p= 4 
© Calculate — a l 


i 4 4 4 
eat) tit W437 10488 


SIMILAR SHAPES 


The Angel of the North, a sculpture by Antony Gormley, is located in Gateshead. Before 
work is begun on a sculpture of this size, several maquettes are made - these are small- 
scale models of the sculpture with the same proportions. They are similar to the finished 
sculpture. Several maquettes were made of the Angel of the North, including one human- 
sized one which sold at auction for £2m in July 2008. 


Objective ©) Before you start 
In this chapter you will: You should already know how to: 
© use similar shapes to solve problems involving O recognise congruent shapes 

lengths, areas and volumes © use the angle properties associated with 
© understand and use the relationship between parallel lines 

length, area and volume scale. © use ratios to compare lengths. 
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26.1 Areas of similar shapes 


. 
lt teed PROCS ASE OTHO ESE HESEE ESSE SE SSEEHEE SHOES Me CCC EER EE STRESS HEHEHE O EEE EEE CESSES EEE EEOETE REESE EES EEE TES EOE SESS 
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(©) Get Ready 


@) Key Points 
© The diagram shows squares of side 1 cm, 2cm,3cm and 4cm. 


© The squares are all similar. 

© Ittakes 4 squares of side 1 cm to fill the square with side 2 cm. 

© Ittakes 9 squares of side 1 cm to fill the square with side 3 cm. 

© Ittakes 16 squares of side 1 cm to fill the square with side 4 cm. 

© Ifthe ratio of the corresponding sides is k then the ratio of the areas is k’. 
© kis sometimes called the linear scale factor. 
© k’is called the area scale factor. 


: ae ji 
Example 14 The diagram shows a rectangle with side 2 cm and area 2cm*. Lita 


A second similar rectangle is drawn with side 6 cm. 


2cm 
Calculate the area of the new rectangle. 
side of large rectangle i 
linear scale factor = — 9g g It helps to show which way — 
side of small rectangle round you are writing the ratio. | 
= 6cm | 


OUNI® 


Area factor is the square 
area scale factor = 32 =9 of the linear scale factor. 


area of large rectangle = area of small rectangle X area scale factor | 
=2X1X9=18cm" 


Chapter 26 similar shapes 


“? Example 2 Shape A is similar to shape B. GERD 


The area of A is 150 cm?. 
Find the area of shape B. 


linear scale factor = oe =4.5 


area scale factor = 4.5% = 20.25 


area of B= 20.25 X 150 = 3037.5 cmr2 


? Exercise 26A Questions in this chapter are targeted at the grades indicated. 


a." Shapes A and B are similar. A cc 


Shape A has area 20 cm? and length 4.5 cm. 45cm 
Shape B has length 27 cm. 
Calculate the area of shape B. 


<—\ —_ 27 em ——— 


Shapes A and B are similar. ‘4 
Shape A has area 30 cm? and height 5 cm. en Lei] 
Shape B has height 15 cm. 

Calculate the area of shape B. 


15cm 
o Cuboids A and B are similar. 


The surface area of cuboid B is 108 cm2. 
Calculate the surface area of cuboid A. 


<< 24m ——___> 


26.1 Areas of similar shapes 


The diagram shows a small box of chocolates with surface area 500 cm’. 
The box has a piece of ribbon 50 cm long wrapped around it. 
A similar box has a similar piece of ribbon wrapped around it of length 75 cm. 
Calculate the surface area of the larger box. 


2 Example 3 4 Shape C is similar to shape D. ° 
Calculate the length of shape D. Area 7cm? 
: D 
oa Area 252 cm? 


— 


area scale factor = aaa = 36 Linear scale factor is the square root of the area scale factor. 


linear scale factor = V36 =6 


shape D has length 6 X 3 = 18cm 


¥ Exercise 26B 


Triangle A is similar to triangle B. 

: The area of triangle A is 90 cm’. 
The area of triangle B is 202.5 cm’. 
Calculate the value of 
ax 


b y. 


yom 


12cm 


22.5cm 


| 2 | Two similar triangles have areas 36 cm? and 64 cm? respectively. 
The base of the smaller triangle is 6 cm. 
Find the base of the larger triangle. 


Chapter 26 similar shapes 


Volumes of similar shapes 


© Why do this? 


© You can solve problems involving the When designing packaging the manufacturer needs 
volumes of similar shapes. to be able to design similar shapes for large, medium 
and small sizes which will hold specific quantities. 


<>) Get Ready 


1. Find the cube roots of a 343 b 1000 
2. Find the cubes of a 2.5 b 11 


© The diagram shows three similar shapes, a cube of side 1 cm, op 


a Cube of side 2cm and a cube of side 3cm. 

The volume of the cube side 1cm = 1 X 1X 1 = 1 cm? 
The volume of the cube side 2cm = 2 X 2x 2 = 8cm? 
The volume of the cube side 3cm = 3 X 3X 3 = 27cm? 


Icm 


© Ifkis the ratio of the lengths, the ratio of the volumes is K. 
When the length is multiplied by &, the volume is multiplied by k%, 


© kis called the volume scale factor. 


Sy Example 4 Cuboids P and Q are similar. 


The volume of P is 60 cm? 
Calculate the volume of Q. 


volume scale factor = 3° = 27 
volume of Q= 27 X GO = 1620 cm? 


¥ Exercise 26C 


A iis Prisms A and B are similar. 


The volume of A is 10 cm. 


Calculate the volume of prism B. 2 
<7 aia 
2cm 


6cm 
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26.2 Volumes of similar shapes 


a Cylinders C and D are similar. sont = ee, Bue ei» | 


The volume of C is 5 cm’. 
Calculate the volume of cylinder D. 


Square-based pyramids E and F are similar. 
The volume of E is 12 cm*. 
Calculate the volume of square-based pyramid F. 


4 | Cones G and H are similar. 
The volume of G is 306 cm. 
Calculate the volume of cone H. 


M? Example 5 4 Cylinders A and B are similar. 


The diameter of Ais 4cm. 
The volume of A is 120 cm%. 


The volume of B is 405 cm’. 4 
Work out the diameter D of cylinder B. 


volume scale factor = ange = 408 .. 27 Volume scale factor is the cube 
small 120 8 of the linear scale factor. 
3157 


linear scale factor = 2/27 = V27 3245 


D=1.5X4=6cm 


# Exercise 26D 


a. Sphere K is similar to sphere J. 
(All spheres are similar to each other.) 
The volume of K is 64 times the volume of J. 
Calculate the diameter of J. 


Chapter 26 Similar shapes 


02 Prisms K and L are similar. SS 
= The volume of L is 216 times the volume of K. 


Calculate the value of 
ax 
b y. 
BN. *“Zem 
3cm 
Cuboids P and Q are similar. (See 4 yom 
The volume of cuboid P is 48 cm’, <—ion—> 
The volume of cuboid Q is 16 464 cm’. 
Calculate the value of tm 
ax 
b y. 
<—_\—— xem —————> 
4 | Cylinders R and S are similar. 13cm 


The volume of R is 1277 cm’. Cee 
The volume of S$ is 40.577 cm’. 
Calculate the length of the radius of cylinder S. s 
/[\nga A bakery sells two sizes of doughnuts. 
ang The small size has a mass of 50 g. 
The large size has a mass of 168.75 g. 
If the larger doughnut has a diameter of 15cm, 


find the diameter of the small size. 


Lengths, areas and volumes of similar shapes 


> Why do this 


©) You understand and use the A manufacturer designing a new carton for a drink would 
relationship between length, area experiment with different heights and widths of the packaging to 
and volume scale. find the best shape to hold a certain amount of their product. 


<>) Get Ready 


Express these ratios in their simplest form 1. 14:63 2 


. 107: 5 3. 25:15 4. 43:82 


© Alength has 1 dimension — the scale factor is used once. 
© An area has 2 dimensions — the scale factor is used twice. 
© Avolume has 3 dimensions — the scale factor is used three times. 
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26.3 Lengths, areas and volumes of similar shapes 


wi Example 6 Two similar cylinders have masses of 32 kg and 108 kg. 


The area of the label on the small cylinder is 10 cm2. 


Calculate the area of the label on the large cylinder. IRAE 


linear scale factor = 3.375 = 15 
area scale factor = 1.52 = 2.25 
area of the label = 10 < 2.25 = 22.5 cm? 


¥ Exercise 26E 


Give your answers to the following questions correct to 3 significant figures. 


- EB Cones P and Q are similar. 
The volume of cone P is 125 times the volume of cone Q. 
If the surface area of P is 40 cm?, 
calculate the surface area of Q. 


Prisms G and H are similar. 
The surface area of G is 64 times the surface area of H. 
If the volume of G is 2000 cm, 
calculate the volume of H. 


A container has a surface area of 5000 cm? and a capacity of 10.6 litres. 
Find the surface area of a similar container which has a capacity of 4.8 litres. 


QP The volume of a toy is 900 cm’. 
A similar larger toy has volume 13 500 cm*. 
The surface area of the larger toy is 2700 cm’. 
Find the surface area of the smaller toy. 


- A detergent manufacturer makes bottles of detergent in three sizes. 


The bottles are mathematically similar. 
The large bottle holds 5/, the medium bottle holds 3/ and 
the small bottle holds 11. 


The 1/ bottle has a label with an area of 100 cm’. 
Calculate the area of the labels on 

a the large bottle 

b the medium bottle. 


A recycling bin holds 50/ of rubbish. 
A smaller bin will hold 30/ of rubbish. 
The surface area of the larger bin is 0.142 m2. 
Calculate the surface area of the smaller bin. 


Chapter 26 Similar shapes 


© kis called the linear scale factor. 

© k’ is called the area scale factor. 

© Fis called the volume scale factor. 

© Alength has 1 dimension —the scale factor is used once. 

© An area has 2 dimensions — the scale factor is used twice. 

© Avolume has 3 dimensions — the scale factor is used three times. 


¥ Review exercise 


A car is 4m long and 1.8 m wide. FS 
A model of the car, similar in all respects, is 5 cm long. How wide is it? 


A model of a car is 12cm long and 5.2 cm high. EFS 
If the real car is 3.36 m long, how high is it? 


The volumes of two mathematically similar solids are in the ratio 27 : 125. 
The surface area of the smaller solid is 36 cm2. 
Work out the surface area of the larger solid. Nov 2007 


The diagram shows two quadrilaterals that are mathematically similar. 
B 


8cm 


15cm 


D 10cm C 
In quadrilateral PORS, PO = 8cm, SR = 4cm. 
In quadrilateral ABCD, AD = 15cm, DC = 10cm. 
Angle PSR = angle ADC. 
Angle SPQ = angle DAB. Plus 
a Calculate the length of AB. 
b Calculate the length of PS. 


Exam Question Report 


91% of students answered this sort of question 
well. They showed all of their working. 


June 2007 


Two solid shapes, A and B, are mathematically similar. 


Chapter review 


The base of shape Ais a circle with radius 4 cm. 

The base of shape B is a circle with radius 8 cm. 

The surface area of shape A is 80 cm?. — 
a Work out the surface area of shape B. 

The volume of shape B is 600 cm’. 

b Work out the volume of shape A. 


Exam Question Report 


82% of students answered this question poorly 
because they used the wrong scale factor. 


June 2008 
Two cones, P and Q, are mathematically similar. 
The total surface area of cone P is 24 cm?. 
The total surface area of cone Qis 96 cm’. 
The height of cone P is 4cm. £GK 
a Work out the height of cone Q. | 
The volume of cone P is 12 cm®. 
b Work out the volume of cone Q. June 2007 
Two prisms, A and B, are mathematically similar. 
The volume of prism A is 12000 cm’. 
The volume of prism B is 49 152 cm’. 
The total surface area of prism B is 9728 cm*. 
Calculate the total surface area of prism A. 

Nov 2006 


A cone is divided by a cut parallel to the base halfway between the top and the base. | 


What is the ratio of 
a the area of the base of the small cone to the area of the base of the large cone 
b the volume of the small cone to the volume of the large cone? 


Prove that all cubes are similar. 
b Two cubes have edges 2cm and 5cm. 

What is the ratio of the total surface areas of the two cubes? 
c ‘Two cuboids are similar’ — This statement is not always true. 
Explain why. 


o 


i od 


Chapter 26 similar shapes 


: sal A manufacturer makes pots of cream in two sizes. 


The small size contains 300 g and has a diameter of 10 cm. ara 
The large size contains 500 g. a 
The pots are similar. Cream C 
‘ : 500g ream 
a Find the diameter of the larger pot. 300g 


The front of the large pot has a rectangular label 
of area 36 cm’, 
b Find the area of the label on the smaller pot. 


PROPORTION 2 


On 6 August 1945, a nuclear bomb known as ‘Little Boy’ was dropped on Hiroshima, 
Japan. The energy of the explosion caused was equivalent to around 18 kilotons of TNT, 
caused by 600 mg of uranium within the weapon converting into energy. Three days later a 
second bomb, ‘Fat Man’, was detonated over Nagasaki, Japan. This bomb was 15% larger, 
and the energy released in the explosion was equivalent to about 21 kilotons of TNT. 


Objectives © Before you start 
In this chapter you will: You need to be able to: 
© learn to solve problems involving direct © understand, use and calculate proportion 
proportion © derive simple formulae and simple rules for 
© discover how to write down the statement of number sequences 
proportionality and the formula for a variety of © plot points on a graph 
problems © derive quadratic and cubic formulae. 


© find out how to solve problems involving inverse, 
square and cubic proportion. 


Chapter 2/ Proportion 2 


ora ea 


27.1 


eeessccees ee, 
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Get Ready 


© When a graph of two quantities is a straight line through the origin, one quantity is directly proportional to the 
other. 


“2 Example 1 4 The cost of buying 5 litres of fuel is £11. 


a Show that the cost, £C, of buying the fuel is directly proportional to the amount, x litres, 
of fuel bought. 
b Find a formula for C in terms of x. 


a The cost of buying 5 litres of fuel is £11. 
So, the cost of buying 10 litres of fuel is £22, 
the cost of buying 15 litres of fuel is £33, 
the cost of buying 20 litres of fuel is £44, 
and so on. 


e870] 75 [201 
GEEREEAECIEZ 


¢ 


10 litres cost twice as much as 5 litres. 5 litres 
cost£11,50 10 litres cost 2 X £11 = £22. 


15 litres cost three times as muchas 5 litres. 
5 litres cost £11, 50 15 litres cost 
3 X £11 = £33 (and so on). 
Summarise the information in a table. 


Plot a graph of C'against x. 

Draw a line through the points. 

The graph is a straight line which passes through 
the point 0. So Cis directly proportional to x. 


The graph shows that the cost, £C, of buying the fuel is directly proportional to the amount, 
x litres, bought. 


27.1 Direct proportion 


b C=kx The graph passes through the origin O. The equation of a straight 
The point (11,5) lies on the line, so line which passes through the origin has the form y = mx. 
11 =kX5 Here y = Cand m = k (the constant of proportionality). 
— Find the constant k. Substitute C = 11 andx = 5 into the 
k= es Lake formula. 
The formula is C = 2.2x. Write down the formula, substituting k = 2.2 into C = kx. 


¥ Exercise 27A Questions in this chapter are targeted at the grades indicated. 


The table gives information about the variables x and Y. 


. KEARSE 
iy [3 [of] o | 2[ ss | 
a Plotthe graph of Y against x. 


b Is Ydirectly proportional to x? Give a reason for your answer. 


Here is a graph of Y = kd. Use the information in the graph to work out the value of k. 


O 5 10 15 20 2 d 


The table gives information about the variables x and M. 


fx | 4 | wo | 16 | 20 | 

ms [msl 6 | «| 

a Show that ™ is directly proportional to x. 

b Given that M = kx, work out the value of k. 

c Use your formula to work out the value of M when x = 32. 


zs Yis directly proportional to ¢. Y= 10 when ¢ = 20. 
a Sketch a graph of Y against ¢. 
b Work out a formula for Yin terms of ¢. 
c Use your formula to work out the value of Ywhen ¢ = 100. 


The cost (£C) of a bottle of white correcting fluid is directly proportional to the volume (v cm®) of fluid in 
the bottle. A bottle containing 4 cm’ of fluid costs £1.80. 
a Work out the cost of i 8, ii 12, iii 16cm of the liquid. 
b Work out a formula for Cin terms of v. 
c The cost of a bottle of correcting fluid is £5.85. Work out the volume of fluid in the bottle. 


Cnapter 2/ Froportion 2 
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(4) Key Points 


© The symbol x means ‘is proportional to’. 
© When yis directly proportional to x: 
© yx is the statement of proportionality. 
© y = kxis the formula for direct proportion, where k is the 
constant of proportionality. 


M2 Example 2 9 Wis directly proportional to x. W = 18 when x = 1.5. 


Work out the value of Wwhen x = 7. 


Wx Write down the statement of proportionality. Wis ‘directly proportional’ to x. ; 


W=kx Replace x with ‘= k’. 


18=1.5k Work out the value of k. Substitute W = 18 andx = 1.5. f 
k= 2 =12 Divide both sides by 1.5. | 


So,W= 12x Write down the formula, putting in the value of k. f 
} 
When x = 7 
¥ Exercise 27B 


| _ yis directly proportional to x so that y = kx. y = 12 when x = 8. Work out the value of k. 


Bis directly proportional to t so that B = kt. B = 1.75 when t = 2.5. Work out the value of k. 


518 constant of proportionality 


27.3 Writing statements of proportionality and formulae 


P is directly proportional to h. P = 40.5 when h = 18. 
a Show that P = sh. 
b Work out the value of Pwhen h = 32. 
c Work out the value of A when P = 27. 


The voltage V across a resistor (in volts) is directly proportional to the 
current c flowing through it (in amps). 


a Show that V = 250c. 
b Work out the value of c when V = 9 volts. 


The extension E of an elastic string (in mm) is directly proportional to the mass m 
on the string (in grams). 


a Find a formula for £ in terms of m. 
b Find the extension of the string when the mass is 450 g. 
c Find the mass that will extend the string by 52.5 mm. 35mm 


750g 


6 | The volume, Vcm%, of mercury in a tube is directly proportional to the height, 2 cm, of the tube. When 
the height of the tube is 12 cm, the volume of mercury is 40 cm®. Work out the volume of mercury in the 
tube when the height of the tube is 20 cm. 


Writing statements of proportionality and 


formulae 
© Why do this? 
© You can write down the statement of When scientists are trying to establish a formula, they 
proportionality and the formula for a will often write a statement of proportionality before they 
variety of problems. perform an experiment and work out the exact results. 


<>) Get Ready 


1. a The volume, V, of a gas is directly proportional to its temperature, 7. 
Find a formula for Vin terms of T. 
b The pressure, P, is directly proportional to its temperature, 7. Find a formula for Pin terms of T. 


a 


© Sometimes quantities are proportional to the square, cube or other power of another quantity. 
© ‘yis proportional to the square of x’ soy «x? means y = k X x* or y = kx?, where kis the constant of 
proportionality. 
© ‘yis proportional to the cube of x’ so y x x’ means y = k X x3 or y = kx?, where kis the constant of 
proportionality. 
© ‘y is proportional to the square root of x’ soya Vx meansy =k X Vx ory = kVX, where kis the constant 
of proportionality. 


Chapter 27 Proportion 2 


© Quantities can also be inversely proportional to each other. 
© ‘yis inversely proportional to x’ so y ox + means y=kx sory = x where k is the constant of 
proportionality. 
© Some common proportional graphs are shown below. 


Example 3 4 Write down i the statement of proportionality, ii the formula, for each of the following. 
a His proportional to the square of d. b Tis proportional to the cube of f- 
c Gis proportional to the square root of p. d Ris inversely proportional to x. 
e Lis inversely proportional to the square of n. 


ai Hxd? ii H=kd? The symbol x means ‘is proportional to’, so replace the 
words with the symbol x. The ‘square of dl’ is the same as ‘d 
— squared’, i.e. d?. 
i Tof? 7 T= Kf Replace the symbol x with ‘= k’. So H x d? becomes H = kd?. 
i Gn /p ii G=k/p 
di Rol i R= (3 You write an inverse proportion as a reciprocal (i.e. ‘one 
Es 


over...). The reciprocal of X is 4, 


: dl = 7 _ 
e i Las il Loss The reciprocal of n? is. 


& Example 4 Write these statements of proportionality in words. 


a Pxw® bAaxg cFavi d Yet e Bx 
d 


This could also be written as ‘P is proportional to w 


a Pis proportional to the square of w. 
squared’. 


b Ais proportional to the cube of g. 
c Fis proportional to the cube root of t. : 
d Yis inversely proportional to d. qi9 the reciprocal of d. So Yis inversely proportional to d. 


e Bis inversely proportional to the cube of r. 


This could also be written as Bis 
inversely proportional to r cubed. 


274 Problems involving square and cubic proportionality 


¥ Exercise 27C 


Write down i the statement of proportionality, ii the formula, for each of the following. 
Use the symbol «. 


a Mis directly proportional to n. b Lis proportional to the square of h. 

c Pis proportional to the cube of t. d Qis proportional to the square root of y. 

e Wis proportional to the cube root of x. f Ais inversely proportional to b. 

g His inversely proportional to the square of g. h Uvis inversely proportional to the square of f. 

i Eis inversely proportional to the cube of w. j Vis inversely proportional to the square root of r 


The number of ants in an ants’ nest, N, is proportional to the square of the diameter, d cm, of the ants’ 
nest. 
a Write down the statement of proportionality. 
b Write down a formula for NV in terms of d and k (the constant of proportionality). 


The height, in metres, of a tree is proportional to the square of the circumference, of the tree in metres. 
Write down a formula for H in terms of c. 


The quantity of fuel, Q tonnes, used by a rocket is proportional to the cube of the time, t seconds, that 
the fuel burns. Write down a formula for Q in terms of ¢. 

&k 
r2 
distance between the objects (in metres) and k is a constant. What is the relationship between F and r? 


Go 


A formula for the force of attraction (F newtons) between two objects is given by F = ~ where ris the 


A formula for the period (7 seconds) of a pendulum is given by T = kV 1, where Lis the length of the 
pendulum (in metres) and kis a constant. Tom says that Tis inversely proportional to the square of J. 
He is wrong. Explain why. 


Problems involving square and 


cubic proportionality 
© Why do this? 
© You can solve problems involving square and The power output of a wind turbine is proportional 
cubic proportions. to the cube of the wind speed. 


<>) Get Ready 


1. Solve 
a 152 b 8 ce 118 


d /81 e V512 f 4096 


© To solve problems involving square or cubic proportion, first write the statement of proportionality, then the 
formula. 
© Substitute given values into the formula to find the solution. 
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Example 5 4 The resistance (R newtons) to the motion of a racing car is directly proportional to the 
square of the speed (v m/s) of the racing car. Given that R = 5000 when v = 10, work out 
the value of R when v = 30. 


Rav? Write down the statement of proportionality. 
Ris proportional to the square of v. 


R= kv? Write down the formula. Replace the symbol x with ‘= k’. 


5000 =k X 107 
5000 = k X 100 


Work out the value of k. Substitute R = 5000 and v = 10 into R = kv?. 


So, R = 50v? 

When v = 30 Work out the value of R whenv = 3O. Substitute v = BO intoR = 50v?2. 
R=50 X 302 | 
R=50 X 900 = 45000N 


| 
T xm’. T = 10 when m = 2. Find the value of m when T = 80. / 


Txm? Replace the symbol x with ‘= k’. 

T = km? 

T = 10 when m = 2, so Work out the value of k. Substitute T= 10 and m = 2 into T = km?. 
10 =k xX 2° 

10 = 8k 

k=1.25 


So, T = 1.25m5 Write down the formula. Substitute k = 1.25 into T = km?. 


When T = 80, You need to find m when T = 80, so substitute T = 80 into T = 1.25m?. 
1.25m? = 80 
m? = 20-= 64 Divide both sides by 1.25. 

5 — 


A is proportional to the square of x so that A = kx?. A = 20 when x = 5. Work out the value of k. 
G is proportional to the cube of f'so that G = kf. G = 54 when f = 1.5. Work out the value of k. 
Z «x b*. Z = 32 when b = 5. Find a formula for Z in terms of b. 


Lv’. L = 120 when v = 4. Find a formula for L in terms of v. 


Wis proportional to the square of p. W = 8 when p = 4. Work out the value of Wwhen p = 3. 


275 Problems involving inverse proportion 


: 6 | A stone is thrown vertically upwards with a speed of v m/s. The height, H metres, reached by the stone 
is proportional to the square of v. When v = 20 m/s, H = 20m. Work out the value of: 

a Hwhenv =15m/s 

b vwhenH = 10m. 


The volume, Vmm%, of a raindrop is proportional to the cube of its radius, 7 mm. When the radius of a 
raindrop is 2mm its volume is 33 mm’. Work out the radius of a raindrop which has a volume of 65 mm’, 
Give your answer to 2 decimal places. 


reg The mass of an earthworm (in grams) is proportional to the cube Mes arom_tengh en 
of its length (in cm). Copy and complete this table. 


CQ) Key Points 


© To solve problems involving inverse proportion, first write the statement of proportionality, then the formula. 
© Substitute given values into the formula to find the solution. 


M Example 7 4 The number of hours (H) needed to dig a certain hole is inversely proportional to the 
number of men (x) available to dig the hole. If it takes 5 men 8 hours to dig the hole, how 
long will it take 6 men to dig the hole? 


Write down the statement of proportionality. 
His inversely proportional to x. 
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50, H = #2 Substitute the value of k into the formula. 


Work out the value of H when x = 6. 


When x = 6, H = “2 = G2 hours. Substitute x = 6 into H = #0. 


Chapter 2/ Proportion 2 


The force of attraction (F newtons) between two magnets is inversely proportional to the 
. square of the distance (d cm) between them. When the magnets are 1.5 cm apart, the 
force of attraction is 32 newtons. 
a Find a formula for F in terms of d. 
b Work out the distance between the magnets when the force of attraction is 1.125 
newtons. 


1 
a Fx-> b F=1.125 
eP Multiply both sides by d2. 
72 P 
ie 
by 1.125. 
Whend = 1.5,F = 32 


k d2 — Te 
= Multiply both 1.125 
= igh 1 o 


—_ Take the square 
k= "1.5? X 32 : < nal San root of both sides. | 
= 2.25 32 ~ ~ 
= 72 
72 


The formula is F = +=. 


¥ Exercise 27E 


' L is inversely proportional to d so that L = k 


d 
LT = 2.25 when d = 20. Work out the value of k. 


Act 
: x 
A = 3.75 when x = 8. 


a Work out the value of A when x = 12. 
b Work out the value of x when A = 5. 


Got 
G=48whend = 6. 


a Work out the value of G when d = 8. 
b Work out the value of d when G = 10.8. 


The volume V (m*) of a gas is inversely proportional to the pressure P(N/m2). V= 4m when 
P = 500 N/m?*. Work out the volume of the gas when the pressure is 750 N/m2. 


The frequency F of sound (in hertz) is inversely proportional to the wavelength w (in metres). The 
musical note of middle C has a frequency of 256 hertz and a wavelength of 1.29 m. 
a Work out the frequency of a note with a wavelength of 0.86 m. 
b Work out the wavelength of a note with frequency 344 hertz. 


1 
M = 0.625 when f= 8. 


a Work out the value of M when f = 3.5. 
b Work out the value of fwhen M = 1. 
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Chapter review 


: The shutter speed (S) of a camera is inversely proportional to the square of the aperture setting (/). 
When f = 8, S = 125. 

a Find a formula for S$ in terms of f- 

b Work out the value of S when f= 4. 


© When a graph of two quantities is a straight line through the origin, one quantity is directly proportional to the 
other. 
© The symbol « means ‘is proportional to’. 
© yx means ‘y is directly proportional to x’. 
© When yis directly proportional to x: 
© yx is the statement of proportionality. 
© y =kxis the formula, where k is the constant of proportionality. 
© Where k is the constant of proportionality: 
© y=kx?=y« x* means y is proportional to the square of x. 
© y= kx? = yx x3 means y is proportional to the cube of x. 
© y=kiX =y« vx means y is proportional to the square root of x. 


© When yis inversely proportional to x: 


© y xt is the statement of proportionality. 


© y=kx Lory = Kare ways of writing the formula, where k is the constant of inverse proportionality. 
© To solve problems involving proportion: 

© write the statement of proportionality 

© write the formula 

© substitute given values into the formula to find the solution. 


¥ Review exercise 


In an experiment, the value of V was measured for different values of d. The results are given in this 
table. Show that Vis directly proportional to d. 


a [me [fas [es | a 
[ons [a [as | rs | an 


The time, J seconds, it takes a water heater to boil some water is directly proportional to the mass of 
water, m kg, in the water heater. 
When m = 250, T = 600. 
a Find T when m = 400. 
The time, T seconds, it takes a water heater to boil a costant mass of water is inversely proportional to 
the power, P watts, of the water heater. 
When P = 1400, T = 360. 
b Find the value of 7 when P = 900. June 2006 


bor 


Unapter 4/ Froportion 2 


Copy and complete this table. 


T is directly proportional to b 


a 
, 
P is proportional to the square of m 


Z is proportional to the cube of g 


Sap. S = 12when p = 8. : 
a Find a formula for S in terms of p. Plus 
b Sketch a graph of S against p. 


er 
ia 
I 


Exam Question Report 


oe eA 
79% of students answered this sort of question 


well. They knew how to move from a statement of 
proportionality to a formula. 


For an oil company, the cost (£C) of drilling a hole is directly proportional to the depth (d metres) FS 
of the hole. The cost of drilling a hole to a depth of 100 metres is £8500. Work out the cost of drilling a 
hole to a depth of 825 metres. 


The pressure P of water on a diver (in bars) is directly proportional to his depth d (in metres). EFS) 
When the diver is at a depth of 5 metres the pressure on the diver is 0.5 bars. For safety reasons the 
pressure on a particular diver must not exceed 6.5 bars. The diver wants to dive to a depth of 60 m. Can 
the diver do this safely? Give a reason for your answer. 


For batteries having the same length, the energy stored in a battery is proportional to the square of the 
circumference of the battery. When the circumference is 3.5cm the energy stored in the battery is 
5 units. The radius of a battery is 5 cm. Work out the energy stored in the battery. 


When a stone is dropped from a cliff it travels a distance D (in metres) after a time ¢ (in seconds). This 
table gives information about the stone. 


a Show that D « é, and complete the table. 
b Work out the time taken for the stone to travel 15 metres. Give your answer correct to 2 decimal 


places. 
Radius (7mm) | Resistance (R ohms) 


The resistance, R ohms, of a particular cable is inversely 
proportional to the square of its radius, 7mm. Copy and 
complete this table. Give your answers correct to 2 
decimal places. 


17.5 


es ee ee 


X is proportional to the square root of h.X = 3whenh = 16. 
a Show thatX = 0.75Vh. 

b Work out the value of X when h = 25. 

c Work out the value of h when X = 6. 


Chapter review 


In a particular industrial process, Germalex is added to increase the speed of a chemical reaction o : ao2 
The time taken, T seconds, for the reaction is inversely proportional to the square root of the mass, i“ 
m grams, of Germalex added. When 50 grams of Germalex is added the time taken for the reaction is 
20 seconds. 

a Show that T= 1002. 


b Itis required that the time taken for a particular reaction should be 15 seconds. Work out the mass 
of Germalex that needs to be added to achieve this reaction time. Give your answer to 3 significant 
figures. 


Here are 4 sketch graphs. 


ZN 


a Write down the letter of the graph which shows y is directly proportional to x. 
b Write down the letter of the graph which shows y is inversely proportional to x. 


Mis directly proportional to L°. 
When L = 2, M = 160. 
a Find the value of M when L = 3. 


b Find the value of L when M = 120. June 2009, adapted 
q is inversely proportional to the square of ¢. 

Whent = 4,q = 8.5. Plus 

a Find a formula for g in terms of ¢. Exam Question Report 


b Calculate the value of g when t = 5. 


78% of students answered this question poorly 
because they did not read the details of the 
question properly. 


June 2008 


The time, T seconds, for a hot sphere to cool is proportional to the square root of the surface area, 

A m?, of the sphere. 

When A = 100, T = 40. 

Find the value of 7 when A = 60. 

Give your answer correct to 3 significant figures. June 2009 


y is directly proportional to the square of x. 

x is directly proportional to the square root of z. 

a Find a formula for y in terms of z and a constant of proportionality. 
u is directly proportional to the square of v. 

v is inversly proportional to the square root of w. 

b Show that the product of wu and w is constant. 


gral 1B] BIC ACTIVE 


Philippe Petit is a French high-wire artist famous for walking along cables suspended 
from well-known buildings. His most celebrated and perilous exploit was negotiating the 
43 m gap between the World Trade Center towers in New York, despite the fact that the 
probability of him surviving a fall was zero. 


© Before you start 
In this chapter you will: You need to be able to: 
© learn how to use a number to represent a © add, subtract, multiply and divide fractions and 
probability decimals. 


© learn how to find and estimate probabilities 
© learn how to add and multiply probabilities. 


Pelee wk - ars 
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28.1 Writing probabilities as numbers 


Writing probabilities as numbers 


© Why do this? 


© You can use a number to represent a probability. Banks use probability to assess risk when they 
© You can use a sample space diagram to record all plan takeovers of other companies. 
possible outcomes. 


<>) Get Ready 
Represent how likely each of these events is on a probability scale: 
1. Aman will jump over the Eiffel tower. 


2. When you add 2 and 2 together you get the answer 4..©2©_ -_ARpDPpAAP$J]TP>AAAA ft 
3. When you spin a coin you will get a head. e 


nNi- 


QJ _—— 
© The probability P that an event will happen is a number in the range 0 <P <1. 
© For an event which is certain P = 1. 
© For an event which is impossible P = 0. 
© A probability can be written as a fraction, a decimal or a percentage. 
© For equally likely outcomes, the probability that an event will happen is 


Probability = number of successful outcomes 
ny total number of possible outcomes 


© Asample space is all the possible outcomes of one or more events. 


© These outcomes can be presented in a sample space diagram. 


A fair spinner is one that 
has an equal chance of 
landing on any of its sides, 
so each side is equally likely. f eaeaciaideloequaliyliey: 


Work out the probability that the spinner will land on red. 


The spinner has 2 red sectors, so the (- 3 a ) 
| number of successful outcomes = 2. 3 can also be expressed 


as 40% or 0.4. 


“2 Example 1 4 This 5-sided spinner is spun. 


The spinner is fair. 


= = 
p(red) 5 


a cae aa 


The spinner has 5 sides altogether, so the 
total number of possible outcomes = 5. 


} 


PR ae | Pes! ie) eee) Me ee = pa jel BAR le ee SS SN ae ee a 2 RN | ee em 


Chapter 28 Probability 


# Exercise 28A Questions in this chapter are targeted at the grades indicated. 


Rashid spins this 7-sided spinner. The spinner is fair. 
Work out the probability that the spinner will land on 
a yellow 

b red 

c white. 


Work out the probability of each of the following. 

a rolling the number 4 with an ordinary dice 

rolling an even number with an ordinary dice 
taking an ace from an ordinary pack of cards 
taking a diamond from an ordinary pack of cards 
taking a black king from an ordinary pack of cards 


onan o> 


A bag contains 5 red balls and 4 green balls. A ball is taken at random from the bag. 
Work out the probability that the ball will be: 
a red b green c yellow. 


The faces of an 8-sided dice are numbered from 1 to 8. 

Work out the probability of rolling each of the following. 

a anodd number b an even number c a4ora5d 
da prime number e a factor of 10 


|) 2500 tickets are sold in a school raffle. Chelsy buys 5 tickets in the raffle. 
Work out the probability that she will win the raffle. 


6 | A box contains 3 bags of salt and vinegar crisps, 4 bags of cheese and onion crisps and 2 bags of beef 
crisps. One of these bags of crisps is taken from the box at random. 
Work out the probability that the bag of crisps will be: 
a_ salt and vinegar b cheese and onion 
c beef d cheese and onion or beef. 


A letter is chosen at random from the word PROBABILITY. Write down the probability that it will be: 
a B b Y c Rorl d avowel e G. 


8 | The table gives the numbers of boys and the numbers of girls ina primary school and whether they are 
left-handed or right-handed. 


a Copy and complete the table. 
b One of these children is chosen at random. 
Use the information in your table to work out the probability that the child will be: 
i a boy 
ii left-handed 
iii a right-handed girl. 
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28.1 Writing probabilities as numbers 


o The pie chart gives information about how 
some students travelled to school one day. 
One of these students is chosen at random. 
Use the information in the pie chart to 
work out the probability that the student: 
a travelled to school by bus 
b walked to school. 


<\i 


In a group of students 
55% are boys 
65% prefer to watch film A 
10% are girls who prefer to watch film B. 


One of these students is picked at random. 
Work out the probability that the student is a boy who prefers to watch film A. 


Two ordinary dice are rolled. Work out the probability 


. . D I di i 
that the total score on the two dice will be 8. ne lay Aang a 


A sample space diagram shows 
all the possible outcomes, for 
example (6, 4) represents the 


6 outcome of throwing a 6 on the 
5 blue dice and a 4 on the red dice. 
Red 4 
dice 3 There are a total of 36 possible 
2 outcomes. 
1 


Identify all the outcomes that 
give a total score of 8. 

There are 5 outcomes that give 
a total score of 8: (2, 6), (3, 5), 
(4, 4), (5, 3) and (6, 2). 


Blue dice 


_ number of successful outcomes 
 — 
total number of possible outcomes 


? Exercise 28B 


ou Two ordinary dice are rolled. 
Use the sample space diagram in Example 2 to work out the probability of getting each of the following 
outcomes. 
a a total score of 
i 2 ii 5 iii 10 or more 
b the same number on each dice 
© anumber on the blue dice exactly 2 more than the number on the red dice 


Chapter 26 FroDability 


An ordinary dice is rolled and a fair coin is spun. 
a Copy and complete the following sample space diagram to show all the possible outcomes. 


(1,H) 
(1,7) (2,7) 
1 2 3 


Dice 
b Work out the probability of getting: 
i alonthe dice and a head on the coin 
ii a number greater than 3 on the dice 
iil a number less than 3 on the dice and a tail. 


Two fair 4-sided spinners are spun and the difference between the numbers is calculated. 
a Copy and complete this sample space diagram to show all the possible outcomes. 


Spinner A 


Spinner B 


b Work out the probability of getting a difference of: 
id ii 3 iii 4. 
An ordinary dice is rolled and a fair 3-sided spinner is spun. 
a Draw a sample space diagram to show all the possible outcomes. 
b Use your sample space diagram to work out the probability of 
getting a total score of: 
i7 ii 3 iii less than 5. 


— Sunti has two boxes of crayons, A and B. 
In box A he has a red crayon, a blue crayon, a yellow crayon and a black crayon. 
In box B he has a red crayon, a yellow crayon and a blue crayon. 
Sunti takes a crayon at random from each box. 
a Draw a sample space diagram to show all the possible outcomes. 
b Work out the probability that the crayons will be: 
i both red ii the same colour iii different colours. 


Andy, Brigitta, Carrie, Dean and Eli are playing in a tennis competition. Each player in the competition 
plays every other player. There are ten matches altogether. 

Two players are picked at random to play the first game. 

Work out the probability that the first game will be played by a male player and a female player. 


A fair 10-sided dice and an ordinary 6-sided dice are each rolled. The numbers rolled by the 

10-sided dice are used for the x-coordinates, and the numbers rolled by the 6-sided dice are used for 
y-coordinates. 

Find the probability that the point generated by the numbers on the two dice lies on each of the 
following lines. 

ay=1 bety=7 cy=x+5 d y=2r-5 e y= prt 
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28.2 Mutually exclusive outcomes 


. 
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(a) Key Points 


© Two events are mutually exclusive when they cannot occur at the same time. 
© For mutually exclusive events A and B, 
P(A or B) = P(A) + P(B). 
© For 3 or more events, 
P(A or B orC or...) = P(A) + P(B) + P(C) +.... 
© For mutually exclusive events A and not A, 
P(not A) = 1 — P(A). 
© Ifa set of mutually exclusive events contains all possible outcomes, then the sum of their probabilities must 
cometol. Sp=1. 
© For three mutually exclusive events that cover all possible outcomes, P(A) + P(B) + P(C) = 1. 


\ / Example 3 Acard is taken at random from an 


ordinary pack of cards. Work out 
the probability that the card will 
be an ace or the 10 of clubs. 


Use P(A) =—number of successful outcomes _ 
total number of possible outcomes 


There are 52 cards in an ordinary pack of cards, so 
the total number of possible outcomes = 52. 
There are four ways to pick an ace, so there are 


= ae 
raee aie am) Ete) EY ae four successful outcomes Aw, Ao, A¥, Aa. 


~4,1 _4 
52 ' 52 So P(ace) = Ba’ 

as 
b2 


Fi Exercise 28C 


Here is a number of shapes. @ ‘- ES &) /\ 


One of these shapes is chosen at random. Work out the probability that the shape will be: 
a asquare b atriangle © asquare ora triangle. 


muitiialhy excliicive random | ee te 4 


Chapter 26 FroDability 


A bag contains some counters. The colour of each counter is either red, or black, or white. A counter is 
taken at random from the bag. The probability that the counter will be red is 0.3. The probability that the 
counter will be white is 0.6. Work out the probability that the counter will be red or white. 


The table gives the probability of getting each of 1, 2,3 and 4 ona biased 4-sided spinner. 


Worko out ie probability of getting: 
a lor4 b 2o0r3 c 2or4 d lor2or3 


Below is a number of lettered tiles. 


PIF YE IIe) 


One of these tiles is selected at random. 

Work out the probability of getting: 

a anA bo anl c anO 

d anAoranLl e anAoranO f anLoranO. 


Below are some cards with coloured letters. 


ES)EA| E/E Ea Ea 
BIBI 
EIESIES| EEE 


One of these cards is picked at random. Work out the probability that the letter on the card will be: 
a red b anX c aredX d red oranX. 


A card is taken at random from an ordinary pack of cards. 
Work out the probability of getting: 

a3 of hearts or a 5 of spades 

a heart or a spade 

a king of clubs or a queen of any suit 

a diamond or the ace of hearts 

a picture card (jack, queen or king) or a red 10. 


onanms 


A and B are two mutually exclusive events. P(A) = 0.45 and P(A or B) = 
Work out the value of P(B). 


Paul rolls an ordinary dice. He says that the probability of getting a6 on the dice isz, and the 
probability - set ts another 6 when the dice is rolled again ist , So the probability of getting two 
sixes ist +1 s=s=5 7 ls he correct? Explain why. 


28.2 Mutually exclusive outcomes 


“2 Example 4 4 A bag contains 10 balls. Three of the 


balls are green. A ball is taken at 
random from the bag. Work out the 


Use P(A) = number of successful outcomes _ 


total number of possible outcomes 


probability that the ball will be: 

: ane There are 10 balls altogether, so the total 
green number of possible outcomes = 10. 

b not green. 


a P(green) = = 3 of these outcomes result in successfully taking a green ball, so P(green) = 4 


b Using P(not A) = 1 — P(A), 


P(not green) = 1 — P(green) 


¥ Exercise 28D 


: The pie chart shows the proportions of people voting Labour (L), 
; Conservative (C) and Liberal Democrat (LD) in a town. 


One of these voters is chosen at random for an opinion poll. 
Work out the probability that the person voted Liberal Democrat. 


1 


The probability of rolling a 5 on a biased dice is i. 
Work out the probability of not rolling a 5. 


[65] 


The probability that it will rain tomorrow is 0.65. 
Work out the probability that it will not rain tomorrow. 


Harry has a 75% chance of hitting a treble 20, on a dartboard, with a dart. 
Work out the probability that Harry will not hit the treble 20 with a dart. 


ici 


A card is taken at random from an ordinary pack of cards. 
Work out the probability that the card will be: 

a anace 

b notan ace. 


Chapter 28 Probability 


: The sectors of a 3-sided spinner are coloured brown, blue and black. 
The table gives information about the probability of getting brown, and blue, on the spinner. 


Probability 0.35 0.15 


Black 


The spinner is spun. 


i not brown ii not blue. 


a Work out the probability of getting a colour that is: 


b Jamie says the probability of getting black with this spinner is 0.5. He is right. Explain why. 


A bag contains red balls, blue balls and green balls in the ratio 2:3: 4. 


A ball is taken at random from the bag. Work out the probability that the ball will be: 


a red b notred 


For two mutually exclusive events A and 
Work out P(not A). 


© not green. 


B, P(B) = 0.3 and P(A or B) = 0.7. 


__ Estimating probability from relative frequency 


© You can find an estimate for a probability from 
the results of an experiment. 


<>) Get Ready 
1. Write these fractions in their simplest form. 


10 12 2 
a b 5 Co ar 


et aE 


© Why do this? 


If you tossed a coin a large number of times you 
could calculate the probability of getting a head. If 
this isn’t 0.5 then it might show that the coin is biased. 


@ Key Points 


© You can use relative frequency to find an estimate of a probability. 


number of successful trials 


Estimated probability = total number of tria 


Is 


© The estimated probability may be different to the theoretical probability. 


© The greater the number of trials, the more acc 


urate the estimated probability. 


YY Example5 4 Suki rolls a dice 120 times. Here are the results of her experiment. 


[Number | 1 


Frequency 


o~l-g—lg 


Work out an estimate for th 


17 


Estimated probability = 720 


e probability of rolling a 6 on Suki's dice. 


From the table, the number of trials which 


successfully result in rolling a6 = 17, and 


536 relative frequency trial 


the total number of trials = 120. 


¥ Exercise 28E 


28.3 Estimating probability from relative frequency 


Tania spins a coin 100 times and gets 45 heads. 
Work out an estimate for the probability of getting a head on Tania’s coin. 


A gardener plants 60 seeds. 52 of these seeds germinate. 
Work out an estimate for the probability that this type of seed will germinate. 


The sectors of a 3-sided spinner are each coloured red or orange or green. 
The table gives the results when the spinner is spun 300 times. 


er Ret | Ome [ Ge 


a Use the information in the table to find an estimate for getting red. 


b Is this a fair spinner? Give a reason for your answer. 


Drop a drawing pin 50 times and record whether it lands on its head or on its tail. 
a Use your results to find an estimate for the probability of the drawing pin landing on its head. 


b How could you improve on your answer to part a? 


Head Tail 


Domenique records the numbers of 6s she gets when she rolls a dice 10, 100 and 1000 times. 
The table below shows her results. 


Number of rolls | 10 | 100 | 1000 | 
nombre | 1 | 6 | 


Use this information to work out the best estimate for getting a 6 on Domenique’s dice. 
Give a reason for your answer. 


Malik says that when he drops a piece of toast it always lands butter-side down. 

Carry out an experiment to find an estimate for the probability that a piece of toast will land 
butter-side down. 

Explain all stages of your work. 


Chapter 26 Probability 


__ Finding the expected number of outcomes 


} © Why do this? 


© You can find the expected number of Knowing the probability that a small sample of people, such 
outcomes in an experiment. as your class, have a pet means that you can estimate the 


number of people in your school who have a pet. 


>) Get Ready 


1. Work out the following. 


1 
ee 


1 2 3 
x 3X 54 x a ak HL | 


pues sie 


& Example 6 The probability of winning a prize in a raffle is * Jaqui buys 100 tickets in the raffle. 


How many prizes can she expect to win? 


‘ti eee om tm C= number of outcomes | 
The probability that Jaqui will win a prize is ae | = Number of trials x Probability. 
So she can expect to win 1 prize in every 25 tickets she buys. am 


Jaqui buys 100 tickets so she can expect 
to win 35 X 100 = 4 prizes. 


¥ Exercise 28F 


A02: 


538 


Lauren spins an ordinary coin 100 times. How many heads can she expect to get? 
Yousif rolls an ordinary dice 60 times. How many 6s can he expect to get? 


The table gives the probability of spinning the numbers 1, 2, 3 and 4 ona 4-sided spinner. 


immer [7 [2] 3] 4) 
Prebabiiy | 02 [O36] ars 03 


Vicky spins the spinner 200 times. Work out an estimate for the number of 3s that Vicky will get. 


A bag contains 1 red peg, 5 white pegs and 4 yellow pegs. 

A peg is taken at random from the bag and then replaced. This is done 250 times. 

Copy and complete the table to show the expected numbers of red, white and yellow pegs that will be 
taken from the bag. 


Colour of peg | Red | White | Yellow 
Expected number | | 


Fatima spins two coins and records the result. She does this 120 times. One possible outcome is 
(head, head). Find an estimate for the number of times she will get two heads. 


The probability of winning a prize in a lottery is x Austin says that if he buys 50 tickets in the lottery he 
will win a prize. Is he right? Give a reason for your answer. 


28.5 Independent events 


A card is taken from an ordinary pack of cards. It is then replaced. If this is done 260 times, work out the 
expected number of the following that will be taken from the pack. 
a jacks 
b spades 
c aces or clubs 


as | A doctor estimates that the probability a patient will come to see her about a bad back is 0.125. 
Of the next 240 patients who come to see her, 20 have a bad back. 
How good is the doctor's estimate of this probability? Explain your answer. 


POSES OSES EEE ASE SEES ESESESHSO ESSE HESEEESEEED 


Soc ereccvcccecccecccccboccccenccensccccccesscescccecescccs teceesssecccnvavoneis 


(A) Key Points 


© Two events are independent if one event does not affect the other event. 
© For two independent events A and B, 

P(A and B) = P(A) x P(B) 
© For 3 or more events, 

P(A and B and C and ...) = P(A) x P(B) X P(C) Xx .... 


kK Example 7 An ordinary coin is spun and an ordinary dice is rolled. 


Work out the probability of getting a head on the coin and a6 on the dice. 


eee 


The event of getting a head 
on the coin cannot affect the 
event of getting a 6 on the dice. 
They are independent events. 
Use P(A and B) = P(A) X P(B). 
Here A = head and B= 6. 


P(head and 6) = P(head) X P(6) 


oe 


a 


A ANArRnAnt avant. E2Q 
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? Exercise 28G 


ou Dan and Nicole play a game of chess and a game of draughts. 
The probability that Dan will win the game of chess is 0.4. 
The probability that Dan will win the game of draughts is 0.8. 
Work out the probability that Dan will win both games. 


The probability that it will rain tomorrow is 2 ne 
The probability that Jaleel will forget his umbrella tomorrow i is ¢ = 


Work out the probability that it will rain tomorrow and Jaleel will forget his umbrella. 


The probability that a postman will deliver mail to Yasmin’s house tomorrow is 0.8. 
The probability that Yasmin’s dog will bark when the postman delivers the mail is 0.75. 
Work out the probability that a postman will deliver mail to Yasmin’s house tomorrow and 
her dog will bark. 


The probability that Joshua will forget his protractor for an examination is 0.35. 
The probability that he will forget his calculator for the examination is 0.15. 
Work out the probability that he will: 

a not forget his protractor 
b not forget his calculator 
¢ not forget his protractor and not forget his calculator. 


Cd 


A card is taken at random from each of two ordinary packs of cards, pack A and pack B. 
Work out the probability of getting: 

a ared card from pack A and a red card from pack B 

b adiamond from pack A and a club from pack B 

© aking from pack A and a picture card (king, queen, jack) from pack B 

da 10 from pack A and a 10 of clubs from pack B 

© an ace of hearts from each pack. 


6 | Tony and Hannah each have some coins. The table below gives information about these coins. 


Tony and Hannah each pick one of their own coins at random. 

Work out the probability that: 

a Tony picks a 5p coin and Hannah picks a 5p coin 

b they both pick a silver coin 

ce Tony does not pick a 20p coin and Hannah does not pick a 20p coin. 


28.6 Probability tree diagrams 


© A probability tree diagram shows all possible outcomes of an experiment. 


K, Example 8 Box A contains 3 red balls and 4 blue balls. 


Box B contains 2 red balls and 3 blue balls. 
One ball is taken at random from each box. 
a Draw atree diagram to show all the outcomes. 
b Work out the probability that the 
balls will have the same colour. 


a 


Work out the probability of getting each event and show these on the tree diagram. For example, 


th bability of , d ball fr A=—fumber of successful outcomes _ 5 
en abe ene ae hg ans Pat RT total number of possible outcomes 7 


— | 


A tree diagram shows all the possible outcomes 
of an experiment. For example, this branch 

represents taking a red ball from box A followed 
by a red ball from box B. 


———— SS 


red, red 


blue | red, blue Taking a red ball from box A and taking a red ball 
from box B are independent events. 
Use P(A and B) = P(A) X P(B). HereA = ared 


ball from box A, and B = a red ball from box B. 


red blue, red 


blue 


blue | blue, blue Multiply the fractions: | 
3y2—35%2_- 6 
TOS ~ 


b P(same colour) = P(both red or both blue) 


The events are mutually exclusive; you cannot take two 
red balls and two blue balls from the box at the same time. 


Use P(A or B) = P(A) + P(B). Here A = both red 
(i.e. red, red) and B = both blue (i.e. blue, blue). 


= P(red, red) + P(blue, blue) 


From the tree av ea 
P(red, red) = = and P(blue, blue) = >= 


Chapter 28 Probability 


; Exercise 28H 


Bag A contains 2 blue counters and 3 white counters. Bag A Bag B 

: Bag B contains 3 blue counters and 4 white counters. 4 sohifia 
A counter is taken at random from each bag. white 
a Copy and complete the tree diagram to show all the 3 


possible outcomes. 
b Work out the probability that the counters will both be: 


white 
i white blue 
ii blue blue 


iii the same colour. 


There are 10 pencils in a pencil case. First pencil Second pencil 
3 of the pencils are HB pencils. 3 HB 
A pencil is taken at random from the pencil case and ; HB << 
then returned. 10 not HB 
A second pencil is now taken at random from the pencil case 
and then returned. 
a Copy and complete the tree diagram to show all the possible outcomes. not HB a. 
b Work out the probability that only one of the pencils will be an HB pencil. 


Ryan and Ibrahim each have a bag of sweets. In Ryan's bag there are 3 orange sweets and 5 red 
sweets. 
In lbrahim’s bag there are 2 orange sweets and 3 red sweets. 
The boys each take a sweet at random from their own bag. 
a Draw a tree diagram to show all the possible outcomes. 
b Use your tree diagram to work out the probability that the sweets will: 
i both be orange 
ii each have a different colour. 


4 | On her way home from work Taylor must drive through two sets of traffic lights. 
The probability that she will be stopped at the first set of traffic lights is 0.4. 
The probability that she will be stopped at the second set of traffic lights is 0.7. 
a Work out the probability that she will not be stopped at: 

i the first set of traffic lights 
ii the second set of traffic lights. 
b Draw a tree diagram to show all the possible outcomes. 
c Work out the probability that she will be stopped by: 
i both sets of traffic lights 
ii only one set of traffic lights 
iii at least one set of traffic lights. 


Will spins two spinners, A and B. The probability of getting a 6 on spinner A is 0.3. 
The probability of getting a 6 on spinner B is 0.45. 
a Draw a tree diagram to show all the possible outcomes. 
b Work out the probability of getting a 6 on: 
i neither spinner 
ii only one spinner 
iil spinner B only. 
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28.7 Conditional probability 


Ge The probability that Steph will be late for school on Monday is i The probability that Steph will be late ‘aos 
for school on Tuesday is z Work out the probability that she will be late on at least one of these days. a 


A card is taken at random from an ordinary pack of cards. It is then replaced. 
Another card is now taken at random from the pack of cards. 
Work out the probability of the following. 

Both cards are kings. 

Neither of the cards is a heart. 

One of the cards is a spade. 

d One of the cards is the ace of clubs. 

e Atleast one of the cards is a diamond. 


Oo ox o& 


8 | Three ordinary coins are spun. 
a Show all the possible outcomes. 
b Work out the probability of getting: 
i 3heads 
ii 2heads and 1 tail (in any order). 


9 | The probability that an egg has a double yolk is 0.1. 
Nick has three eggs. Work out the probability that exactly one of his eggs has a double yolk. 


There is a 95% chance that a Gleemo light bulb is faulty. A shop sells Gleemo light bulbs in packets of [Ne 
three. The shop has 400 packets of Gleemo light bulbs in stock. 
Find an estimate for the number of packets that will have exactly 2 faulty light bulbs. 


Conditional probability 


© Why do this? 


© You can find the probability of events that are not If you pick two socks from a drawer, you can work 
independent. out the probability that they would match using 
conditional probability. 


© Get Ready 


1. There are 10 buttons in a box. Four of these buttons are red. Tony takes a red button from the box and sews 
it on his shirt. He now takes at random another button from the box. What is the probability that this button 
will be red? 


© Aconditional probability is when one outcome affects another outcome, so that the probability of the second 
outcome depends on what has already happened in the first outcome. 


randitional nrohahilitv Bae 
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“0 Example 9 9 A bag contains 5 counters. 3 counters are white and 2 counters are black. 
Two counters are taken at random from the bag. 
a Draw a tree diagram to show all the possible outcomes. 
b Find the probability that: 
i both counters will be black 
ii only one counter will be white. 


a First counter Second counter Outcome | Probability 
Taking two counters from the bag is the 
2 W W.Ww 3y2_6 same as taking one counter from the 
4 i 5 4 20 : 
o® bag followed by taking another counter 
3 mi nto) re a from the bag (the first counter is not 
oe : B W,B 5 4 = 29 put back before the second counter is 
e} 
omy ; Loon taken). 
1 
4 


= 
: Examiner’s Tip 


It is not necessary to simplify 
a probability fraction in the 
examination. 


If the first counter is white, then the second counter will be taken 
from a bag containing 2 white counters and 2 black counters. 

If the first counter is black, then the second counter will be taken 
from a bag containing 3 white counters and 1 black counter. 


From the tree diagram: 


b iP(B)=2xj=Z4 


ii P(W, Bor B,W) = P(W,B) + P(B, W) 


Only one counter is white, i.e. either the 
first counter is white and the second 
counter is black or the first counter is 


=654 6 black and the second counter is white. 
20 ' 20 
=12_5 
2 5 
Exercise 28I 
a A box contains 7 black balls and 3 white balls. > mained 
A ball is taken at random from the box and it is not replaced. 3 black 
A second ball is now taken at random from the box. 3 black a 
a Copy and complete the tree diagram to show all the i white 
possible outcomes. 
b Work out the probability that the balls will be: black 
i black white << 
ii the same colour white 


iii one of each colour. 


28.8 Conditional probability 


5 boys and 7 girls want to be chosen for a school council. = — 
Two of these students are picked at random. 
a Copy and complete the tree diagram to show all the 
possible outcomes. 
b Work out the probability of getting: 


i 2 boys boy 
ii 1 boy gir < 
girl 


iii 1 or more boys. 


ale 
Se 
o 
< 
o 
o 
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Eight cards numbered 1 to 8 are shuffled thoroughly. The top two cards are turned face up on a table. 
Draw a probability tree diagram and use it to work out the probability that the numbers will: 
a both be even 
b add up to an odd number. 


On any school day, the probability that Josh oversleeps is i. If he oversleeps, the probability that he will 
remember all his books is z If he does not oversleep, the probability that he will remember all his books 
is 3 Use a tree diagram to work out the probability that Josh will not remember all of his books tomorrow. 


Alexis travels to school by bus or by train. The probability that she travels by bus is 0.45. 
If she travels to school by bus, the probability that she will be late is 0.15. If she travels to school by 
train, the probability that she will be late is 0.35. Work out the probability that she will not be late. 


6 | Widgets Electronic Company makes two types of microprocessors, X and Y, in equal numbers. The 
probability that type X will be faulty is 0.25. The probability that type Y will be faulty is 0.15. If a type X 
microprocessor is faulty, the probability that it will be recycled is 0.85. If a type Y microprocessor is 
faulty, the probability that it will be recycled is 0.35. The company only recycles faulty microprocessors. 
A microprocessor is picked at random. Work out the probability that it will be recycled. 


Lizzie has seven coins in her purse. Three of the coins are 1 euro coins and four of the coins are £1 
coins. 
Lizzie drops her purse and two coins fall out. Work out the probability that the coins will be: 
a both£1 coins 
b not1 euro coins. 


8 | Two cards are taken at random from an ordinary pack of cards. 
Work out the probability that the cards will be: 
a both aces 
b both hearts 
c from different suits. 


9 | The probability that it will rain today is 2 If it does not rain today the probability that it will rain tomorrow 
is 4 Work out the probability that it will rain today or tomorrow. 


A doctor diagnoses that a patient has a virus. She does not know which type of virus, X, Y or Z, the 
patient has. The probability that the patient will have a virus of type X, or Y, or Z is 0.56, or 0.28, or 0.16, 
respectively. The probability that the patient will not recover from each type of virus is 0.18, 0.22 or 0.35, 
respectively. Work out the probability that the patient will recover from the virus. 


Chapter 28 Probability 


© The probability P that an event will happen is a number in the range 0 <P <1. 
© For an event which is certain P = 1. 

© For an event which is impossible P = 0. 

© A probability can be written as a fraction, a decimal or a percentage. 


© For equally likely outcomes, the probability that an event will happen is 
++... __ number of successful outcomes 
a da total number of possible outcomes 


© Asample space is all the possible outcomes of one or more events. 

© These outcomes can be presented in a sample space diagram. 

© Two events are mutually exclusive when they cannot occur at the same time. 

© For mutually exclusive events A and B, 
P(A or B) = P(A) + P(B) 

© For mutually exclusive events A and not A, 
P(not A) = 1 — P(A) 

© Ifa set of mutually exclusive events contains all possible outcomes, then the sum of their probabilities must 
come to 1. =p = 1. 

© You can use relative frequency to find an estimate of a probability. 


: or number of successful trials 
Estimated probability => ~~ total number of trials 


© The estimated probability may be different to the theoretical probability. 

© Two events are independent if one event does not affect the other event. 

© For two independent events A and B, 
P(A and B) = P(A) x P(B) 

© Aprobability tree diagram shows all possible outcomes of an experiment. 

© Aconditional probability is when one outcome affects another outcome, so that the probability of the 
second outcome depends on what has already heppenad | in the first outcome. 


* Review exercise 
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i A letter is picked at random from the word MISSISSIPPI. 
Work out the probability that the letter will be: 
a ans b anl ec notans 
d notan|l e anSoran|l f neither an S nor an. 


Some students are asked which topic from algebra, geometry and statistics they like best. 
The results are given in the table below. 


ne of these students is picked at random. Work out the probability that the student: 
is a girl 
likes geometry best 
is a boy who likes statistics best 


is a girl who does not like algebra best 
is a boy who does not like algebra or geometry best. 


onmnorna o 


Chapter review 


A jar of sweets contains toffees, truffles and creams in the ration 3:7: 8. 
A sweet is chosen at random. Write down the probability that it is a truffle. 


Mike rolls an ordinary dice and spins a fair 4-sided spinner. NY 
By drawing a sample space diagram or otherwise, work out the NA 


probability that the total score will be: | 
oi we 
Ss 


b less than 5 
© a prime number. 


A card is taken at random from an ordinary pack of cards. 
It is then replaced. This is done 390 times. 
How many times would you expect to see: 
a aheart Exam Question Report 
b the ace of spades 
c ajack? 


71% of students answered this sort of question 
poorly because they chose the wrong approach 
to calculating the probability. 


Amy has a dice. She thinks it is biased. Describe what Amy could do to see if her dice is biased. 
Give as much detail as you can. 


Chris spins three coins and records the results. He does this 240 times. One possible outcome is (head, 
head, head). Find an estimate for the number of times he will get 2 heads and 1 tail (in any order). 


Megan buys 10 tickets in a raffle. Three of these tickets win a prize. 
She says that the probability of winning the raffle is 0.3. 

a Give a reason why Megan may be right. 

b Give areason why Megan may be wrong. 


A ball is taken at random from a bag containing 12 balls, of which 0 are black. 

a Write down, in terms of b, the probability that the ball will be: 
i black ii not black. 

b When a further 6 black balls are added to the bag, the probability of getting a black ball is doubled. 
Work out the value of 0. 


A fair tetrahedral dice (4-sided, numbered 1 to 4) and an ordinary dice are each rolled. A win occurs 
when the number on the ordinary dice is greater than or equal to the number on the tetrahedral dice. 
Find the probability of a win. 


There are two parts to a driving test: the theory test and the practical test. 
You must pass the theory test before you pass the practical test. 

Salma plans to take her driving test. 

The probability that Salma will pass her theory 
test is 0.85. 

The probability that she will pass her practical 
test is 0.65. 

Work out the probability that Salma will pass 90% of students answered this sort of question 
her driving test. poorly. 


Ba7 
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B A02 ; A naturalist wants to find out an estimate of the number of adult rabbits there are in a rabbit warren. 
C He catches 24 of the adult rabbits and marks them with some dye. 
He returns the rabbits to the warren. 
A few days later he catches 24 adult rabbits from the warren and finds that 6 are marked with the dye. 
a Work out an estimate of the number of rabbits in the warren. 
b Suggest the sort of assumptions you needed to make when you worked out this estimate. 


A fruit machine has three independent reels and pays out a jackpot of £1000 when three raspberries are 
obtained. Each reel has 12 pictures of fruit. The first reel has four pictures of raspberries; the second 
reel has three pictures of raspberries and the third reel has five pictures of raspberries. 

Find the probability of winning the jackpot. 


Sarah and Jim each have a number of flower bulbs. Sarah has 4 daffodil bulbs and 5 hyacinth bulbs, 
and Jim has 3 daffodil bulbs and 7 hyacinth bulbs. They each pick one of their bulbs at random. 
a Draw a tree diagram to show all the possible outcomes. 
b Use your tree diagram to work out the probability that neither of the bulbs is a hyacinth. 


A fair game is one in which everyone has the same probability of winning. FS 
For example, if you toss a fair coin, you have an equal chance of getting heads or tails. 
Consider the following games. Are they fair? You should perhaps play them to understand how the 
game works. You must explain your answer. 


a Three horses run a race over ten lengths. You toss two coins to see which horse moves. 
e Horse A moves 1 length if you toss 2 heads. 
e Horse B moves 1 length if you toss 2 tails. 
e Horse C moves 1 length if you toss a head and a tail. 
The horse that completes ten lengths first is the winner. 


b Twelve horses run a race over ten lengths. You roll two dice to see which horse moves. For example: 
e if you throw a 4 and a3, Horse 7 moves 1 length 
© if you throw a6 and a4, Horse 10 moves 1 length. 
The horse that reaches ten lengths first is the winner. 


To play a lottery game, you choose six different numbers between 1 and 40. FS 
Show that the probability of choosing all six numbers correctly is about 1 in 4 million. 


A local garage donated a prize to Probability Junior School for its summer fair, thinking that it FS 3 
would be impossible to win. 
To win the prize, someone had to roll six 6s from six dice. The entry fee was 10p, with money going to 
the school fund. If no one won then the garage kept the car. 
Calculate the chances of the car being won. 


The diagram shows a circle drawn inside a square. a Ny 
A point is chosen at random from inside the square. 
Work out the probability that the point lies inside the circle. 


Chapter review 


The names Justin, Kayla, Hasan, Jessica, Amanda and Dave are each written on a piece of paper and 
placed in a hat. Two names are taken at random from the hat. 
Work out the probability that the names are both boys’ names. 


~ Abag contains 3 red sweets, 2 green sweets and 4 yellow sweets. Two sweets are taken at random 
from the bag. Work out the probability that: 
a both sweets will be red Plus 
b both sweets will be the same colour 
c the sweets will be different colours. 


Exam Question Report 


72% of students answered this sort of question 
poorly because they assumed the sweets were 
replaced, or they did not consider every scenario. 


A fruit machine has three reels. Each reel has 10 pictures of fruit. 
The table below gives information about the numbers of pictures of apples, pears, cherries and lemons 
on each of the reels. 


The fruit machine can be programmed to give a prize when particular fruit show on the reels, e.g. when 
three cherries show on the reels the fruit machine pays 10 tokens. 


Programme the fruit machine to give prizes. Decide on the different combinations of fruit that will geta 
prize, the amount of the prize, and how many tokens a player will need to pay to play the fruit machine. 
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Before you start 
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29.1 Pythagoras’ Theorem and trigonometry in three dimensions 


Pythagoras’ Theorem and trigonometry in 
three dimensions 


© Why do this? 
© You can use Pythagoras’ Theorem and You could calculate the diagonal distance across a 
trigonometry to solve problems in three room. For example, in adventure training centres, 
dimensions. zip lines are often attached between diagonally 


Opposite corners of a room. 
>) Get Ready 


1. Here is a cuboid. 
Name as many right-angled triangles in this cuboid as you can. 
You should try to find at least six triangles. 


© Problems on cuboids and other three-dimensional shapes involve identifying right-angled triangles and using 
Pythagoras’ Theorem and trigonometry. It is important to draw the relevant triangles separately. 
© The length of the longest diagonal of a cuboid with dimensions a, b, cis 


d=/@+P +2 


SESS ABcDEFGH is a cuboid, 


with length 8 cm, 
width 6 cm 
and height 9 cm. 


Examiner’s Tip 


Remember that you need to know 
Pythagoras’ Theorem and the 
trigonometric results. 


a Calculate the length of 

i AC ii AG. Give your answers correct to 3 significant figures. 
b Calculate the size of angle FAB. 

Give your answer correct to the nearest degree. 


a i AC? = AB? + BC? : 
ean = 87 + 6? | Triangle ABC is a right-angled triangle with AC as one 
=64+4+ 36 side and the lengths of the other two sides known. 
=100 Draw a sketch of triangle ABC. 
A 8cm B Use Pythagoras’ Theorem for triangle ABC. 
AC =V100 = = . 
= 10cm 
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ii Triangle ACG is a right- 
” angled triangle with AG as 
9cm one side and the lengths of 
the other two sides known. 


Use Pythagoras’ Theorem for 


A 10cm c triangle ACG. 
A 
AG? = AC? + CG? 

= 10? + 9? 

= 100-1 Od Examiner’s Tip 

= 181 

AG =V181 = 13.4536 Write down at least four figures of 
AG = 13.5cm (to 3 5f) the calculator display. 
b F 
9cm 


A 8cm B 


For angle FAB 
9 cm is the opposite side 


a 
tan angle FAB = a. 1.125 & cmis the adjacent side 
oO 


van = EP 
angle FAB = 48.366... ° = 


angle FAB = 48° (to the nearest degree) 


¥ Exercise 29A Questions in this chapter are targeted at the grades indicated. 


Where necessary give lengths correct to 3 significant figures and angles 
correct to one decimal place. 


a : ABCDEFGH is a cuboid of length 8 cm, width 4cm and height 13 cm. 
a Calculate the length of: 

i AC ii GB iii FA iv GA. 
b Calculate the size of: 

i angle FAB ii angle GBC. 


coed For the cuboid ABCDEFG, show that 
; AG? = AB? + BC? + CG?. 


29.2 Angle between a line and a plane 


A box is in the shape of a cuboid. The length of the box is 12 cm, the width of the box is 6cm and the 


height of the box is 4cm. The length of a needle is 15 cm. The needle cannot be broken. Can the needle 
fit inside the box? 


The diagram shows a cylinder and a stick. XY) 
The cylinder has a base but no top. — 
The cylinder is standing on a horizontal table. 


The radius of the cylinder is 8 cm. 

The height of the cylinder is 12 cm. DN 
The length of the stick is 25 cm. => 
The stick rests in the cylinder as shown so that as much 

of the stick is inside the cylinder as possible. 


Work out the length of the stick that is not inside the cylinder. 


The diagram shows a square-based pyramid. 0 [Ne 
The lengths of sides of the square base, ABCD, 

are 10cm and the base is on a horizontal plane. 

The centre of the base is the point M and the 15cm 

vertex of the pyramid is 0, so that OM is vertical. 
The point E is the midpoint of the side AB. 


OA = 0B = 0C = OD = 15cm ° B 

a Calculate the length of i AC ii AM. ve E 

» Calculate the length of OM. ‘ 

c Calculate the size of angle OAM. d Hence find the size of angle AOC. fe 


e Calculate the length of OE. f Calculate the size of angle OAB. 


Angle between a line and a plane 


© You can find the size of the angle between a line You can use knowledge of angles between lines 
and a plane. and planes to set up correctly the guy-lines for a 
tent. 


<>) Get Ready 


1. Look at these three diagrams. Each diagram shows a thin pole stuck into the ground. 


It looks as if these are three diagrams of three different poles. Explain how these diagrams could be of the 
same pole. 


Bae 
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o Key Points 


© The angle between the pole and the ground seems to depend 
on how you look at the pole. So itis necessary to define what 
is meant by the angle between a line and a plane. 
Imagine a light shining directly above AB onto the plane. 
AN is the shadow of AB on the plane. 
AN is called the projection of AB on the plane. 
A line drawn from the point B perpendicular to the 
plane will meet the line AN and form a right angle with this line. 
© Angle BAN is the angle between the line AB and the plane. 


Example 2 4 The diagram shows a pyramid. 


The base, ABCD, is a horizontal rectangle in which 
AB = 12cm and AD = 9cm. The vertex, 0, is 
vertically above the midpoint of the base and OB = 
18cm. Calculate the size of the angle that OB 
makes with the horizontal plane. Give your answer 
to one decimal place. 


B 


The base ABCD of the pyramid is horizontal so the angle that OB makes with the horizontal plane is 
the angle that OB makes with the base, ABCD. 

Let M, directly below O, be the midpoint of the base and join O toM 
and M to B. 

As OM is perpendicular to the base of the pyramid, the angle OBM 
is the angle between OB and the base and is the required angle. 


0 

} 
Draw the right-angled triangle OBM. 
= To find the size of angle OBM, find the | 
cee length of either MB or OM. 

The length of MB is 4DB. 
| 
M B | 
D 
| 
| 
9cm | 
Draw the right-angled triangle ABD and work out the length of DB. 
A 12cm B 


29.2 Angle between a line and a plane 


DB=V¥225=15 


MB = 5DB = 7.5cm 

= 75 7.5 cm is the adj 't side. 
cos (angle OBM) ae cm is € adjacent siae 
angle OBM = 65.37568...° | 


YP 
The angle between OB and the horizontal plane is 65.4° (to 1 d.p.). 


¥ Exercise 29B 


Where necessary give lengths correct to 3 significant figures and angles correct to one aa place. 


ou The diagram shows a pyramid. 
The base, ABCD, is a horizontal rectangle in which AB = 15cm 
and AD = 8cm. The vertex, 0, is vertically above the centre of the ah en 
base and OA = 24cm. Calculate the size of the angle that OA 
makes with the horizontal plane. 
15cm 


ABCDEFGH is a cuboid with a rectangular base in which AB = 12cm and BC = 5cm. 
The height, AE, of the cuboid is 15cm. 
a Calculate the size of the angle: E 
i between FA and ABCD 
ii between GA and ABCD 
iii between BE and ADHE. = 
b Write down the size of the angle between HE and ABFE. 


Triangles BAF and CDE are congruent right-angled 
triangles and ABCD, AFED and BCEF are rectangles. 

The rectangle BCEF is horizontal and the rectangle AFED 
is vertical. 

The angle between AB and the horizontal is 20° and the 
angle between AC and the horizontal is 10°. Calculate: = 
a the length FB F B 
b the height of A above F 

c the distance AC 

d the width, BC, of the ski slope. 


The diagram shows a learners’ ski slope, ABCD, of length, AB, 500 m. : 
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ABCD is a horizontal rectangular lawn in a garden and TC is a y 
vertical pole. Ropes run from the top of the pole, T, to the corners 

A,B and D of the lawn. = 
a Calculate the length of the rope TA. 

b Calculate the size of the angle made with the lawn by: D ” 


i the rope TB ii the rope TD iii the rope TA. 


12m 
A 8m B 
Diagram 1 shows a square-based pyramid, OABCD. Diagram 1 
Each side of the square is of length 60 cm and 0 
OA = OB = OC = OD = 50cm. 
50cm 
D 
B 
60cm <a 
A 


Diagram 2 shows a cube, ABCDEFGH, in which 

each edge is of length 60 cm. 

A solid is made by placing the pyramid on top of the cube 

so that the base, ABCD, of the pyramid is on the top, ABCD, 

of the cube. The solid is placed on a horizontal table with 

the face EFGH on the table. 

a Calculate the height of the vertex O above the table. 

b Calculate the size of the angle between OE and the 
horizontal. 


The diagram shows a solid cube of side 12cm. 

The points P, Q and R are the midpoints of the edges on which they lie. Li th| | 

The pyramid OPOR is removed from the cube. 

a Taking OPQ as the base of the pyramid, draw a sketch of the pyramid, YY) 
marking the size of angles POQ, QOR and ROP and the lengths of 


sides OP, O00 and OR. 
b Find the size of the angle between: <— 12cm—> 
i RP and the plane OPO 
ii RO and the plane OPQ. 
c Work out the volume of the solid remaining when the pyramid is removed from the cube. 


29.3 Trigonometric ratios for any angle 


Trigonometric ratios for any angle 


© Why do this? 


© You can draw, sketch and recognise graphs of the The sine and cosine wave patterns can be seen in 
trigonometric functions y = sin x and y = cos x. light waves, sound waves and ocean waves. 


<>) Get Ready 


1. P,Q, Rand S are points on a circle. 
The coordinates of P are (u, v). 
What are the coordinates of: 

a Q b R c S? 


2. Using your calculator, find: 
a_ sin 30° and sin 150°. 
b cos 50° and cos 130°. 
c What do you notice? 


© Values of sine and cosine can be found for any angle. 

© The diagram shows a circle, centre the origin O and radius 1 unit. A line, OP, of length 1 unit fixed at O, rotates 
in an anticlockwise direction about O, starting from the x-axis. The diagram shows OP when it has rotated 
through 40°. 


The coordinates of P are (cos 40°, sin 40°). 


Length of PO = sin 40° 


1 -0.8 -0.6 -0.4-0.29 
~0.2 


Length of 00 = cos 40° 
—0.4 


—0.6 


© Trigonometry can be used to determine the lengths of side PO and side OQ in the right-angled triangle OPQ, 
and the coordinates of point P. 

© In general, when OP rotates through the angle 6°, the position of P on the circle, radius = 1 is given by 
x = cos 6°, y = sin 6°. The coordinates of P are (cos 6°, sin 6°). 

© A rotation of 400° is one complete revolution of 360° plus a further rotation of 40°. The position of P is the 
same in the previous diagram so (cos 400°, sin 400°) is the same point as (cos 40°, sin 40°), therefore 
cos 400° = cos 40° and sin 400° = sin 40°. 

© A rotation through —40° means the line OP rotates through 40° in a clockwise direction. 
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© For 6° = 136, 6° = 225, 6° = 304 and 6° = —40 the position of P is shown on the diagram. 
© In this quadrant: © In this quadrant: 


© sin x is positive © sin xis positive 
© cosxis negative 


| ae © cos xis positive 
The coordinates of P pra 


are (cos 136°, sin 136°). 


The coordinates of P 
The coordinates of P are (cos 40°, sin —40°), 
are (cos 225°, sin 225°). 
The coordinates of P are 


(cos 304°, sin 304°). 


© In this quadrant: 
© sin x is negative 
© cos x is negative 


© In this quadrant: 
© sin xis negative 
<«— © CoS Xis positive 


© The sine and cosine of any angle can be found using your calculator. Using these values the graphs of y = sin 6° 
and y = cos @° can be drawn. 


© Graph of y = sin 6° 


© The graph of y = sin 6°: 
© cuts the 6-axis at ..., —180, 0, 180, 360, 540, ... 
© repeats itself every 360°, that is, ithas a 


period of 360° 
© has a maximum value of 1 at 6° = ..., 90, 450, ... 
© has a minimum value of —1 at 6° = ..., —90, 270, ... 


© The graph of y = cos 6°: 
© cuts the 6-axis at ..., —90, 90, 270, 450, ... 
© repeats itself every 360°, thatis, ithas a 


period of 360° 
© has a maximum value of 1 at 6° = ..., 0, 360, ... 
© has a minimum value of —1 at 6° = ..., 

—180, 180, 540, ... 


© The graph of y = sin 6° and the graph of y = cos 6° are horizontal translations of each other. 


29.3 Trigonometric ratios for any angle 


Me Example 3 4 For values of 6 in the interval — 180 to 360 solve the equation 


a sin é@°=0.7 
b 5cos 6° = 2. 
Give each answer correct to one decimal place. 


a sin@ =O0.7 Use a calculator to find one value of 0. 


0=44.4 


To find the other solutions draw a sketch of 
y = sin 0 for & from —180 to 360. 


The sketch shows that there are two values of @in 
the interval — 180 to 360 for which sin 0° = 0.7. 


6=44.4,180 —-444 One solution is 6 = 44.4 and by symmetry 


6=444.1356 the other solution is 0 = 180 — 44.4. 
b 5cos®=2 Divide each side of the equation by 5. 
cos & = - =04 
6=664 Use a calculator to find one value of 0. 
yt 


To find the other solutions draw a sketch of 
Y = cos & for 0from —180 to 360. 


The sketch shows that there are three values of @in 
the interval —180 to 360 for which cos 0° = 0.4. 


6 = 66.4, —66.4, 360 + —66.4 
6 = 66.4, —66.4, 293.6 


One solution is 0 = 66.4 and by symmetry 
another solution is 0 = —66.4. 

Using the period of the graph the other 
solution is 0 = 360 + —66.4. 


¥ Exercise 29C 


For -360 < 6 < 360, sketch the graph of 
a y=sin@& b y=cos @. 


Find all values of @ in the interval 0 to 360 for which 
a sin@®?=0.5 b cos 6° = 0.1. 


a Show that one solution of the equation 3sin 6° = 1 is 19.5, correct to 1 decimal place. 
Hence solve the equation 3sin 6° = 1 for values of 6 in the interval 0 to 720. 


o 


a Show that one solution of the equation 10cos 6° = —3 is 107.5 correct to 1 decimal place. 
b Hence find all values of in the interval —360 to 360 for which 10cos 6° = —3. 
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Finding the area of a triangle using SabsinC 


ives “> Why do this? 
© You can work out the area of a triangle using You could use the formula zabsin C to work out the 
zabsin (Ox area of a triangular lake if you could measure the 
© You can work out the area of a segment of a circle. lengths of the edges but not the distance across. 


<>) Get Ready 


1. Work out the area of these triangles. 


© The vertices of a triangle are labelled with capital letters. 
The triangle shown is triangle ABC. 
The sides opposite the angles are labelled so that a is the length of 
the side opposite angle A, b is the length of the side opposite angle 
B and cis the length of the side opposite angle C. 


‘Plus 


Examiner’s Tip 


© Area of a triangle = ;base x height 


The formula 4absin C will be 


Area of triangle ABC = lbh given on the formula sheet. 
In the right-angled triangle BCN, h = asin C a G 

So area of triangle ABC = 3b x asin C 

that is c N A 


area of triangle ABC = Sabsin C 


© The angle C is the angle between the sides of length a and b and is called the included angle. 
The formula for the area of a triangle means that 


area of a triangle = 5 product of two sides sine of the included angle 
For triangle ABC, there are two more formulae for the area. 
Area of triangle ABC = sabsin C= zbesin A= zacsin B 


These formulae give the area of a triangle, whether the included angle is acute or obtuse. 


29.4 Finding the area of a triangle using zabsinCc 


« Example 4 Calculate the area of each of the triangles correct to 3 significant figures. 


a B b 
5.1m 
6.8cm 


: 6.2m 


C 7.6cm A 


a Area = s X 6.8 X 7.6 X sin 66 
Area = 23.606... 
Area = 23.6 cm? (3 5f) 


Substitute a = 6.8, b = 7.6,C = 66° into area = LabsinC. 
Give the area correct to 3 significant figures and give the units. 


b Area =3*x 5.1 X 6.2 X sin 108 
Area = 15.036... 
Area = 15.0 m* (35) 


Substitute into area of a triangle 
= = product of two sides X sine of the included angle. 


M. Example 5 4 The diagram shows a circle of radius 6cm 


and centre 0. 

AB is a chord of the circle and angle AOB = 56°. 
Work out the area of the shaded segment. 

Give your answer correct to 3 significant figures. 


Area of segment = area of sector OAB — area of triangle OAB 


Area of sector OAB = 22 X a X 6? = 17.5929... cm? 


Area of triangle OAB = $ X 6X 6 X sin 56 = 14.9226... cm Use area of triangle = Labsin C. 
Area of segment = 17.5929... — 14.9226... = 2.6703 


Area of segment = 2.67 cm? (3 5.f) Give your answer correct to 3 significant figures. 
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¥ Exercise 29D 
- Give lengths and areas correct to three significant figures and angles correct to one decimal place. 


Work out the area of each of these triangles. 


: a 
: a! 13.50m 


Le\ 


6.9cm 


\S 


: c 
96 


4.7cem 
The area of triangle ABC is 60.7 m2. C 
Work out the length of BC. - 


The area of triangle ABC is 15 cm?. 
Angle A is acute. 
Work out the size of angle A. 


a Triangle ABC is such that a = 6 cm, b = 9cm and angle C = 25°. 
Work out the area of triangle ABC. 

b Triangle POR is such that p = 6 cm, g = 9cm and angle R = 155°. 
Work out the area of triangle POR. 

c What do you notice about your answers? Why do you think this is true? 


The diagram shows a regular octagon, with centre 0. A 5 


a Work out the size of angle AOB. 

OA = OB = 6cm. 

b Work out the area of triangle AOB. 

c Hence work out the area of the octagon. 


29.5 The sine rule 


The diagram shows a sector, OAB, of a circle, centre 0. A. my ‘al [Xa 
The radius of the circle is 8cm and the size of angle AOB is 50°. : 
Work out the area of the segment of the circle shown shaded 
in the diagram. 8cm 
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(A) Key Points 


© The last section showed that 


B 
Area of triangle a (G 
;.absin C = 5 besin A and ; besin A = } casin B " " “ 
cancelling 5 and 6 from both sides cancelling 5 and c from both sides 
asinC = csinA and bsin A = asin B 
or 
These results are combined to get the sine rule 
ie ae oe triangle. * Plus 
sinA  sinB sinC 


Examiner’s Tip 


The sine rule will be given on 
the formula sheet. 


To use the sine rule to find a length in a triangle, it is necessary to know any two angles and a side (ASA). 


Se ce 
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x Example 6 Find the length of the side marked a in the triangle. 


Give your answer correct to three significant a. Plus 
figures. 


Watch Out! 


68° You can only use Pythagoras’ 
Theorem in a right-angled 
triangle. 


a 


9.4cm 


a _9Acm 
sin38° sin6&*° 


Substitute A = 38°, b ; 9.4m, 


F a 
= 68" int = 
ei aa eink 


ame 
Examiner’s Tip 


a= o4 Sn oe Multiply both sides by sin 38°. Check that your answer is sensible: 


the greater length is always 
a = 6.2417... opposite the greater angle. 


a=6.24cm (3sf) 


Example 7 4 Find the length of the side marked x in the triangle. 


Give your answer correct to three significant figures. 


14.7cm 


Missing angle = 180° — (47° + 1 04°) = 29° The angle opposite x must be known 
before the sine rule can be used. 


Use the angle sum of a triangle. 


x _ 14.7 
sin29° sin 104° 


Write down the sine rule with 
% opposite 29° and 14.7 cm opposite 104°. 


147m x = 147 X sin 29° Multiply both sides by sin 29°. 
sin 104° 


x= 7.3446... 


Lar\ (oe | x= 7.54 cm (3 SF) 


564 


29.6 Using the sine rule to calculate an angle 


¥ Exercise 29E 


Give lengths correct to three significant figures. 
Find the lengths of the sides marked with letters in these triangles. 
: a b 

Ls ' 


42cm 


11cm 


13.6cm 


@) Key Points 


© To use the sine rule to find an angle in a triangle, it is necessary to know two sides and the non-included angle 
(SSA). 

© When the sine rule is used to calculate an angle, it is a good idea to turn each fraction upside down (the 
reciprocal). 


This gives SINA — sinB _ sin 
q a b 
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” Example 8 Find the size of the acute angle «x in the triangle. : 


Give your answer correct to one decimal place. 8.1.¢m 


9.8cm 


sinx _ sin 72° 
&.1cem 98cm 


Write down the sine rule 
with X opposite 8.1 cm 
and 72° opposite 9.8 cm. 


sinx= 6.1 X sin’72" Multiply both sides by 8.1. 
9.8 
sinx = 0.7860... Work out the value of sin x. 


GS 51.820...° 


x =51.8°(1dp) 


¥ Exercise 29F 


Give lengths and areas correct to three significant figures and angles correct to one decimal place. 


7s Calculate the size of each of the acute angles a with a letter. 


a sn 


Ne > 


9.1cm 


/e’ AN 
\wr 12.7em 


a The diagram shows quadrilateral ABCD 
and its diagonal AC. 
a In triangle ABC, work out the 
length of AC. 
b In triangle ACD, work out the 
size of angle DAC. 
c Work out the size of angle BCD. 


29.7 The cosine rule 


In triangle ABC, BC = 8.6 cm, angle BAC = 52° and angle ABC =63°. 
a Calculate the length of AC. 
b Calculate the length of AB. 
c Calculate the area of triangle ABC. 


In triangle POR all the angles are acute. PR = 7.8cm and PQ = 8.4cm. Angle POR = 58°. 
a Work out the size of angle PRQ. 
b Work out the length of QR. 


~The diagram shows the position of a port (P), a lighthouse (L) 

and a buoy (B). The lighthouse is due east of the buoy. 

The lighthouse is on a bearing of 035° from the port andthe buoyis 
on a bearing of 312° from the port. 


crc 


a Work out the size of: i angle PBL ii angle PLB. 

The lighthouse is 8 km from the port. 

b Work out the distance PB. 

c Work out the distance BL. 

d Work out the shortest distance from the port (P) to the line BL. F 


eeeeeresese 


eereceeece 
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© Get Ready ~~ 
1. Work out the ve 


(4) Key Points 


© The diagram shows triangle ABC. 
The line BN is perpendicular to AC and meets the line AC at N so that AN = x and NC = (b—x). The length of 
BN is h. 


In triangle ANB, In triangle BNC, 
Pythagoras’ Theorem gives Pythagoras’ Theorem gives 
c= x? + h? (1) a =(b-x? +h? 
a? = b?-2bx + x2 + h? 
Using (1), substitute c? for 
x + hi 
ee a et a? = b?-2bx + 2 


= 0? + c?-2bx (2) 
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In the right-angled triangle ANB, x = ccosA 
Subsotating this into (2) i- Plus 
a? = b*? + c?—2bccos A Examiner’s Tip 
This result is known as the cosine rule and can be = 
used in any triangle. 

© Similarly b? = a2 + c?—2accos B and c? = a? + b?—2abcos C 


© To use the cosine rule to find a length in a triangle, itis necessary 
to know the other two sides and the angle between these sides (SAS). 


The cosine rule will be given 
on the formula sheet. 


M, Example 9 4 Find the length of the side marked with a letter in each triangle. 


Give your answers correct to three significant figures. 
a B b 


C 11cm A 49cm 


a a®#=11*+92-2x*11X9Xcos 36° 


Substitute b = 11 cm,c = 9cm,A = 36’ into 


a* = 121+ 81 - 160.1853... a? = b? + c?— 2bccos A. | 
a? =41.8146 Evaluate each term separately. | 
a = 64664 
a =647cm 


b x*=642+492-2xX64X49Xcos135° 
x* = 40.96 + 24.01 — 62.72 X POT Ocal 
x* = 64.97 + 44.3497... 


Substitute the two given lengths and 
the included angle into the cosine rule. 


x? = 109.3197... The cosine of an obtuse angle is 
x =V109.3197... negative so cos 135° < O. 
% = 104556... 


x =10.5cm 


Give lengths correct to three significant figures. 


ae Calculate the length of the sides marked with letters in these triangles. 
: a b 


8cm a 
6 11.3cm 


29.8 Using the cosine rule to calculate an angle 


10.2cm 


6.3cm 


In triangle XYZ, XY = 20.3 cm, XZ = 14.5 cm and angle YXZ = 38°. 
Calculate the length of YZ. 


Using the cosine rule to calculate an angle 


© Why do this? 


© You can use the cosine rule to work out the size The cosine rule can be used in sailing to calculate 
of an angle in a triangle. bearings to a destination, given different wind 
speeds and the angle at which it strikes the boat. 


<>) Get Ready 


1. Find the size of angle A when: 


il2 pane JAE rade 
a cosA = 76 b cos A = 53 c cosA “Oe 


© To use the cosine rule to find the size of an angle in a triangle, itis necessary to know all three sides (SSS). 
© To find an angle using the cosine rule, rearrange a? = b? + c? — 2bccos A 


2bccosA = b2 + 2 — a? 


24+ c—- a 8 
cos A = ————_ 
2bc 
2 Di (Pe 2 Dix pd 
Sinitaryeos B= @ £2 —F sndeosc = 2 2 —< : : 
2ac Jab 
C b A 
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0 : : 
Find the size of: a angle BAC b angle x. 


Give your answers correct to one decimal place. 
a B b 


12.7cm 


16cm 8.6cm 


13cm 


6.9cm 


A 11cm C 


112 + 162-132 _ 208 
2X11X16 352 


cosA = 0.590909... 
A = 53.77... 
A. = 53.8" (1 dip) 


Substitute b = 11 cm,c = 16cm,a@ = 13 cminto 
6? +c? — a? 
2bc 


a cosA= 


cosA= 


_ 862+ 6.9? — 12.72 
2X 86X69 


_ 39.72 
116.68 


cos x = —0,33466... The value of cos x is negative so X is an obtuse angle. 
& = 109.553... | 
= _ -- - — 


Substitute the three lengths into the cosine rule, 
noting that 12.7 cm is opposite the angle to be found. 


COS X% 


x = 109.6°(1 dp) 


Exercise 29H 


Give lengths and areas correct to three significant figures and angles correct to one decimal place. 
Calculate the size of each of the angles marked with a letter in these triangles. 


a b 

7cm 93cm 

15.3cm 9.4cem 
llcm 
13.6cm 

c d 8.6cm 

8.7cm 8.7cm 7.2cm 

14.4cm 
6.8cm 


AB is a chord of a circle with centre 0. 

The radius of the circle is 7 cm and the 

length of the chord is 11 cm. 

Calculate the size of angle AOB. a B 
Ten 


570 


29.9 Using trigonometry to solve problems 


| The region ABC is marked on a school field. N 
The point B is 70 m from A on a bearing of 064°. B 
The point C is 90 m from A on a bearing of 132°. 70m 
a Work out the size of angle BAC. A 
b Work out the length of BC. 
90m 
C 
The diagram shows the quadrilateral ABCD. D ab4om [Ne 
a Work out the length of DB. : \e/ 
b Work out the size of angle DAB. —_ 980m 
c Work out the area of quadrilateral ABCD. A ae 
16.3cm B 
Chris ran 4km on a bearing of 036° from P to Q. He then ran in a straight line from Q to R, where R is Ao2 
7km due east of P. Chris then ran in a straight line from R to P. a 
Calculate the total distance that Chris ran. 
The diagram shows a parallelogram. 
A03 


Work out the length of each diagonal of the parallelogram. “fe 


Using trigonometry to solve problems 


© Why do this? 


© You can identify whether to use the sine rule or the Some engineers use the sine and cosine rules to 
cosine rule when solving 2D and 3D problems. find unknown lengths and angles when they create 

© You can solve problems involving non right-angled maps of large features on the Earth’s surface, such 
triangles. as a mountain range or an ocean floor. 

<>) Get Ready 


1. Look at these triangles. To find the length of the lettered side or the size of the lettered angle, which one of 
the sine rule or the cosine rule should be used? 


a b Be Cie <| 
14cm . ism <r) ee 
Jos eX 93cm 
b 


8cm 


© Use the sine rule when a problem involves two sides and two angles. 
© Use the cosine rule when a problem involves three sides and one angle. 
© The formulae for the sine rule and the cosine rule are given on the formula sheet. 
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i) Example 11 4 The area of triangle ABC is 12 cm?. A 
AB = 3.8cm and angle ABC = 70°. 
a Find the length of: i BC ii AC. 3.8cm 


b Find the size of angle BAC. aa 


a iZXBCX38Xsin70°=12 | 
BC = 212 | 


3.8 X sin 70° 
BC =6.721... 


BC = 6.72 cm (Ss) 


ii b* = 6,721...2+ 3.87 — 2 X 6.721... X 3.8 X cos 70° 
= 59.613... -17A470... 
= 47 742... Substitute a= 6.721... cm, 
b =6491... C= 3.8cmand B= 70° into 


2 = q2 a 
b =6.49.0m (36) b? = a? +c? — 2accosB. 


‘Plus 


Examiner’s Tip 


Remember to use 
uncorrected values of your 
answers for subsequent 
calculations. 


Substitute a= 6.721... cm, 
b = 6.491 cm... and 


B = 70° into 2A — sinB 
a -_ 


p —sinA  __sin’70° 
6.721... 64971... 


sinA = 2.721... X sin 70° 


6.491... 
sinA =0.9728... 
A = 76.62...° 


A = 766° (1dp) 


¥ Exercise 291 
Where necessary, give lengths and areas correct to three significant figures and angles correct to one 
decimal place, unless the question states otherwise. 


. A triangle has sides of lengths 9cm, 10cm and 11 cm. 
ee a Calculate the size of each angle of the triangle. 
b Calculate the area of the triangle. 


2 | In the diagram, ABC is a straight line. D 
a Calculate the length of BD. 
b Calculate the size of angle DAB. whens 
c Calculate the length of AC. , — 
A 54cm B Cc 


572 


29.9 Using trigonometry to solve problems 


The area of triangle ABC is 15 cm?. 
AB = 4.6 cm and angle BAC = 63°. 
a Work out the length of AC. 
b Work out the length of BC. 
c Work out the size of angle ABC. 


ABCD is a kite, with diagonal DB. 

a Calculate the length of DB. 

b Calculate the size of angle BDC. A 
c Calculate the value of x. 

d Calculate the length of AC. 


James walked 9km due south from point A to point B. 
He then changed direction and walked 5 km to point C. 
James was then 6 km from his starting point A. 
a Work out the bearing of point C from point B. 

Give your answer correct to the nearest degree. 
b Work out the bearing of point C from point A. 

Give your answer correct to the nearest degree. 


The diagram shows a pyramid. The base of the pyramid, ABCD, 0 
is arectangle in which AB = 15cm and AD = 8cm. 

The vertex of the pyramid is 0 where 

OA = 0B = OC = OD = 20cm. 

Work out the size of angle DOB, 

correct to the nearest degree. D B 


8cm 15cm 


20cm 


The diagram shows a vertical pole, PQ, standing on a hill. 
The hill is at an angle of 8° to the horizontal. 

The point R is 20 m downhill from Q and the line PR is 

at 12° to the hill. 

a Calculate the size of angle RPQ. 

b Calculate the length, PQ, of the pole. 


me) 
Pp 


A, B and C are points on horizontal ground so that AB = 30m, 
BC = 24m and angle CAB = 50°. 


AP and BQ are vertical posts, where AP = BP = 10m. 1B 10m 
a Work out the size of angle ACB. A 30m 8 
b Work out the length of AC. Xe 
c Work out the size of angle PCQ. 
d Work out the size of the angle between OC and the ground. 24m 
C 
oh eae ss arma je . iS nal Sas ea Soi 9 z 
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9 | The diagram shows a port P and two buoys A and B. 


The buoy A is at a distance of 15 km and on a bearing of 020° from P. 
The buoy B is at a distance of 20 km and on a bearing of 310° from P. 


Calculate the distance between A and B. 


Give your answer in km correct to 3 significant figures. 


15km 
20km 


© Problems on cuboids and other 3D shapes involve identifying right-angled B 


triangles and using Pythagoras’ Theorem and trigonometry. It is important to 


draw these triangles separately. 


© ANis called the projection of AB on the plane. 
© Angle BAN is the angle between the line AB and the plane. 


© The diagram shows for each quadrant whether the sine and cosine of 


angles in that quadrant are positive or negative. 


Graph of y = sin 6° 

Notice that the graph: 

© cuts the 6-axis at ..., — 180, 0, 180, 360, 540, ... 

© repeats itself every 360°, that is, it has a period of 360° 
© has a maximum value of 1 at 6° = ..., 90, 450, ... 

© has a minimum value of —1 at 6° = ..., —90, 270, .... 


Graph of y = cos 6° 

Notice that the graph: 

© cuts the 6-axis at ..., —90, 90, 270, 450, ... 

© repeats itself every 360°, that is, it has a period of 360° 
© has a maximum value of 1 at 6° = ..., 0, 360, ... 


© has a minimum value of —1 at 6° = ..., — 180, 180, 540, .... 


© Area of triangle ABC = jabsin C = tbcsinA = 3acsin B. 
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Chapter review 


* - : a _ b = _ 6 
© The sine rule can be used in any triangle: iE one ane 
which can also be written as >—— = >—— = >> 
© The cosine rule can be used in any triangle: a2 = 6? + c? — 2bccos A 
Similarly b? = a? + c? — 2accos B and c? = a? + b* — 2abcos C 
which can also be written as 
f+ — 9 af te—P aft —# 
2bc oe 2ac Gast 2ab 
© Use the sine rule when a problem involves two sides and two angles. 


cosA= 


© Use the cosine rule when a problem involves three sides and one angle. 


¥ Review exercise 


A cuboid has length 3 cm, width 4cm and height 12 cm. 
Work out the length of PQ. 


Nov 2007 


ABC is a triangle. 


A wh 
10m -=—™ Exam Question Report 
12m 

15m i. 80% of students answered this question poorly 
B because they did not take care substituting values 
AB = 12m. into the equation. 
AC = 10m. 
BC = 15m. 
Calculate the size of angle BAC. 
Give your answer correct to one decimal place. June 2008 

A B 
ABC is a triangle. 
AC = 8cm. 
BC = 9cm. 
Angle ACB = 40°. = Sem 
Calculate the length of AB. \7 
Give your answer correct to 3 significant figures. 
Cc 


June 2007 


Chapter 29 Pythagoras’ Theorem and trigonometry 2 


. 4 | The diagram represents a cuboid ABCDEFGH. 


AB = 5cm. 
BC =7cm. 
AE = 3cm. 


a Calculate the length of AG. 
Give your answer to 3 significant figures. 

b Calculate the size of the angle between AG 
and the face ABCD. 
Give your answer correct to 1 decimal place. Nov 2004 


AB = 3.2cm. : 
BC = 84cm. 
The area of triangle ABC is 10 cm?. 320m 
Calculate the perimeter of triangle ABC. 
Give your answer correct to three significant figures. B 8.4cm c 
June 2004 


6 | The diagram shows a tetrahedron. AD is perpendicular to both AB and AC. 
AB = 10cm. AC = 8cm. AD = 5cm. Angle BAC = 90°. 
D 


8cm 


Calculate the size of angle BDC. 
Give your answer correct to 1 decimal place. Nov 2007 


The diagram shows a sketch of the curve y = sin x° for 0 < x < 360. 


Plus 


Exam Question Report 


92% of students answered this question poorly 
because they did not use the information given in 


the question. 
The exact value of sin 60° = a 
Write down the exact value of: a sin120° b sin 240°. Nov 2008, adapted 
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Chapter review 


8 | Here is a graph of the curve y = cos x° 
for0 <x < 360. 
Use the graph to solve cos x° = 0.75 
for0 <x < 360. 


June 2007 
~The diagram shows an equilateral triangle ABC with sides of length 6 cm. B 
P is the midpoint of AB. 
Qis the midpoint of AC. 


APQ is a sector of a circle, centre A. Bom em 

Calculate the area of the shaded region. y \ 

Give your answer correct to 3 significant figures. 
A«—— 6cm——_>C_:: 


June 2009 


The lengths of the sides of a triangle are 4.2 cm, 5.3 cm and 7.6 cm. 
a Calculate the size of the largest angle of the triangle. 420m 53cm 
Give your answer correct to 1 decimal place. 
b Calculate the area of the triangle. 
Give your answer correct to 3 significant figures. 7.6cm 
Nov 2006 


nm 
m 


The diagram represents a prism. 
AEFD is a rectangle. 
ABCD is a square. 
EB and FC are perpendicular to plane ABCD. 


AB = 60cm. gE B 
AD = 60cm. ai 
Angle ABE = 90°. 5 aa a 


Angle BAE = 30°. 
Calculate the size of the angle that the line DE makes with the plane ABCD. 
Give your answer correct to 1 decimal place. June 2004 


| —~ter dey J 
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The diagram shows a sector OABC of a circle with centre 0. B 

OA = OC = 10.4cm. 

Angle AOC = 120°. 

a Calculate the length of the arc ABC of the sector. 
Give your answer correct to 3 significant figures. 

b Calculate the area of the shaded segment ABC. 
Give your answer correct to 3 significant figures. 


June 2006 


Diagram NOT 
accurately drawn 


B P C 


BPC is a straight line. Angles ABP = angle DCP = 90°. 
Calculate the length of PD. Give your answer correct to 3 significant figures. 


D E 


Diagram NOT 
accurately drawn 
10cm 


G F 


DEFG is a parallelogram with DG = 10cm. 

The diagonals DF and EG are of length 16 cm and 24cm respectively. 
a Calculate the size of angle DGE. 

b Calculate the length of DE. 


The diagram shows a pyramid HABCD standing on 
horizontal ground. The points A, B, C and D are the 
corners of its square base. The length of a side of 
the square is 12 m and its diagonals intersect at 0. 
Each sloping edge makes an angle of 28° with the 
ground. Calculate: 

a the height, OH, in metres to 3 significant figures 
b the size, to the nearest degree, of the angle 

which the plane HCB makes with the ground. 
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Chapter 30 Transformations of functions 


© A function y = f(x) is a rule for working out values of y when given values of x. 


é CSSD y= tix) = 2043 


Find the values of 


a (5) b f(-4) c awhere f(a) = 5. 
b f(-4)=2X(-4)+3=-5 
e f(a)=2a+3=5 Solve the equation to find the value of a. 


soa=1 


é Example 2 Nn eae 


a Find the value of 9(—3). 
b Find the value of 29(1). 
c Whatis the algebraic expression for 39(x% — 1)? 


a g—3)=2 xX (-3)?+1=19 


b 2¢1)=2xX (2X 14+1)=6 Work out g(1) first and then multiply by 2. 
ce gx—1)=2(—-—1)? +1=2x2-42+3 Replace x by (% — 1) in the expression 2x? + 1. 
3g(x — 1)= B(2x? — 4a + 3) Then multiply by 3. 
= 6x? —12%+9 


Exercise 30A Questions in this chapter are targeted at the grades indicated. 


{: ER fx) = 322 gin) =4 

Find the values of 

a (2) b (0) c f(—4) d g(4) 
e alt) * g() 
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30.2 Translation of a curve parallel to the axes 


f(x) = 223, g(x) = 22 +” e 
Find the values of 
fee oth » (2) + 9(3) © (2) x g(2) d aa) 


f(x) = 2x +2 
a Find the value of f(3). 
o f(a)=6 Find the value of a. 


g(x) = x? — 4 
a Findthevaluesof i (0) ii g(1) iii g(—2). 
b g(k)=12 Find the values of k. 


g(x) = (x — 3)(x + 4) 


A02 
a Findthevaluesof i g(5) ii g(0) iii 3g(—2). 
b gla)=0 Find the values of a. 
f(x) = a(x — 4) Ao2 
> Findthevaluesof i (1) ii (2) iii 2-1). pa 
b f(k)=0 Find the values of k. 
c f(m)=5 Find the values of m. 
f(x) = x? A02 
a_ Find f(4). b Write out in full f(x) — 4. © Write outin full f(x — 4). 
glx) = 4(x + 1) “n02 
a Find g(—3). b Write out in full g(2x). c Write out in full 3g(x). 


Translation of a curve parallel to the axes 


© Why do this? 


© You understand the relationship between the You could draw the graphs of the paths of two 
translation of a curve parallel to an axis and the balls being juggled on the same axes. The graph of 
change in its function form. the second ball is a translation along the x-axis of 
the graph of the first ball. 


<>) Get Ready 


1. The point P (2, 3) is translated by 2 units parallel to the y-axis. Find the new coordinates. 
2. The point P (2, 3) is translated by 2 units parallel to the x-axis. Find the new coordinates. 


3. The point P (2, 3) is translated by (ae Find the new coordinates. 


© The relationship between the curves given by y = f(x) and y = f(x) + ais a translation of a units parallel to the 


y-axis or a translation by ae 


© The relationship between the curves given by y = f(x) and y = f(x + a) is a translation of —a units parallel to the 
x-axis or a translation of ta) 


Chapter 30 [Transformations of functions 


“2 Example 3 4 Here is the graph of y = f(x) where 


f(x) = x? 
a Draw the graph with equation y = f(x) + 3. 
b Describe the transformation that maps 
y = f(x) to y = f(x) + 3. 
c Write the algebraic form for y = f(x) + 3. 


Each point on the curve y = f(x) is moved up by 3 units. 


b The transformation is a translation by : ) 


c f(x) =2x* sof(x) + 35=22+3 
The equation of the transformed curve is y = x? + 3. 


Here is a sketch of the graph of y = f(x) where 


f(x) = 22. 
a Describe the transformation which maps 

y = f(x) toy = f(x — 2). 
b Sketch the curve with equation y = f(x — 2). 
The coordinates of the minimum point of 
y = f(x) are (0, 0). — se A ee 
c Write down the coordinates of the minimum 

point of y = f(x — 2). 


a Translation by +2 units parallel to the x-axis or translation by is ) 


c (0,0) is mapped to (2, 0). 


30.2 Translation of a curve parallel to the axes 


¥ Exercise 30B 
Here is the ~ of y = f(x) = 22. “A083 

12 

10 
8 
6 | | Draw the graphs of: 
g\§ a y=f(x)+3 b y= f(x) — 
9 © y= f(x +2) d y=f(x — 1). 
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Here is a sketch of the graph of y = f(x) = 
a Draw sketches ofthe graphsof: i y=f(x)+3 ii y = f(x — 1). 
b Write down the coordinates of the point to which the point 
(0, 0) is mapped in each case. 


: A03 


8 Here is a sketch of the graph of y = f(x) = 1 - 
The curve y = f(x) is translated by (ah. : 

a Sketch the graph of the new curve. 

b Write down the coordinates to which the point (2, 0.5) 
is mapped. 

c Write down the equation of the translated curve: 
i in function form 
ii in algebraic form. 


The curve y = f(x) is now translated by (4) 


d Sketch the transformed curve. 
e The point (1, 4) is mapped to the point (p, q). 
Write down the values of p and q. 
f Write down the equation of the translated curve: 
i in function form 
ii in algebraic form. 
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Here is a curve with equation y = f(x). 

The maximum point of the curve is (3, 5). 

a Write down the coordinates of the maximum point of y = f(x) — 3. 
b Write down the coordinates of the maximum point of y = f(x + 2). 


Here are two curves, C, and C,. The equation of the curve C, is y = f(x). 
The curve C, can be mapped to the curve C, by a translation. 

The maximum point of C, is (2, 4) and the maximum point of C, is (2, 7). 
a Describe the translation. 

b Write down the equation of the curve C, in function form. 

The algebraic equation of the curve C, is y = 4x — x?. 

c Write down the algebraic equation of the curve C,. 


Here are two curves, C, and C,. The equation of the curve C, is y = f(x). 
The curve C, can be mapped to the curve C, by a translation. 


a Describe the translation. 

b Write down the equation of the curve C, in function form. 
The algebraic equation of the curve C, is y = x. 

c Write down the algebraic equation of the curve C,. 


The expression x? + 4x + 9 can be written in the form (x + a)? + 0 for all values of x. 
a Find the value of a and the value of b. 

The graph of x? + 4x + 9 can be obtained from the graph of y = x? by a translation. 

b Describe this translation. 

c Sketch the graph of y = x2. 

d Sketch the graph of x? + 4x + 9 on the same axes. 


Describe fully the transformation that will map the curve with equation y = x* to the curve with 
equation y = x? — 6. 


30.3 Stretching a curve parallel to the axes 


© You understand fect esigning a bridge Shs 
stretching a cu allel to 
the axes has on its function f 


© Get Ready . a 
1. Draw the triangle: 
between the two 

2. Draw the triangl 
between the tw 


(A) Key Points 


© The relationship between the curves y = f(x) and y = af(x) (where ais a constant) is that of a stretch of 
magnitude a parallel to the y-axis. 

© The relationship between the curves y = f(x) and y = f(ax) (where ais a constant) is that of a stretch of 
magnitude 4 parallel to the x-axis. 


M2 Example 5 4 Here is the graph of y = f(x). 


a Sketch the graph of y = 2f(x). 
b To what point is the point (2, 1) mapped? 


POSSE SHEETS SHS EHSEEESEEHSSOTEEEESS EES HHESEESESESESSEEEESEEESEEH EES 


The transformation is a stretch I 
parallel to the y-axis of magnitude 2. 


b The minimum point (2, 1) of y = f(x), rok i aah ssi | 
is mapped to the minimum point (2, 2) of y = 2f(2). 


Here is the graph of y = f(x). 
a Sketch the graph of y = f(2x). 
b To what point is the point (2, 1) mapped? 


The x-coordinates of all points on 


the curve y = f(x) are halved. 


b The point (2,1) of y = f(x) is mapped to the point (1, 1) of y = f(22). 


etretch BRsb 
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“2 Example 7 4 Here is the graph of y = f(x) = sin x°. pana nseeanagiace = | 


a Draw the graph of y = 2f(x). 
b Write down the algebraic equation of y = 2f(x). 


b y=2sinx 


? Exercise 30C 


a Here is the graph of y = f(x). Ithas a minimum point at (2, 2). 
Draw the graph of y = (2x). 
To which point is the minimum point of y = f(x) mapped? 


Here is a sketch of the curve C, y = f(x) = x2. y 
a Sketch the curve C,with equation y = 4f(x). 
b Write down the equation of the curve C, in algebraic form. 
c Give two different transformations that will each map the curve C, 
to the curve C,. 


a4 Here is the graph of y = f(x) = cos x°. 
a Draw the graph of y = 2f(x). 
Write the equation of y = 2f(x) in algebraic form. 
b Draw the graph of y = f(2x). 
Write the equation of y = f(2x) in algebraic form. 


Here is the graph of y = f(x). 
The graph crosses the y-axis at (0, 4) and the x-axis at (“2 0). 
a Sketch the graph with equation y = 3f(z). 
b Write down the coordinates of the points to which (0, 4) and 
(-2 0) are mapped. 


30.3 Stretching a curve parallel to the axes 


Here is the graph of y = f(x) = 1 + sin x°. 
On separate graphs, sketch the curves with equations: a y = 2f(x) 
b y=f(2x) 
c y=f(x) +2. 


Here is the graph of y = f(x) = cos x°. | 
a Sketch the graph with equation y = (5): : 


b How many solutions does the equation YIN 
70 360 450,540,630 720 810 


i) = 0.5 have in the range 0 < x < 360? 


Here is a sketch of the curve C, y = f(x) = x(x — 4). 
The curve C, has a minimum point at (2, —4). 
The curve C, is mapped to the curve C, by a stretch. 
The minimum point on C, is (4, —4). 
The minimum point on C, is mapped to the minimum point of Cp. 
a Describe the stretch fully. 
b Draw a sketch of C,. 
c Write the equation of C,: i using functional form 
ii in algebraic form. 


The expression x? — 8x + 5 can be written in the form (x — p)? + q. 
a Find the values of p and q. 
b Write down the coordinates of the point P where the curve y = f(x) = x? — 8x + 5 crosses the 
y-axis. 
The curve y = f(x) is mapped by a stretch parallel to the y-axis, so that the point P is mapped to the 
point (0, 3). 
c Describe the stretch and write down the equation of the new curve. 


Q) Key Points — 
© The relationship between the curves y = f(x) and y = af () (where ais a constant) is that of an 
enlargement, centre the origin and scale factor a. 


Wy 
-“ i —t = be J 
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& Example 8 The graph of the curve C, y = f(x) = x? + 1 is shown on the grid. 


On the same grid, 

a sketch the curve C, with equation y = 2f(x) 

b sketch the curve C, with equation y = 2f(2 

c Describe fully the transformation that maps 
i C,toC, ii C, to C; iii C,to C; 


PD Oe 


4-202 4% 


a Cz isin black. y 


b Cz isin blue. 
© i Stretch parallel to the y -axis of magnitude 2. 


ii. Stretch parallel to the x-axis of magnitude 2. 
iii, Enlargement with scale factor 2 and centre the origin. 


-4-20 2 4 * 


¥ Exercise 30D 


Here is a graph of the curve with equation y = sin x°. 


a Copy the graph and sketch the curve C,, 
the enlargement of C, with scale factor 2. 


b Write down the equation of the curve C. 


a Draw a sketch of the U shaped curve C,, with equation y = x(x + 2). 

The curve C, is enlarged with a scale factor 2, centre 0, to give the curve C,. 
b Find the equation of the curve C, in function form. 

c Sketch the curve C,. 


a Sketch the curve with equation y = f(x) = cosx°. for values of x from 0 to 1080. 


b On the same axes, sketch the graph of the curve with equation y = (3): 


Write down the algebriac equation of the given curve after it has been enlarged by scale factor 4 and 
centre 0. 


ay=24+3 by=—+1 cy=2 dy = 2sin(2x) 


30.4 Rotation about the origin and reflection in the axes 


curve in one of i 
© You understand the 
by 180° about the 


Pee esesseesvesevese 


OES MOOT OOH EEEHETH SESH EE SEEES ESTES SEE SEEEET OSHS HEE SOS ESESESESE SEES OHES ED 


. 


© Get Reade - 


(A) Key Points 


© The curve y = f(—2) is a reflection in the y-axis of the curve y = f(x). 
© The curve y = —f(x) is a reflection in the x-axis of the curve y = f(x). 
© The curve y = —f(—x) is a rotation by 180° about the origin of the curve y = f(z). 


Here is the graph of y = f(x). 
Sketch the curves with equations: 
ay=f(-x) b y=-—f(x) c¢ y= —f(-2). 


Chapter 30 Transformations of functions 


Exercise 30E 


- ib The graph of y = f(x) = x? + 3 has been drawn. 


a Sketch the graph of y = —f(x). 
b Write down the equation of the new graph in algebraic form. 


The graph of y = f(x) = x? has been drawn. y 
a Sketch the graph of y = f(—x). 
The point (2, 8) on y = f(x) = x3 has been mapped to 
the point (p, q). 
b Write down the values of p and g. x 
c Write down the equation of the new curve. 
Give your answer in algebraic form. 


The graph of y = f(x) = 2* has been drawn. 
a Sketch the graph of y = —f(—x). 
The point (1, 2) has been mapped to the point (7, t). 
b Write down the values of r and t. 
c Write down the equation of the new curve. 
Give your answer in algebraic form. 


© A function y = f(x) is a rule for working out values of y when given values of x. 
© You should know the following transformations: 

© y= f(x) + ais a translation by +a units, parallel to the y-axis of y = f(x) 

© y= f(x + a)is a translation by —a units, parallel to the x-axis of y = f(x) 

© y= af(x) is a stretch of magnitude a units parallel to the y-axis of y = f(x) 

© y = fax) is a stretch of magnitude — units parallel to the x-axis of y = f(x) 

© y=at (7) is an enlargement, centre the origin and scale factor a, of y = f(x) 

© y= f(—x)is a reflection in the y-axis of y = f(x) 

© y= —f(x) is a reflection in the x-axis of y = f(x) 

© y= —f(—x) is a rotation by 180° about the origin of y = f(x). 


Review exercise 


f(x) = x2 +2 
Work out a (2) b f(—3) c awhere f(a) = 2. 


Bia 
@ f(x) = x2 + 3x Show that f(x—1) = (x + 2)(x — 1). 
: 


Sketch the graph of y = x2. Hence sketch the graph of y = —x?. 


Chapter review 


: The graph of y = f(x) is shown on the grid. 
: a Copy the graph and then draw the graph 
of y = f(x) + 2 on the same axes. 
b On another copy of the graph, 
draw the graph of y = —f(x). 


‘Plus 


Exam Question Report 


55% of students answered this sort of question 
well. They understood how translation affects the 


shape of a graph. 
June 2007, adapted 


The curve with equation y = f(x) is translated so that the point at (0, 0) is mapped onto the point (4, 0). 


Exam Question Report 


68% of students answered this question poorly 
because they did not check their answers by 
substituting in key values of x. 


Find an equation of the translated curve. Nov 2007, adapted 


The diagram shows a sketch of the graph of y = x? — x. 


Diagram NOT 
accurately drawn 


a Onthe same diagram, sketch and label the graph of 
y = (x — 1)? — (x — 1). 
Show clearly where this graph crosses the x-axis and where it crosses the y-axis. 
b OQnthe same diagram sketch and label the graph of y = 3(x? — x). 
c Write down the solutions of the equation (x — 1)* — (x — 1) =0. Nov 2005 


Cnapter sU Iranstormations of Tunctions 


a The diagram shows a sketch of part of the curve y = sin x°. 
a Write down the coordinates of the point A. y Diagram NOT 


b Onthe same diagram, sketch the graph of y = sin 2x°. accurately drawn 


Nov 2005 


The diagram shows a sketch of part of the curve y = sin x°. 


On a suitable grid, draw the graph of y = 4sin 2x° 
9 | Describe the transformation that will map the curve y = x to the curve y = x? — 8x + 11. 


10) The curve y = x? can be mapped to the curve y = 4x? using a single transformation. 
a Describe one possible transformation. 
b Describe another possible transformation. 


11] The equation of the curve C, is y = f(x) = 8 + 4x — x’. 

a Write 8 + 4x — x? in the form g — (x — p)? 
where p and qg are numbers to be found. 

Here is a sketch of the curve y = 8 + 4x — x. 

b Write down the coordinates of the maximum point of the 
curve. 

The curve C, is stretched to the curve C, so that the 

maximum point of C, is mapped to (2, 24). 

c Describe the stretch. 

d Write down the equation of C, in function form. 


CIRCLE GEOMETRY 


The O, dome is a circle when looked at from above. It has a diameter of 365m — a metre 
for every day of the year. The roof structure is incredibly light, weighing less than the air 
contained within the building. However, it is not strictly a dome as it is not self-supporting. 


(Before you start 


In this chapter you will: You need to know that: 
© learn about the geometric properties of circles © the angles in a triangle add up to 180° 
and tangents. © the base angles in an isosceles triangle are equal 
© angles on a straight line add up to 180°. 


Chapter 31 Circle geometry 


© The radii of a circle are all the same length. 
This means that a triangle in a circle where two of its sides are radii is an isosceles triangle. 


) Example 1 4 P and Q are points on the circumference 


of a circle, centre 0. 
POR is a straight line. 


Angle OQR = 150° = 
Calculate the size of angle POQ. \ 150° 
"01 


Give reasons for your answer. P 


= 30° 


Reason: The angles on a straight line add up to 180°. 


R 


Plus 


" Examiner’s Tip 
OP =0Q Radii equal, thus isosceles triangle. 
Write down the reason; this is 
Angle QPO = Angle OQP = 30° Mark the angles on the diagram. 


Reason: In an isosceles triangle the angles opposite 
the equal sides (radii equal) are the same size. 


= 120" 


Reason: The angles in a triangle add up to 180°. 


the rule that you have used and 
should be in words. 


31.2 Tangents to a circle 


¥ Exercise 31A Questions in this chapter are targeted at the grades indicated. 


The diagrams all show circles, centre 0. 
Work out the size of each angle marked with a letter. 


In questions 4-6 give reasons for your answers. 


(4) Key Points 


© The angle between a tangent and a radius of a circle is 90°. 
Angle OOP = angle OOR = 90° 


P Qa R 


© Tangents to a circle from a point outside the circle are equal in length. 
AB =BC 


Chapter 31 Circle geometry 


€ Yo Example 2 4 OR is a tangent to the circle, centre 0. 


PQ is a chord of the circle. 
Angle P0OQ = 108° 

Work out the value of x. 

Give reasons for your answer. 


: 


= JS £9 


= 30° Put 36° on the diagram. 
O@P is an isosceles triangle as the radii are equal. Write all the different reasons in words. 


In an isosceles triangle the angles opposite the 


equal sides are the same size and the angles ina 6 Plus 


triangle add up to 180°. Bonminecaaan 


When you have calculated an angle, you can mark 
it on the diagram to help you answer the question. 


x = 90° — angle OQP 
= 90° — 36° 


= 54° 
The angle between the tangent and the radius is 90°. 
2 Example 3 9 RP and RQ are tangents to the circle, centre 0. c 


PQ is a chord. 


Work out the value of y. 


RP =RQ Tangents are the 
Tangents to a circle from a point outside eng 

the circle are equal in length. | 
Angle RQP = angle RPQ = 72° Isosceles triangle. 
In an isosceles triangle, the angles opposite | 
the equal sides are the same size. | 


Angle OQR = 90° Tangent to radius = 90°. | 


The angle between the tangent and the radius is 90°. 
Y =290" = "72° 
=18° 


Mark the 90° angle on the 
diagram using a square. qd 


31.3 Circle theorems 


¥ Exercise 31B 


The diagrams all show circles, centre 0. 
Work out the size of each angle marked with a letter. 


Seo e Reeser eresoreesresesecereseeEsesESeeER 


On 


POPP ee eb eee seesseses Ese ees EE ED SE ESSE EESESE HEE EHEEEHEEEEEEE EEE ESSER EEE SEOES 


1. Calculate the size oft 
a 


(A) Key Points 


© Theorem 1 
The perpendicular from the centre of a circle to a chord bisects the chord (and vice versa: 
the line drawn from the centre of a circle to the midpoint of a chord is perpendicular 
to the chord). 


Ea Ww 


Chapter 31 Circle geometry 


Proof 


In triangles OAM and OBM 
Angle OMA = angle OMB 


So triangle OAM is congruent to triangle OBM (RHS). 
So AM = MB. 


© Theorem 2 
The angle at the centre of a circle is twice the angle at 
the circumference, both subtended by the same arc. 


In each diagram angle AOB = 2 X angle ACB. 
C 
° GN 
A 


Since triangle CAO and triangle CBO are both Give the reason in words as well 
isosceles (radii equal), the angles opposite the as giving the sizes of the angles. 

equal sides are equal. 

So angle CAO = x and angle CBO = y. 

The exterior angle of a triangle is equal to the sum This rule was learnt in Section 5.3. 
of the two interior opposite angles. 


So angle AOP = 2x and angle BOP = 2y. 
Angle AOB = 2x + 2y = 2x + y) 
= 2(angle ACB) 


© Theorem 3 
The angle in a semicircle is a right angle. 


C 
[\ 
<> 
a. 
A 
Proof 


Draw in the line CO and extend it to P as shown in 
the diagram above on the right. 


Let angle ACO = x and angle BCO = y. 


Angle ACB = 90° 


Proof 


The angle at the centre of the circle is twice the angle We can use the rule proved in theorem 2. 
at the circumference. 


So angle AOB = 2 X angle ACB. 


But angle AOB = 180° as itis a straight line. AOB is the diameter. 
So angle ACB = 3(180°) 
= 90° 


31.3 Circle theorems 


“Example 4 4 PQ is a chord of the circle, centre 0. 


N is the midpoint of PQ. Le, a 
Angle QPO = 27 8 oie 


Work out the size of angle POQ. 


Angle PNO = 90° Line from centre to midpoint of chord is perpendicular to chord (Theorem 1). 


= 63° 


Angle POQ = angle PON + angle QON 
So angle POQ = 126° 


“Example 5 4 P,Q and R are points on a circle, centre O. R 


ee : 
Angle P0OQ = 142°. VV 
P 


Work out the size of angle PRO. 
Give a reason for your answer. 


Angle PRQ = 142°+ 2 As angle POQ = 2 X angle PRQ (Theorem 2) we 
=71° can say that angle PRQ = angle POQ. 


Reason: The angle at the centre of the circle is twice the angle at 


the circumference, so angle POQ = 2 X angle PRQ. 


P,Q and R are points on a circle, centre 0. R 
Angle ROO = 20° —_e 
pr ~\ 


Work out the size of angle PRO. 


Angle QRO = 20° OQ = OR radii, thus triangle ORQ is isosceles. 
Angle PRO = angle PRQ — angle QRO Angle PRO = 90° as it is in a semicircle (Theorem 3). 
=90" = 20° 


= 70° 


Unapter so! Circie geometry 


¥ Exercise 31C 


Find the size of each of the angles marked with a letter. 
O is the centre of the circle in each case. 


E™\ * 
a) A) (A 


In questions 7-9 give reasons for your answers. 


a A,B,C and D are points on the circle, centre 0. 
’ Angle DOB = 130° 
a Work out the size of angle DAB. 
Give a reason for your answer. 
b Work out the size of reflex angle DOB. 
Give a reason for your answer. 
c Work out the size of angle BCD. 
Give a reason for your answer. 


31.4 More circle theorems 


eeeeseesces eeceressess 


TOTO O STH ESHEETS HET SS SESE TEESE EESO TS EEESE SES ESOEEEEES eeeereeces eeeeccseseae eecee 


(A) Key Points 


G 
© Theorem 4 KA 


Angles in the same segment are equal. 


Angle ACB = angle ADB QD 


Proof 
Angle AOB = 2 X angle ACB Draw in the angle at the centre and use Theorem 2. 


The angle at the centre is twice the angle at the circumference. 


Angle AOB = 2 X angle ADB Now do the same for the other angle. 


The angle at the centre is twice the angle at the circumference. 


So angle ACB = angle ADB. Both are half of angle AOB. 
B 


© Theorem 5 
Opposite angles of a cyclic quadrilateral add up to 180°. 
(A cyclic quadrilateral is a quadrilateral that has all four 
vertices on the circumference of a circle.) 


iS 
Angle ABC + angle ADC = 180° ‘ C2 > 
A 
Proof Nee, 


The angle at the centre of the circle is twice the angle at the circumference. 


Angle ADC = y The reflex angle is twice angle ADC. 


The angle at the centre of the circle is twice the angle at the circumference. 


Banas by = dha + gto sal The angles at a point add up to 360°. 


a RE Vy I De hE RE A | r+. tT 


Unapter oi Uircie geometry 


© Theorem 6 
The angle between a tangent and a chord is equal to the 
angle in the alternate segment. 


Angle BAT = angle ACB 


— 
Proof ‘ 


Angle DAT = 90° (angle between the tangent and the radius is 90°) 


So angle DAB = 90° — x 


Angle DBA = 90° (angle in a semicircle = 90°) 


So angle ADB = 180° — 90° — (90° — x) 
= x (angles in a triangle add up to 180°) 


Angle ACB = angle ADB (angles in the same segment) 


So angle ACB = x 


So angle BAT = angle ACB. 


€ & Example 7 P,Q, R and S are points on the circle, centre 0. 


Angle RSQ = 43° 


Work out the size of angle RPQ. 
Give a reason for your answer. i) s | 
o | 
ras 
Angle RPQ = 43° 
Reason: The angles in the same segment are equal. Write down the reason in words (Theorem 4). 


. Example 8 P,Q, Rand S are points on 7 
the circle, centre 0. i i 


Angle ROP = 102° 


Work out the size of C102°7 


angle ROP. 


Ss 
Angle RSP = 4(102") 
= 57° The angle at the centre is twice the angle at the circumference. 
Angle RQP = 180° — 51° 
= 129% Opposite angles of cyclic quadrilateral add to 180° (Theorem 5). 


31.4 More circle theorems 


“2 Example 9 9 POR is a tangent to the circle, centre 0. 


S and T are points on the circle. 
Angle TQS = 47° 

Angle QTS = 76° 

Work out the size of angle POT. 
Give reasons for your answer. 


Angle QST = 180° — 47° — 76° 


= 57° 
The angles in a triangle add up to 180°. Always give the reason. 
Give the second reason 


Angle PQT = angle QST = 57° too (Theorem 6). 


The angle between a tangent and a chord is equal to the angle in the alternate segment. 


¥ Exercise 31D 


Find the size of each of the angles marked with a letter. 
QO is the centre of the circle in each case. 


” fe 


5 = : ‘ - > Z - “hee es : . att ae x ; 
one —— a ” as et Eas 8 aaah =o agg He, oe ee aU fo ae, ee ee : a Pipes a a 
dint ok Lacan + WL feet, EO een, ee Se ee Pe eta ee i> awe be hn ay “gh < 
ps ne * “ ey ae if na ‘ - ; acne 


Unapter sit Circle geometry 


© The radii of a circle are all the same length. This means that a triangle in a circle where two of 
its sides are radii is an isosceles triangle. 


© The angle between a tangent and a radius of a circle is 90°. 


P Q R 
A 
© Tangents to a circle from a point outside the circle are equal in length. 
B 
C 


Circle theorems 

1. The perpendicular from the centre of a circle to a chord bisects the chord 
(and vice versa: the line drawn from the centre of a circle to the midpoint of a chord is 
perpendicular to the chord). 


c 
2. The angle at the centre of a circle is twice the angle 
at the circumference, both subtended by the same arc. 
<> 
3. The angle in a semicircle is a right angle. a. B 
A 


4. Angles in the same segment are equal. \ 


5. Opposite angles of a cyclic quadrilateral add up to 180°. 
(A cyclic quadrilateral is a quadrilateral that has all four vertices 
on the circumference of a circle.) 


6. The angle between a tangent and a chord is 
equal to the angle in the alternate segment. 


604 


Chapter review 


The diagram shows a circle centre 0. 


B 
wh Plus 
E=& Exam Question Report 
D 


: 82% of students answered this question well. 


A, B and C are points on the circumference. DCO is a straight line. 
DA is a tangent to the circle. Angle ADO = 36° 


A 


Work out the size of angle ABC. June 2009, adapted 
In the diagram, A, B, C and D are points on the circumference of a circle, centre 0. 

Angle BAD = 70°. Angle BOD = x°. Angle BCD = y°. D 

a i Work out the value of x. ii Give a reason for your answer. 

b i Work out the value of y. ii Give a reason for your answer. 


ao Ke) of) 

wh (i) 

—=™ Exam Question Report W/, 
B 


| 


77% of students answered this question poorly as 
they had not learnt circle theorems correctly. 


June 2008 
Find the size of each of the angles marked with a letter. 
0 is the centre of the circle, where marked. 


Chapter 31 Circle geometry 


re 9 | c A, B and C are points on the circumference 
A08 Diagram NOT of the circle. 
accurately drawn BT is a tangent to the circle. BC bisects the 
angle ABT. 
A Prove that CA = CB. 


_ “. *. P Mand A are points on the circumference 
P M 


of a circle, centre 0. Angle POA = 132°. 
Diagram NOT The line PM is parallel to the tangent at A. 
2 accurately drawn Calculate the size of angle OMA. 


Give reasons for all your calculations. 


“i PR and Q are points on the circumference of a 


circle, centre O. 
a Diagram NOT 


accurately drawn Angle POR = 20°. Angle ROQ = 80°. 
Prove that OP bisects angle OPR. 


ALGEBRAIC FRACTIONS AI 
ALGEBRAIC PROOF 


The word algebra is derived from the Arabic word Al-Jabr. It first appeared in 820AD in 
the work of the Persian mathematician Al-Khwarizmi. Al-Khwarizmi became known as the 
father of algebra, creating and using algebraic proofs to solve the mathematical problems 


of the time. 


Objectives 


In this chapter you will: 


© simplify algebraic fractions 
© add and subtract algebraic fractions 
5 © multiply and divide algebraic fractions 


* © prove a given result using algebra. 
i 


q 


(Before you start 


You need to be able to: 
© add, subtract, multiply and divide fractions 
© factorise algebraic expressions 
© use the laws of indices. 


Unapter sé Algebraic fractions and algebraic proot 


eee er eenesececceseseseseresseceess 


POPC eee reo Fase esse Teese ES EEE EEE EHEEEEHEESES ESSE SESE HESHEEESESE SE EEESS 


CAPO TO nmneeerrereonece 
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(A) Key Points 


© Algebraic fractions, like numerical fractions, can often be simplified. 
© To simplify an algebraic fraction, factorise the numerator and the denominator. Then divide the numerator and 
denominator by any common factors. 


ani 2a Ag 
Example 1 4 Simplify fully ae 


- 
eros 2 ‘eae ie + 7) 


= _ 2k Divide both the numerator and denominator Plus 
(x + 1) by the common factor (x + 2). 
Watch Out! 
a aS Write your answer without the bracket as You cannot simplify an algebraic 


there is only one factor in the denominator. 


fraction until it has been expressed 
as a product of factors. 


=r 25° — 8 —3 
My Example 24 Simplify fully 3g 


> — Ox = a(x? — 9) Factorise the denominator. 


a Take out the common factor x. 
= 2(% + 3)(@ — 3) Factorise (x* — 9) using the difference of two squares. 


be EF BER) | 
x — Ox x(a + 3) (« — 3) Write the fraction in factorised form. 


i. 

_ (2x + 1)\@—3)" Divide both the numerator and | 

pC dia 3)a=3)' denominator by any common factors. | 

— 26+ 1 ; | 
— x(a +3) Write the numerator without the bracket as 

there is only one factor left in the numerator. | 


32.2 Adding and subtracting algebraic fractions 


¥ Exercise 32A Questions in this chapter are targeted at the grades indicated. 
: Simplify fully. 
q oe 5 2 « & — Se a So Be —o oe = 4 
a 3xy? Oe ~ £43 ~ 24-1 
Simplify fully. Ne 
q @+4e+3 » tbe +5 ¢ Sa be+s 4 2 =*-2 
x? + 5a +6 © ee + Bx xe+x—12 ~ 42+ 6x+9 
Simplify fully. 
5 21 p 4x2 + 24x « 2-5 q 3e@=27 
vx x? — 36 xe + 4x +4 3a? + 9x 
Simplify fully. 
q 2+ he +3 p 10x?-+-3 6 et a oe +5e—1 
3a? + Bx + 2 6x2 -x-2 9x? — 6x + 1 ~ 12x? + 16x — 3 
Simplify fully. 
a(x + 5) , — 104+ 25 > 82 =10r +3 
x? — 5x 2x? — 50 8x? — 6x 
6x? — 2x3 » 2 , 16-2 
23° + Gx? (e+ 2/7 n=a 


Adding and subtracting algebraic fractions 


© Why do this? 


© You can add and subtract algebraic fractions. If you win two competitions in a tennis tournament, 
and you know what fraction of the prize money 
each one is worth, you can work out what the total 
prize money for the tournament was. 


(<>) Get Ready 


1. Write down the lowest common multiple (LCM) of: 
a 6and 15 b 3x and 4x ce (x +1) and x(x + 1). 


@ Key Points 


© To add (or subtract) algebraic fractions we use a similar method to that used for adding and subtracting 
numerical fractions. 

© Ifthe denominators of the fractions are the same, add (or subtract) the numerators but do not change the 
denominator. 

© To add (or subtract) algebraic fractions with different denominators, find a common denominator and write each 
fraction as an equivalent fraction with this denominator. 

© To find the lowest common denominator of algebraic fractions, you may need to factorise the denominators first. 

© To simplify your answers, you may have to factorise the numerator. 


arr 


UMNAPler G4 AIQSVDI Al’ IraCllOls all al 


2.3 
Example eae 


2 + SB The denominators are the same so just add the numerators. | 
x x x | 
5% _ 3x 
ract=- == 
CSD subtract # - 4 


5% _ Bx _ 2% 
7 7 7. 
“. O 
CED writes 
Bn Dies 
2% & 


Subtract the numerators. 


TF 4 as a Single fraction. 


— = Write each fraction with the same common denominator. 
x 


yevidlle proor 


Subtract the numerators, but leave the denominator the same. 


Example 6 Simplify ~ _ 242 7 U | 
I 
! 
Common denominator = 12. Work out the lowest common denominator. 
x+2,"4-1_4(%4+2) | 3-1) ; . : ; ; 
3 + cee | mea ce aoe Write as equivalent fractions with the same denominator. 
A(x + 2) + 3(x% — 1) ’ 
= <a Add the two fractions. 
= Aen e ents Expand the brackets. 
q 
= 285 | 


12 


: o-—__2 ; : 
Example 7 4 Write 2-1 ee 8 single fraction. 
Common denominator = (x — 1)(« + 1) Find a common denominator. | 
B.. 2 Betty eer mm 
e—-1 “e+1 (@—Net1) @&—-NatT Convert each fraction to an equivalent fraction 


_ 3% + 1) — 2@ — 1) 


(x — 1)(@ + 1) 


— Tb +3 — 2b+ 2 


@=h@Aar 1) 


= BAS 
(~#—1)@+4+ 1) 


610 


Simplify the numerator. 


Simplify the numerator. 


with the common denominator (% — 1)(% + 1). 


Subtract the fractions. 


Expand the brackets 
in the numerator. 


Watch Out! 


There is no need to multiply out 
the brackets in the denominator. 


32.2 Adding and subtracting algebraic fractions 


# Exercise 32B 


Write as a single fraction in its simplest form. 


Qn x x, 3x <i 2 
a ah oD ake © Fx * 10x 
q 2% _ 3% e AX _ 3% ne) eek 
9 «9 5 OS 3x x 
Write as a single fraction in its simplest form. 
Xx x, de x_x 
a374 a © 273 
3x _ 2x a re 2 ae 
i aa: © ar * De ' Fe ~ 20x 
Simplify. 
©. £1 C= 3.442 2e _ 5x 
a oa : we ° 3°79 
1 1 4 _ 3 — | 
o ye2 | aes e et+2 etl ' Sl Bre 


~ Example & Write 1 — ~s as a single fraction in its simplest form. 
0a 8N 


= 
ie 


1 O 2. £EO 3 


x xe+3n x(x+3) x(x + 3) 
KPO D 
x(x + 3) 


—- & 
~ x(t #3) 


areca | 1 
CED simity +s 


x? + Sa t+ 6 = (G+ 5)(% +2) 


1 Replace the denominators with 
_— 1 oF 1 > the factorised expressions. 
5x+10 «x2+5x+6 5(ast.2) (wb 3) (ws 2) 

: Find the lowest common denominator of 
Common denominator = 5(” + 3)(x + 2) B(x + 2) and (x + 3)(x + 2). 


ae a ae a = ee. 6.) ae 3 a a Write equivalent fractions with | — 
Petrie rrerra SGTroere) Se ror Zz) the:common denominator. 
—  GtEOtS | 
a+ 6 


~ Ba + 3)(e +2) 


Vlapter of AIGeDralC tractions and algebraic proor 


? Exercise 32C 
io a Factorise i 2x+2 ii 6x + 6. 
b Write down the lowest common multiple of 2x + 2 and 6x + 6. 
1 1 
c Write ——~ oy 3 at ar a6 288 single fraction in its simplest form. 


ik Write down the lowest common multiple of each of the following pairs of expressions. 


a 3x and 5x b x+2andx+3 
ce xand x(x — 1) d 2+ 2and (x + 1)(x + 2) 
e 2x—6andx—3 f x+1landx?+x 
[Ne 3 — w+ 3x +2. 
b Write —— as a single fraction in its simplest form. 


rag ~ 2 +3x42 


a Factorise x? — 4. 
b Write 


7. § : eee 
yoo wea asa single fraction in its simplest form. 
a Factorise 2x? — 3x + 1. 


: 1 2 ; Pind Sek fs 
b Write ee eT + 7 a88 single fraction in its simplest form. 


os Le: | 
Sinplty ch PPS 
1 1 
2x t Bae +1) 


5 = - 6 as a single fraction. 


Write i + as a single fraction. 


Express 


a Factorise i x?+9x+ 20 ii x? + 11% + 30. 
. 4 _ 1 : a 
b Write Fon +20 Tie ea 2S? single fraction in its simplest form. 


1 eee oe A i 
Show that pa— eer I —1 ~ We — Wax + We = 3) and find the value of A. 


32.3 


Poor ecocesseresens SPP eee reer ereseeresseeseeeneseeeS 


©) 


P00 ee © ame 


32.3 Multiplying and dividing algebraic fractions 


@ Key Points © 
© To multiply (or divide) algebraic fractions we use a similar method to that used for multiplying and dividing 


numerical fractions. 
© To multiply fractions, multiply the numerators and multiply the denominators. 


© To divide fractions, multiply the first fraction by the reciprocal of the second. 
a.c_a,d_ad 


& @ 6 ¢ be 

© Simplify your answers if you can. 

© You may need to factorise the numerator and/or the denominator before you multiply or divide algebraic 
fractions. 


CED simpy x2 


1 2 
24 y K  2XXK _ 12K Multiply 2x by x. Work out 3 x 4. 
3° 4 3X4 1; 
2 
= 5 Divide both the numerator and denominator by 2. 


, 
cla Divide both th t dd inator by X and b 
Se umerator and denominator an ; 
5X yXeXa ivide bo en ry ry Y 


~ ce ETL, (9 + 2P 
CSSD simply hx 


1 1 
GE 1 x (x + Bg = (2+ Nat -2)(% + 2) Write down the product of the two numerators 
ere Set 4) SQ+ 2) (e+) and the product of the two denominators. 
= 2 ae" , 
— & Simplify the fraction. 
«ne 2-1. 44-2 
(Example 13 a a 


4 5 4 5 


Vlapter of AIgevdralC traCtlons and aigedpralc proorT 


My Example 14 4 Simplify as 


— 
=i 


a i el Factorise x? — 1 and 2x2 —x — 1. 
(24-1) =—T) 
Write down the product of the 
two fractions and simplify. 


2a. e+ 4 = 25 
x — 4 2x =e 71 De 
(e+e 
 @— NEFA Ne 1) 
oe 
(a= "Tix = 1) 
oo | 
(x — 1)? 


Plus | 


Examiner’s Tip 


Note that it is often preferable to 
leave the fraction in factorised 


Write (% — 1)(% — 1) as (x — 1)?. form. 


# Exercise 32D 


Write as a single fraction. 


Ly % 4y3 
a 3 Xx 5 b y x y 
Po Write as a single fraction in its simplest form. 
3a. 10y 4x 
52 by <2 
ie Write as a single fraction. 
Xx 5x. 3 
a 975 b ay 
4 | Write as a single fraction in its simplest form 
a 3x + 2x b Sy? as y 
2° 9 8x x? 


x 


ba. SY XV x-3 
ik’ ee 2 
2x? _ Sy x+1 
yy Oe an 
day xs A Qu. x+1 
. ‘y dtl 242 
12y 6 2 4 
+15, 3%+3 are Ag x+1 
° 3 a 2 : qe P ort s2 
d +4. 2+8 - Gs 2 f oa — 12. x-4 
9 3 34-1 (84-1) 4 “xe +4 
G a — o 
“i= 4 

b Write —— - t 7 Ata pq asa single fraction in its simplest form. 

a Factorise i x*+5x+4 ii x? + 6x4 8. 
+3 2. 4+1 
' Write otra x?+6x+8 


as a single fraction in its simplest form. 


. ge 2 : a 
8 | Write 7 x ee as a single fraction in its simplest form. 


32.4 Algebraic proof 
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© You can 
algebra. 


Seererresscrssseseseoeses 


(A) Key Points 


© To demonstrate that a result is true, you can give details of a particular case. For example, to demonstrate that 
the sum of two odd numbers is even, you could choose any two odd numbers and show that their sum is even, 
suchas3+5=8. 


© To prove that a result is true, you must show that it will be true in all cases. For example, to prove that the sum 
of two odd numbers is even, you must choose two ‘general’ odd numbers and show that their sum will always be 
even. You could write 
(2m — 1) + (2n — 1) = 2m + 2n-—2 = 2(m + n—-1) which is an even number as it is a multiple of 2. 


© In algebraic proof you will find the following points helpful. 
Where 7 is an integer: 


© Consecutive integers can be written in the formn,n + 1,n + 2,n + 3,... In some cases it is more useful to 
write them in a slightly different form, for example n —2,n —1,n,n+1,n + 2,... 


© Any even number can be written in the form 2n. 
© Consecutive even numbers can be written in the form 2n, 2n + 2,2n + 4,... 


© Any odd number may be written in the form 2n — 1 (alternatively any odd number may be written in various 
other forms, for example 2n + 1). 


@ Consecutive odd numbers can be written in the form 2n — 1, 2n + 1, 2n + 3,... 


a Show that (2n — 1)? + (2n + 1)? = 8n? + 2. } 


b Hence prove that the sum of the squares of any two consecutive odd numbers is even. 


a 2n—1)* +(2n+ 17*= @n— Den — 1+ Cnt Heat 1} 


Arnis ArAAtT e4k 
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b Any odd number may be written in the form 2n — 1, 
where nis an integer. The next odd number can 


therefore be written as 2n + 1. Add 2to2n— 1. 


So the sum of the squares of any two consecutive 
odd numbers = (2n — 1)* + (2n + 1)?. 


= 6n* +2 Use the identity given in part a. 
= 2(4n* + 1) Show that 2 is a factor of the expression. 


As 8n® + 2 isa multiple of 2 it must represent 
an even number. 


Write the sum of the squares of any two 
consecutive odd numbers algebraically. 


Explain why the expression must 
represent an even number. 


So, the sum of the squares of any two consecutive 
odd numbers is always even. 


Complete your proof by 
stating the result. 


¥ Exercise 32E 
1 | Prove that the sum of any odd number and any even number is odd. 


Prove that half the sum of four consecutive numbers is odd. 
__ Prove that the sum of any three consecutive numbers is a multiple of 3. 


a Prove that the product of any odd number and any even number is even. 
b Prove that the product of any two odd numbers is odd. 
c Prove that the product of any two even numbers is even. 


Prove that for any two numbers the product of their difference and their sum is equal to the difference 
of their squares. 


-_ Prove that, if the difference of two numbers is 4, then the difference of their squares is a multiple of 8. 


© Algebraic fractions, like numerical fractions, can often be simplified. 
© To simplify an algebraic fraction, factorise the numerator and the denominator, then divide the numerator and 
denominator by any common factors. 


© To add (or subtract) algebraic fractions we use a similar method to that used for adding and subtracting 
numerical fractions. 


© Ifthe denominator of the fractions are the same, add (or subtract) the numerators but do not change the denominator. 


© To add (or subtract) algebraic fractions with different denominators, find a common denominator and write 
each fraction as an equivalent fraction with this denominator. 


Chapter review 


© To find the lowest common denominator of algebraic fractions, you may need to factorise the denominators first. 
© To simplify your answers you may have to factorise the numerator. 


© To multiply (or divide) algebraic fractions we use a similar method to that used for multiplying and dividing 
numerical fractions. 


© To multiply fractions, multiply the numerators and multiply the denominators. 


© To divide irastans, multiply the first fraction by the reciprocal of the second. 
a.c_a a 


bd bc be 
© You may need to factorise the numerator and/or the denominator before you multiply or divide algebraic 
fractions. 
© To demonstrate that a result is true, you can give details of a particular case. 
© To prove that a result is true, you must show that it will be true in all cases. 
© In algebraic proof you will find the following points helpful. 
Where 7 is an integer: 
© Consecutive integers can be written in the formn,n + 1,n + 2,n + 3, ... In some cases it is more useful to 
write them in a slightly different form, for example n — 2,n —1,n,n+1,n+2,... 
© Any even number can be written in the form 27. 
© Consecutive even numbers can be written in the form 2n, 2n + 2,2n + 4,... 
© Any odd number may be written in the form 2n — 1 (alternatively any odd number may be written in various 
other forms, for example 2n + 1). 
© Consecutive odd numbers can be written in the form 2n — 1,2n + 1,2n + 3,... 


¥ Review exercise 


Ft Here are the first 4 lines of a number pattern. 
1424344 = (4x 3) — (2x1) 
2+3+4+4+5 (5 X 4) — (3 X 2) 
3+4+4+5+6 (6 X 5) — (4 x 3) 
4+5+6+7 = (7 X 6) — (5 x 4) 
nis the first number in the nth line of the number pattern. 
Show that the above number pattern is true for the four consecutive integers 


lI 


n,(n + 1),(n + 2) and (n + 3) Nov 2007 
Simplify fully. 
, 40 b 2x + 1)4 
“ 8x 6(x + 1) 
‘ x2 + 5x d x?+7x +6 
x+5 x? + 8x + 12 Plus 
+ ae o f 2310 +B am Question Rep 
; x*—-2x +1 h 2x? + Tx — 4 
nr ar 6x2 + x — 2 


78% of students answered this sort of question 
poorly because they simplified at the wrong stage 
in the calculation. 


ca a 
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Write as a single fraction in its simplest form. 


_ 3k 4% b 242 1 1 


10° 5 2x * 3x © h—3 ie+3 
3 2 | 1 1 1 
. e+ierd) 2+ 7 tie e+ ; e+4et3) tbr t 15 
Simplify. 
e232 @ b (3) x5 ci 4 ae tear 
Pe x+1 f F-ey #1 g ©+2. 3x+6 pf al. 2-1 
(x +1)? x+3 xwet+a (x — 1)? 5 10 x 2x2 + 4% 


a Showthat(n + 1)(n + 2) + nin + 1) = in + 172 
b Hence prove that for any three consecutive integers, the sum of the product of the last two and the 
product of the first two is always even. 


7 * Prove that the difference of the squares of two consecutive odd numbers is a multiple of 8. 


= QZ = 
Show that 25 — 7 SF — (2+ ai(18 ~ a) 


a 


June 2005 


8 | The nth even number is 2n. 


a Explain why the next even number after wh Plus 
2n is 2n + 2. = 2 Exam Question Report 


b Show algebraically that the sum of 


any 3 consecutive even numbers is always 
a multiple of 6. 93% of students answered this question poorly 


because they did not follow the direction 
indicated in the early parts of the question. 


June 2008, adapted 
__ Prove that (3n + 1)* — (3n —1)? is a multiple of 4, for all positive integer values of n. June 2009 


10} Jim runs 16 km from home at a speed of x kph. He then runs the same distance back home ata speed 
1 kph slower. 
Work out an expression, in terms of x, for the total time Jim took to run from home and back. 
Give your answer as a single fraction in its simplest form. 


VECTORS 


© Objectives 


In this chapter you will: 

© understand and use vector notation 

© calculate, and represent graphically, the sum of 
two vectors, the difference of two vectors and a 
scalar multiple of a vector 

© calculate the resultant of two vectors 

© learn how to solve geometrical problems in two 
dimensions and apply vector methods for simple 
geometrical proofs. 


Netball players have to decide on the exact direction and power needed to pass a ball to a 
teammate without other players intercepting. The direction and strength of the throw can 
be described using vectors. Vectors are used to describe any quantity that requires both a 

direction and a size. Many physical problems can be explored and solved using vectors. 


)Before you start 


You should be able to: 
© understand bearings 
© plot points on a graph 
© use Pythagoras’ Theorem. 


Vilapler so VECtOrs 


-. Vectors and vector notation 


. ° 


© Why do this? 
© You can understand and use vector You can describe journeys using vectors, for example, a 
notation. trip from London to Brighton is a vector with magnitude 


60 km and direction south. 


© Get Ready 


1. The points A, B, C and D are the vertices of a parallelogram where A is (1, 0), B is (4, 0) and C is (5, 2). 
Draw points A, B and C on squared paper to find the coordinates of point D. 


© In mathematics, there are many quantities that need a direction as well as a size in order to describe them 
completely. 

© For example, to describe a change in position or a displacement, it is necessary to give the direction of the 
movement as well as the distance moved. 

© Similarly, when describing a force it is important to state the direction. This is because how an object moves 
when it is pushed or pulled will depend on the direction of the push or pull as well as the size or magnitude of 
the push or pull. 

© Displacements and forces that need a magnitude and a direction to describe them are examples of vectors. In 
this chapter, only displacement vectors will be considered but the results apply to other vectors as well. 

© As vectors need magnitude and direction to describe them, vectors are equal only when they have equal 
magnitudes and the same direction. For example: 


d 


e 


—<—@_ 


The vectors a and b are equal vectors, that is a = b. They have the same magnitude and direction. 


The vectors a and are not equal. Although they have the same direction, they do not have the same 
magnitude. 


The vectors a and d are not equal. Although they have the same magnitude and are parallel, they are in 
opposite directions and so do not have the same direction. 

© The vectors a and e are not equal. They have the same magnitude but they do not have the same direction. 
© The displacement from A to B is4cmona bearing of 030°. 


N B 
© This displacement is written AB to show that it is a vector and it has a direction from A to B. 
© Inthe diagram the line from A to B is drawn 4cm long in a direction of 030° and it is marked her 
with an arrow to show that the direction is from A to B. 7 
A 
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33.1 Vectors and vector notation 


© Vectors can also be labelled with single bold letters such as a, b and c. 


For example, the vector b has been drawn on a grid. b 
© When hand writing the vector a you can use a to represent it. ae eal 
© The displacement represented by b can be described as 4 to the right and 2 up. 4 


As with translations this can be written as the column vector ( rie 


So we can write b = ies! . 


“Example 1 a Point A has coordinates (1, 6) and point B has coordinates (4, 1). 


— 
Write AB as a column vector. 


b The point C is such that BC = oe! Find the coordinates of C. 


Mark the points A and B ona grid. 


To move from A to B go 3 to the right and 5 down. 


b The coordinates of C are (2, 4). For BC = i! from B go 2 to the left and 3 up to find C. 


¥ Exercise 33A Questions in this chapter are targeted at the grades indicated. 


On squared paper draw and label the following vectors. 


sa=() bb-(4) ce=($) aMBe($)  o B=(2) 


The point A is (1, 3), the point B is (6, 9) and the point C is (5, —3). 
a Write as column vectors: 
i AB ii BC iii CA 
b What do you notice about your answers in a? 


The points A, B, C and D are the vertices of a quadrilateral where A has coordinates (2, 1), 
Ap —(2\ pr-(3 7 4 
AB = (7), BC = ({) and cD (_3} 
a Onsquared paper draw quadrilateral ABCD. 
b Write as a column vector AD. 
c What type of quadrilateral is ABCD? 
d 


What do you notice about BC and AD? 


mii >i Re Ne Tima Ss . 
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ae 4 | The points A, B, C and D are the vertices of a parallelogram. 


A has coordinates (0, 1), AB = (6) and AD = 2h. 


a On squared paper draw the parallelogram ABCD. 
b Write as a column vector i DC _ii CB 4 _, 
c What do you notice about i AB and DC ii AD and CB? 


Here are eight vectors. 


G) Key Points 


© The magnitude of the vector a is written a or |al. 
© The magnitude of the vector AB is AB, that is, the length of the line segment AB. 


© In general, the magnitude of the vector (7) isa? + a", 


Yo Example 29 Find the magnitude of the vector a = ak 


Give your answer: i as a surd and ii correct to 3 significant figures. 
4 


loa) means 4 to the right and 6 down. 


Draw a right-angled triangle to show this. 
a*= 42 + 62= 16 + 36 


a? = 52 


i= = 216 Use Pyth Th to find the length 
as _ se jagoras eorem n é lengtn, j 
ii a= 7.21 (to3sf) a, of the hypotenuse. 


33.3 Addition of vectors 


MO Example3 9 Find the magnitude of the vector AB = ‘a! 
FF mF | 


=/9F16 


? Exercise 33B 


ao Work out the magnitude of each of these vectors. (Where necessary, answers may be left as surds.) 
va=(§)bb=(2) c= (9 
12 3 
dd=(25) eAB=(_3) 1 P0=("Z) 
~ Intriangle ABC, AB = (= a) and AC = ( a4 


a Work out the length of the side AB of the triangle. 
b Show that the triangle is an isosceles triangle. 


In quadrilateral ABCD, AB = (2),¢ = (3).@ = (=3),DA = [a 


‘an 
What type of quadrilateral is ABCD? : 


PERE HTH E HEE HEHE HEE EEEEEEE ESTEE EE EEES ESE EE EESESES EEE SE SESES EH OOEESEESESEESE SEES 


i 
ps 


€) Key Points 


© The two-stage journey from A to B and then from B to C has the B 
same starting point and the same finishing point as the single 
journey from A to C. 
That i is, Ato B followed by B to C is equivalent to AtoC, 
or AB followed by BCi is equivalent to AC. A 
This is written as AB + BC = AC. 
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© Notice the pattern here AC + BC gives AC. 7~\ 


This leads to the triangle law of vector addition. 
een Watch Out! 


This does not mean that AB + BC = AC. 
The sum of the lengths of AB and BC is 
not equal to the length of AC. 


Triangle law of vector addition 


© Let AB represent the vector a and BC represent the vector b. 


Then if AC represents the vector c, c 
at+b=c. c 


Parallelogram law of vector addition 


© PORS is a parallelogram. s a ‘ 
In a parallelogram, opposite sides are equal in length and are parallel. " 
© So since PO and SR are also in the same direction PO = SR (= a). b 
— — Pp 
Similarly PS = QR (= b). a e 


From the triangle law PQ + OR = PR so that PR =ath. 
Hence PR = PQ + PS as PQ = aand PS = b. 


© So if in parallelogram PORS, PO represents the vector a and PS represents the vector b, the diagonal PR of 
the parallelogram represents the vector a + b. 


© When c = a+ bthe vector c is said to be the resultant vector of the two vectors a and b. 


©(5)+(a)= (54a) 


M2 Example 4 4 Find, by drawing, the sum of the vectors a and b. 


Use the triangle law of vector addition. 


Move vector b to the end of vector aso 
that the arrows follow on. 


Draw and label the vector a + bto 
complete the triangle. 


a + bcould also have been found by 

moving the vector a to the beginning of 
vector b. The answer is the same as the 
two triangles are congruent. 


33.3 Addition of vectors 


M Example 5 4 In the quadrilateral ABCD, AB = a, BC = b and CD =. 


| 
| 
Find the vectors i AC ii AD. 
| 


A D 


i AC =AB+BC Use the triangle law of vector addition. 
soAC=a+t+b Make sure that the Bs follow each other. 


— — =—> 
ii AD= AC + CD UseAC =atb. 
s0AD=(a+b)+ec Vector expressions like this can be treated as in ordinary algebra. 
AD=aebee The brackets can be removed. 
~~ Example 6 AB = (3) and BC = ( A 
Find AC. 


C=AB+BC Use the triangle law of vector addition. 
| 


From A to Bis 3 to the right. 

From B to Cis & to the right. 

So from Ato Cis 3 + &= 11 tothe right. 
From B to C is 4 down. 

SofromAtoCis5 + —4= 1 up. 


# Exercise 33C 


A vector a has magnitude 5 cm and direction 030°. A vector b has magnitude 7 cm and direction 140°. 
Drawthe vector a a b b c ath. 


Work out. 


= (6)+(3) § (s)+(3) © Cate) 4 (a) +3) & (3) +) 
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iB A-(3) @(2) 
d Work out PR. 


EH e=(5) a=(3) = (3) 
a Workoutip+q iiq+p 
b What do you notice? 
ce Workouti (p+q)+r ii p+(q+r) 
d What do you notice? 


nog. ABCDEF is a regular hexagon. A B 
: AB=n 
a_ Explain why ED =f. . F 
BC=m CD=p 
b Findi AC ii AD. 
c Whatis FD? E D 


SOCOM O SESE HSS OH ES EE HEE HHS EEEE EE EESEES TOSS THESE HEE HEH eES EOD 


(A) Key Points 


© The ordinary rules of algebra state that a + a = 2a. This can also be applied to vectors. #a 
For example, here is the vector a. 


Here area + aand 2a. 


© 2ais a vector in the same direction as a and with twice the magnitude. 2a 
rora=(2).a+0~ (2) +(2)= (248) = (2X2) 
thatis, 2a = 2(5) = (28) = lo} 


© Similarly, 3a is a vector in the same direction as a and with magnitude 3 times the magnitude of a. 


sasn=2(2) = (532) ~ (8) 
ee 


5 3x5 
© The vector AB is the displacement from A to B, and BAis the displacement from B to A. 


33.4 Parallel vectors 


© These displacements have the same magnitudes but are in opposite directions, so AB followed by BA is the 
zero displacement (0) as there is no overall change in position. 
This is written AB + BA = 0. 
© Using the usual rules of algebra, it follows that BA = —AB. 
© A negative sign in front of a vector reverses the direction of the vector. 
4a={ 3\sopas~i 2/=-9f 3\e{-1*?.\= 
ae (5) lea (5) (5) @ x 5) ( 5) 
showing that the reverse of 3 to the right and 5 down is 3 to the left and 5 up. 
© The vector —a has the same magnitude as a but is in the opposite direction. 
The vector —3a has the same magnitude as 3a but is in the opposite direction. 
So the vector —3a has 3 times the magnitude as a but is in the opposite direction. 
Vectors that are parallel either have the same direction or have opposite directions. 
© For any non-zero value of k, the vectors a and ka are parallel. 
The number k is called a scalar, it has magnitude only. 


a= (Z} nen ta =o(2) = (7 


© With the origin O, the vectors OA and OB are called the position vectors of the points A and B. In general, 


the point (p, q) has position vector (Fh. 


Drawthevectors i 3a ii —2a_ iii a—b. 


Sais in the same direction as a but with 3 times the magnitude. 
Draw a line in the same direction as a but 3 times longer. 


3a 
ii | 
— 2a is in the opposite direction to a but with 2 times the magnitude. 
—2a 


~. Example 8 Here is the vector a. 
en | 


a—bmeansa+ —b. 
—bis the vector b reversed in direction. 


Use the triangle law of vector addition to add a and —b. 
Move vector —b to the end of vector a so that the arrows follow on. 
Draw and label the vector a — bto complete the triangle. 


e2o7 
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Example 94 With origin O, the points A, B, C and D have coordinates (1, 3), (2, 7), (—6, —10) and 
(—1, 10) respectively. 


a Writedownasacolumnvectori OA ii OB. 
— —— 
b Work outi AB as a column vector ii CD as a column vector. 


c What do these results show about AB and CD? 


a i 0A= (3) From 0 to A is 1 across and 3 up. 
/ 
ii OB = (3) From O to B is 2 across and 7 up. 


b i 
ng AtoB, that is, (1, 3) to (2, 7), is 1 across and 4 up. 
“= (4) 
Method 2 
AB = AO + OB = 
TB =-0A+0B AG=-OA Another way to obtain AB is to use 
caer = 4 + 2 —— the triangle law of vector addition. 
AB =~(5) + (4) 
— {=1 2 
= (23) + (3) | 
| 
= = # > 
—3+7 
=i | 
an - (4) | 
| 
iCD = ( | Using Method 1, C to D, that is, (—6, —10) 
20) to(—1, 10), is 5 to the right and 20 up. 
=(_9) =5/(1 
© @D=(,6)=5(4) | 
CD = 5AB 
The lines CD and AB are parallel and the length of | 


the line CD is 5 times the length of the line AB. 
CES Simplityi 3a+5b4+2a—3b ii 2a + 4a — 2b). 
i 3a+5b+ 2a—Zb The ordinary rules of algebra can be | 
=5a42p applied to vector expressions like this. 


=2a+2a—b 


=4a-b 


33.4 Parallel vectors 


GESTED Ascisa straightline where BC = 3AB. A : C 
AB =b 


OA=a 
Express OC in terms of a and b. 


0 
OC = 0A + AC 

oc = 0A + 4AB Use the triangle law of vector addition. 
OC =a+A4b 


As BC = 3AB,AC = 4AB. 


¥ Exercise 33D 


The vector a has magnitude 4cm and direction 130°. 
The vector b has magnitude 5cm and direction 220°. 
Drawthe vector aa bb c —b da-—b. 


Here is the vector p. 
Drawthe vector a 2p b —ip. 


p 
2 fae { She —iR2 
m=(3)n (_3)P Cs) 
a Findasacolumn vector. i 5m ii —2n_ iii m+ 3p iv 2m — 4n + 5p 
b Find i the magnitude of the vector m ii the magnitude of the vector 2m — p. 


ral The points P,Q, R and S have coordinates (—2, 5), (3, 1), (—6, —9) and (14, —25) respectively. 
a Write down the position vector, OP, of the point P. 
b Write down asacolumn vector. i PO ii RS. 
c What do these results show about the lines PO and RS? 
The point A has coordinates (1, 3), the point B has coordinates (4, 5), the point C has coordinates 
(—2, —4). Find the coordinates of the point D where CD = GAB. 


OA =a OB =b A 
a Express AB in terms of a and b. 
b Where is the point C such that OC = 3b? B 


Here are five vectors. 
AB = 2m+ 4n, CD = 6m — 12n, EF = 4m + 8n, GH = —m— 2n, J = 6m + 16n 
a Three of these vectors are parallel. Which are the parallel vectors? 
b Simplify. i 8p+5q—3p—8q — ii 2(2m—5n) + 2(3m — 6n) 
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Wao Here is a regular hexagon ABCDEF. In the hexagon, FC is parallel to AB and twice as long. 
AB=m 
a Express FC in terms of m. A B 
CD=n 
b Express FD in terms of mand n. F c 
BC =x 
c Express AC in terms of m and x. 
The lines AC and FD are parallel and equal in length. E D 
d Find an expression for x in terms of m and n. 


eeeeccce 
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(A) Key Points 


To solve geometric problems the following results are useful: 

© Triangle law of vector addition so that PO + OR = PR. 

© When PQ = a, OP = —a. 

© When PO = KRS, kis a scalar (number), the lines PQ and RS are parallel and the length of PO is k times the 
length of RS. 


© When PO = KPR then the lines PO and PR are parallel. But these lines have the point P in common so that PO 
and PR are part of the same straight line. That is, the points P,Q and R lie on the same straight line. 


In triangle OAB the point M is the midpoint of OA and the point N is the midpoint of OB. 
OA = 2a OB = 2b 
i Express AB in terms of a and b. k 
ii Express MN in terms of a and b. N 
iii Explain what the answers in i and ii show about AB and MN. 


Use the triangle law of vector addition. D M A 
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33.5 Solving geometric problems in two dimensions 


| AB= AO + OB GA = 205640 = —Za. 

AB =—2a+ 2b 

ii OM = $ Qa=a M is the midpoint of OA so OM = 104. 
MN = MO + ON OM =asoMO=-—a 


MN =-a+b 
ili AB = 2MN AB = —2a+ 2bandMN=—a+b 


This means that AB and MN are parallel and that the length of AB is twice the length of MN. 


A B 


Example 15 OABC is a quadrilateral in which 
OA =a, OB =a + 2band OC = 4b. 
0 c 


i Find AB in terms of a and b and explain what this answer means. 

ii Find CB in terms of a and b. 

D is the point such that BD = OC, and X is the midpoint of BC. 

Find intermsofaandb iii OD _ iv OXand vy explain what these results mean. 


; AB - AO + OB Express AB in terms of known vectors 
using the triangle law of vector addition. 

AB =-at+a+t2b=2b G4 =anc0he—e 

OC = «= 24B OC = 4b 


OC and AB are parallel and the length of OC is twice the length of AB. 


= 
=C0+0B Express CB in terms of known vectors 
using the triangle law of vector addition. 


CB =—Ab+a+ 2b OC =tbscl 0 = <b 
— eal 


fe could also have been used. 
0 C BD = 0c means that the point D is on AB extended so that BD and OC have 
the same length. Redraw the diagram with BD in and X the midpoint of BC. 
— —> — ==> 
iii OD =OA+AD Use the triangle law of vector addition for OD. 


ii CB 


VINaAPler ve VOULUIS 


iv As Xis the midpoint of BC 


a -g 
2 


= l(a — 2b) 
CX = ia = 2) 
OX = OC + CY =Ab+ za —b Use the triangle law of vector addition for OX. | 
OX =1a+3b | 


a 
v OD = 20X = 


So the lines OD and OX are parallel with the point O in common. 
This means that OX and OD are part of the same straight line. 
That is, OXD is a straight line such that the length of OD is 2 times the length of OX. 
In other words, X is the midpoint of OD. 


TN — 


¥ Exercise 33E 


3 The points A, B and C have coordinates (2, 13), (5, 22) and (11, 40) respectively. 
a Findascolumnvectors i AB ii AC. 
b What do these results show about the points A, B and C? 


 Intriangle OAB, OA = a and OB = b. x 
a Find in terms of a and b the vector AB. 
P is the midpoint of AB. 
b Find in terms of a and b the vector AP. 
c Find in terms of a and b the vector OP. b 


& OACB is a parallelogram with OA = aand OB =b. 
P is the midpoint of AB. 
a Use the result of question 3 to write down OP in terms of a and b. 
b Express OC in terms of a and b. 
Q is the midpoint of OC. 0 b B 
c Express 00 in terms of a and b. 
d What do your answers to a and c show about the points P and Q? 
e What property of a parallelogram has been proved in this question? 


/ KLMN is a quadrilateral where KL = k, LM = m, MN = nand KN = 3m. 
a What type of quadrilateral is KLMN? 
b Express nin terms of k and m. 
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33.5 Solving geometric problems in two dimensions 


OACB is a parallelogram with OA = aand OB =b. 
: E is the point on AC such that AE = 1AC. 

F is the point on BC such that BF = iBC. 

a Find in terms of a and b. 

iAB ii AE iii OE iv OF v EF 

b Write down two geometric properties connecting EF and AB. 


In triangle OMN, OM = mand ON =n. M 
The point P is the midpoint of MN and Q is the point such that 00 = 30P. 
a Findintermsofmandn. i OP ii 00 iii MO 
The point R is such that OR = 30N. 
b Find in terms of mand n the vector MR. 
c Explain why MOR is a straight line and give the value o 


MR ° 
MQ 

In the diagram OR = 6a, OP = 2b and PO = 3a. 
The point M is on PQ such that PM = 2a. 3a a 
The point N is on OR such that ON = TOR. 
The midpoint of MN is the point S. R 
a Find in terms of a and/or b the vector NM. = 
b Find in terms of a and/or b the vector OS. 
T is the point such that QT = a. _ 
c Find in terms of a and b the vector OT. 
d Give a geometric fact about the point S and the line OT. 
e Whena = (8) and b = Le find the length of OR. 


el 


© A vector needs both a magnitude and a direction to describe it completely. 


© Vectors are equal only when they have equal magnitudes and the same direction. 
© Vectors can be labelled with single bold letters such as a, b and c. 
© When hand-writing the vector a you can use a to represent it. 


© The displacement represented by b can be described as 4 to the right and 2 up. | b 3 P 
This can be written as the column vector (): 


2 


© The magnitude of the vector a is written a or |a|. 
© The magnitude of the vector AB is AB, that is, the length of the line segment AB. 
® Mi GORENG, HH GBT of the vector () is (x? + y?. 
© AB+ BC=AC,ora+b=ce. c 
This is the triangle law of vector addition. b 


C 


7 ae > 


[be J 


Chapter 33 Vectors 


© PORS is a parallelogram. s a 
PQ = SR =a, PS =QR=b. 
From the triangle law, PO + OR = PR so that PR=a+ b. b 


© So the diagonal PR of the parallelogram represents the vector a + b. 
This is the parallelogram law of vector addition. 

© Whenc =a + bthe vector c is said to be the resultant of the two vectors a and b. 

© (3)* @=G Fa) 

© AB+BA=0 (the zero displacement). 

© BA = —AB. 

© A negative sign in front of a vector reverses the direction of the vector. 


© For any non-zero value of k, the vectors a and ka are parallel. 
The number k is called a scalar; it has magnitude only. 


a= (5) ton ka = (2) = (| 


© With the origin 0, the vectors OA and OB are called the position vectors of the points A and B. 
In general, the point (p, g) has position vector (3): 
© To solve geometric problems the following results are useful: 
© Triangle law of vector addition, so that PQ + QR = PR. 
@ When PQ = a, OP = —a. 
© When PO = KRS, kis a scalar (number), the lines PO and RS are parallel and the length of PQ is k times 
the length of RS. 
© When PO = kPR then the lines PO and PR are parallel. But these lines have the point P in common so 
that PO and PR are part of the same straight line. That is, the points P,Q and R lie on the same straight line. 


? Review exercise 


ou The diagram shows two vectors a and b. 


PO = =a+t2b 
Use the resource sheet to draw the vector 
PQ on the grid. a 
Pa xP 
b 
March 2005 
a Aisthe point (1,3). AB = (3) 


Find the coordinates of B. 
b Cis the point (4, 3). BD is a diagonal of the parallelogram ABCD. 
Express BD as a column vector. 
rp { 1 
c CE= e 
Calculate the length of AE. 


Chapter review 


3 OAB is a triangle. A 
OA=a OB=b 
a Find the vector AB in terms of a and b. 
P is the point on AB such that AP : PB = 3:2. 
b Show that OP = 1(2a + 3b). 


Diagram NOT 
accurately drawn 


0 : B May 2009 


OX =2a+b oY = 4a + 3b 4a + 3b Y Diagram NOT 


—_ 
a Express the vector XYinterms ofaandb. 9 an a accurately drawn 
Give your answer in its simplest form. mk iy 


XYZ is a straight line. 

XY:YZ = 2:3 : 
b Express the vector OZ in terms of a and b. 

Give your answer in its simplest form. 


Diagram NOT 
accurately drawn 


2a+b X Nov 2008, adapted 


a Ais the point (1, 4) and Bis the point (—3, 1). 

i Write AB as a column vector. 

ii Find the length of the vector AB. 

b Dis the point such that BD is parallel to (2) and the length of AD = the length of AB. 
0 is the point (0, 0). 
Find OD as a column vector. 

c Cis the point such that ABCD is a rhombus. 
AC is a diagonal of the rhombus. 
Find the coordinates of C. 


OABC is a parallelogram. A 
P is the point on AC such that AP = ZAC. 
OA=6a OC= oe - Diagram NOT 
a Find the vector OP. accurately drawn 
Give your answer in terms of a and c. 0 se Cc 
The midpoint of CB is M. 
b Prove that OPM is a straight line. June 2004 


CDEF is a quadrilateral with 
CD = a, DE = band FC =a-b. 
a Express CBin terms of a and b. 
b Prove that FE is parallel to CD. 
M is the midpoint of DE. 
c Express FM in terms ofa and b. 
X is the point on FM such that FX: XM = 4:1. 
d Prove that C, X and E lie on the same straight line. 
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Lnapter ss vectors 


[x fae 8 | PORS is a kite. Qa 

The — PR and QS intersect at M. 

MR = p OM = MS P R accurately drawn 
a Find expressions in terms of p and/or q for ens 

i PR 

ii OS 

iii PQ. 

SR and PQ are extended to meet at point T. 
Q is the midpoint of PT. 

b Find RT in terms of p and q. 


Diagram NOT 
accurately drawn 


Ss Nov 2007 
OPQ is a triangle. P 
R is the midpoint of OP. Diagram NOT 
Sis is the midpoint of PQ. P accurately drawn 
OP = p 00 = q 
a Find OS in terms of pandq. ‘ 
b Show that RS is parallel to 00. 
q Q Nov 2004 
OPQR i isa trapezium with PO L parallel to OR. 
OP = 2b PO = 2a OR =6a 
M is the midpoint of PO and N is the midpoint of OR. 
a Find the vector MN in terms of a and b. 0 R 
b Xis the midpoint of MN and Y is the midpoint of OR. N 
Prove that XY is parallel to OR. June 2005 


li ABCDEF is a regular hexagon. 
AB=a BC=b AD = 2b 
a Find the vector AC in terms of a and b. 


AC = CX . 
b Prove that AB is parallel to DX. A Diagram NOT 


accurately drawn 


F E Nov 2007 
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Chapter 1 Answers 


1.1 Get Ready 


1 a Neither b Factor c Factor d Multiple 
e Neither f Factor 
2 a No b Yes c No d Yes e No 


Exercise 1A 


1 Yes, for example 2 + 3 = Sis prime. 

24 

3 n=2,m=3,p=7 

4 a 2,24 b 5,10 ce 2,20 d 6,18 

5 a 4=2x3,60=2x3x5 
b 12 c 120 

6 a 72=2xX34,1200=2x3xX5 
b 24 ce 360 

7 a 18,180 b 18,216 ce 12,480 d 36,720 

8 a 6 b 2520 

9 a 40 b 126000 

10 a 11, 13,17 and 19 are prime numbers between 10 and 20. 

b 23, 29, 31 and 37 are prime numbers between 20 and 40. 
c 37,41, 43, 47, 53, 59, 61 and 67 are prime numbers 


between 34 and 68. 
11 Every 2 minutes 
12 3 boxes of burgers and 4 packets of buns 
13 No. If one of the prime numbers is 2 you will get an even 
number. 


1.2 Get Ready 
1a 36 b 8 c 9 


Exercise 1B 
1 a 1,4,9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225 


b 1,8, 27, 64, 125 
2 a i 64,1,49,9 ii 64, 1,8 
b i 4,16 ii 125, 27 
c i 64,81, 144 * it 125, 64 
d i 100,81, 169, 64 ii 125, 64 
Exercise 1C 
1aQ9 b 49 c 64 
d 1000 e 121 
2a 6 b 4 c 9 
d 1 e 8 
3 a 36 b -8 c 81 
d -1 e 144 
4a2 b -3 c —1 
d 4 e 10 
5 a l17 b 50 ec 250 
d 14 e 1 f 8 
g 34 h —11 i 9 
j 50 k 10 1 6 
me. rs 
ao 


1.3 Get Ready 
1a 18 b 16 


Exercise 1D 


1a 25 b 13 
e —5 f 8 
i 1 j 5 
m 32 n 15 

2a 49 b 25 
e 72 f 69 

3 a 25 b 4 

1.4 Get Ready 

a 20000 b 100 

Exercise 1E 

1a 31 b 64 
e 32 

2 a 39.36 b 32.65 

3 a 219.5 b 305.7 

4 a 5.17 b 5.34 

5 a 277 b 7.68 

6 a 0.917 b 1.08 

Exercise 1F 

1 a 0.25 b 1.6 

1.5 Get Ready 

1 32 

2 125 

3 729 

Exercise 1G 

1a 6? b 4 
d 58 e 31 

2 a 100000 b 125 
d 9 e 64 

3 a5 b 3 
d 4 e 9 

4a 34 b 59 
d 6 e 4 

5aQ b 16 
d 10000 e 49 

6 a 3 b 5 
d 4 e 3 


Review exercise 


1a 9% b 33 
2a —4 b 4 

e —2 
3 a =2 b 2 
q 


oe 900 Fa 0 


5.76 
22.6 
3.16 
205 
8.67 


ooogogn9d 


ce 0.15625 d 2 


c 
c 
c 
c 
c 
c 
ce 23 
Ge -2 
c —16 


Answers 


 — a — ee — ee — ee — 
~~ 
Oo 


d 1.5 


155.125 
410.9 
1.67 
455 000 
15.8 


aaianaa 


ll 
co 


75 


26 


16 


Gor 
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Answers 


4 100 cans b 14 (with 4 cans spare} 
200 cans d_ 14 (with 8 cans spare) 
5 5 arrangements: 1 by 36, 2 by 18, 3 by 12, 4 by 9, 6 by6 


3 arrangements: 1 by 18, 2 by 9,3 by6 
3 arrangements: 1 by 12, 2 by 6,3 by 4 


oO Eo © 


6 64is the next number which is both a square number and 


a cube number. 


7 a 5760000 b 5760000 ce 160 
d 57600 e 2304 
8 a 3 b 30 c 0 
9 a 3? b 4 c 2? d 5 
10 a 2x3?x7 
b 2x37 
1 9,15 
12 8=2x«x3x7 
168? = 28 x 32 x 72 
13 120000 miles 
14 = 1.258 048 316 
15 3 
16 a False,eg.3+5=8 
b False, e.g.4+9= 13 
ec False,e.g.5-3=2 
d False,e.g.2X3=6 
e True 
17 a 27 =128 b 2020 
Chapter 2 Answers 
2.1 Get Ready 
1 4a 2 8c 3 2p? 
Exercise 2A 
1 a 7x + 4y b 10w + 2z c 4p + 5q¢ 
d 3a+b e 6¢—2d f 2m—3n 
g 4e-Tf h 2x+ 10y+2 i —2p+3q-5 
j 13—5b—4a 
2 5x -9 
3 5x + 13y 
2.2 Get Ready 
1 4x+2y+12 2 by+2x-4 3 Brt+2y+6 


Exercise 2B 


1ail b 5 c 16 d 
2a -4 b —19 c d 
e 17 f 11 


2.3 Get Ready 
1 4u 27 3 68 


Exercise 2C 


1am b 6p? e 209° 

2a qa" b nt‘ ce x d 

3 a 12p° b 12a5 ce 509 d 

4 a 200°u5 b 6x5y’ ce 7a5b® d 
e 24m'n® 


Exercise 2D 


1a @ b 6 ec d 
2 a 2¢ b 3p ce 4x d 
3 a 5a’b* b 5pq° c 4cd* d 
e 10m?n 
Exercise 2E 
1a a" b 5} c 0 d 
2 a 4p® b 819° c 258 d 
3 a 16x"y? b 49efF Cc 125p%q d 
2.4 Get Ready 
18 15 4a? 
Exercise 2F 
i as an 
1a , b B c 2 d 
ne 1 2 
2a a b fi c e d 
3 al b 1 c Bp2q! 
d 1 é 9r* 
27¢8d3 4p®q? 
Exercise 2G 
1a 3¢ b 2 c is d 
1 1 1 
2as b — c 5 d 
a? 2c 2xty 
2.5 Get Ready 
1 12, 14, 16 2 34,39, 44, 3 11,13, 15 
Exercise 2H 
1 a add3 b 14,17 c 29 
2 a add6 b 20,26 e 50 
3 a_subtract7 b —9, —16 c —44 
4 a add 1 to the difference of consecutive terms 
b 15,21 c 55 
5 a add 2 to the difference of consecutive terms 
b 20,30 ce 90 
2.6 Get Ready 
1 a add3 b 13,16 c 28 
2 a add3 b 11,14 c 23 
3 a_ subtract6 b 94, 88 c 70 
Exercise 2I 
1aiz2 ii —2 
b i4 ii -11 
c i —5 ii 19 
2a 6n—5 b i 67 ii 295 
3 a 4n+3 b i 63 ii 403 
4 a 37—5n b i -63 ii —963 
5 7n +11 = 103 has no integer solution 


6 a 4n+3 


< 5). 


b 4n + 3 = 453 has no integer solution 


Answers 


Review exercise 3 3ikg 
1 a Sx-—Sy  b 6m—10n 4 2Zpints 
2 a 240B + 114A, B = British stamp, A = Australian stamp 
b 375B + 212A 
3a3 b8 c7 d-30. e 62 s2 Get heady vs ; 
4ay b 3 ec & dp’ e 16a’ 1 32 2 45 3 4 45 
5 a a b 0 c 7p? d 8&8 e 8a 
6 a subtract3 bh 87,84 ce 69 Exercise 3D 
7 a5 b —8 3 3 6 2 
Tacs b= c= d <= 
8 a 216-12n b i60 ii —972 M = A i 
9 The nth term inthe sequence is 3n + 2. If 3n + 2 = 140, ea f 3 49 h 2 
n = 46, So 140 is the 46th term in the sequence. 2a b 2 c 32 d 15 
10 a 55cans 2 14 i 
1 b 6= > lit d 7; 
b Students’ proofs : I aur ean eda ities eens 
¢ 19 high (with 10 cans spare) 5 £3265 
1 ‘ i. 
11 a 5;hours b 3.03 hours = 3 hours 2 mins 6a = b 4 @ ai d7 
c Naismith’s formula is for fit experienced walkers. te : 8 
12 a g® b 908 © 2Telf3 e 3 f 43 g 10 h 221 
13 Three consecutive even numbers are 2n, 2n + 2,2n + 4. 7 142 minutes 
Their sum = 2n + 2n +2+2n+4=6n + 6, whichis 5 
: 8 20=lb 
always a multiple of 6. 8 
6x’y 342 ‘ 
14 ay = Oy Squared numbers cannot be negative. 3.3 Get Ready 
3p? 2y 6 1 24 
15 a a i c Die 25 35 
16 64 cubes = 8 have 0 sides painted Exercise 3E 
24 have 1 side painted 5 3 2 1 
24 have 2 sides painted a be : ne 4 23 d 12 
8 have 3 sides painted eg f 1% gig h = 
Sides of cube | 0 [1 2 3 24.9 b 28 e 24 d 24 
noynbyn | (n—2? |6(n—2? | 12In-2) |8 e 2 f 32 g 6 h 15 
3 16 
Chapter 3 Answers ec 
5 114days 
3.1 Get Ready 3.4 Get Ready 
15 24 a 12 24 338 
8 45 8 


Exercise 3A. Exercise 3F 


tad b 3 cu d 2 ya ea 
2a % b c 5 d 3 2 880m? 
e 2 t 2 9% h j 3 £5.60 
Bai bt c 2 d 3 4 £78 
2 a BN ada 
4a i b 1 c 4 d i 6 tro aye een 
e iit f 1s g it hit - er 
85 
Exercise 3B 9 u km 
1a 8} b 54 e 12 d 183 10 192 
2 7imiles 3 12 Ib ec 
Exercise 3C Review exercise 
dats h-22 oo 31 taZo be ef AF OF 
2a? biz c 22 34 2aq b 52 


G2o 


Answers 


Hourly rate at |. Hourly rate. at 
Mame: |Nowdy rate time and a half | - double time 
Aaron _| £8.50 £12.75 | £17.00 | 
Chi [£12.00 | £18.00 | £24.00 
Mahmood | £14.40 _| £21.60 | £28.80 | 
4a biz ec 52 d 48 
5 a £374 b 6 hours 
1 13 VW 
6 a coy b 335 c las 
7 a 41m b 8im c ém 
8 Yes, the partis 62cm long. 
9 720000m? 
fb 
10 3,, miles 
11 a 82 inches b 1Linches 
12 a=hb=he=Ld=8 
13 «64 
14 350 
15 a i b i c i d 2 
Chapter 4 Answers 
4.1 Get Ready 
1 8.02, 8.09, 8.092, 8.2, 8.29, 8.9, 8.92 
1 7 7 
2a, b = c 3 
Exercise 4A 
1 0.8, 0.85, 5, %, 0.98 
2 a terminating b terminating ec recurring 
d= recurring e terminating f recurring 


3 Mitch is correct, as there is a factor of 3 in the denominator. 


4.2 Get Ready 


1 a 18.79 b 5.18 c 32.74 

Exercise 4B 

1 a 0.12 b 0.0012 c 0.04 

2 a 2.536 b 1.263 c 0.043 38 
e 13.02 f 0.504 g 0.046 72 

3 15p 

4 £6.86 

5 a 60 b 14 c 640 
e 25 f 2040 g 0.05 

6 a 23) b 642 ce 41.3 

7 £26.13 

8 5 

4.3 Get Ready 

1 a 0.5772 b 160.3 c £141 

Exercise 4C 

1a 64 b 5.7 c 16.9 
d 0.1 e 1.0 


Gao 


a2. 


= 


0.0063 
2.52 
0.323 


65 
0.092 
42.2 


2 a 567 b 8.06 ce 0.13 
d 3.04 e 0.08 
3 a 6.446 b 0.079 ce 5.079 
d 6.008 e 0.020 
4.4 Get Ready 
1a 3 b 0 c 9 
2 e.g. 438, 48, 6798 
Exercise 4D 
1 a 3900 b 230 46 
d 65 e 5.1 f —0.43 
2 a 2500 b 39.0 c 4.90 
d 4.09 e 0.0110 
3 a 3000 b 40 3 
d 8 e 20 f 1 
4.5 Get Ready 
1 a 5000 b 20 ec —7 
2 a 600 b 15000 ec 540000 
3 a 60 b 300 c 0.025 
Exercise 4E 
1 a 4200 b 7000 c 6000 
d 200000 e 80000 
2a 35 b 2 c 10 d 5 e 6 
3 a 8000, overestimate b 4, overestimate 
ce 10, underestimate d 300, overestimate 
4 a 50, overestimate b 4, underestimate 
c 40, overestimate d_ 8, overestimate 
5 2400 


4.6 Get Ready 


1a 03 b 0.05 c 0.001 
2a6 b 150 c 0.054 
3 a 6000 b 30000 c 25 
Exercise 4F 
1a 24 b 0.15 c 1 d 0.0018 
2a 20 b 50 c 100 d 4 

e 0.2 
3 a_ 1.5, underestimate b 0.2, overestimate 

c 5, underestimate d 200, underestimate 
4 a 400, overestimate b 210, overestimate 

c 25, underestimate d 4000, underestimate 
5 0.25 
4.7 Get Ready 
1 a 60 b 600 c 6000 
2 a 30 b 3 c 03 
Exercise 4G 
1 a 1792 b 1792 ce 17.92 d 0.017 92 
2 a 146.4 b 1.464 ce 0.1464 d 0.01464 
3 a 348 b 3480 c 348 d 348 


4a 1288 b 230 ce 56 d 2 
5 a 0.026 b 340 ec 0.034 d 100 
6a 13 b 13 e 13000 d 0.065 
4.8 Get Ready 
1 a terminating b recurring © recurring 
Exercise 4H 
7 34 305 
us rg + a3 
2 317 1 
4a 5 9 6 5 
323 347 7 
eae etd oS 
83 7 317 
10 655 1 25 12 755 
4.9 Get Ready 
1a 61 b 7.0 c 65 d 65 
2a 03 b 03 c 03 d 03 
Exercise 4I 
1 a 845,835 b 84.05,83.95 c¢ 84.005, 83.995 
2 a 0.95, 0.85 b 0.905,0.895 c 0.095, 0.085 
3 a 1185cm b 117.5cm 
4 a 6450g b 6350g 
5 a 48.05] b 47.951 
6 a 1.005m b 0.995m 
4.10 Get Ready 
1 10.1 
2 2.1 
3 a eandf b candf ce eandf d candf 
Exercise 4] 
1 a 535 b 26612.25 e 229920.25 
2 a 6.88 b 10.823575 c 24.35 
3 a 11275568.625 b 151474.75 
4a ll b 1.3606... 
5 a 08 b 1.3137... 
6 a —31.3375 b —29.8275 ec —30(1s.f.) 
7 2.05 x 10" (3 sf.), 2.28 x 107 (3 sf.) 
8 a 50 b 15.5% 
Review exercise 
1 £153.90 
2 
23 
3 047,223 
A £42.96 
5 a 4780 b 107 e 3.23 x 10% 
d 7000 e 57.0 
6 a 46 b 31 c 0.046 
d 20 e 41 
7 a 400 b 40 e 1x 108 
d 0.005 e —3 
8 a 31 b 06 e 21 d 40 
11 71 — 4q) 770000 __ 
10 76923 1p pieces 


Answers 


11 a Students’ checks 
[ a | B | c [| Bestdeal 
£62.27 | £64.33 | Avery Energy 
Vijay | £192.37 | £186.17 | £280.42 | Brawn Power 
12 a 3000 b 4000 c 24 
d 350000 e 360 
13 a 5 b 5 ce 80 
d 250 e 1 
14 37 minutes 
ox: 30 _ 1500 _ 
15 a 7 =£3 b +; = £20 C aay = £10 
10 _ 300 _ 2000 __ 
d 5,=£4 e + — £6 f 45 = £200 
16 a £21 b 32 
17 a 75, underestimate b 150, underestimate 
c 3.6, overestimate d 6000, overestimate 
e 45000, overestimate 
18 Volume ~3 X 8 x 9 = 216m?. 
Number of people = 48 = 54 
19 £429.56 
20 5 
21 a 17.1 b 31.95 c 60.1425 d 24.5025 
22 a 200 b 645 e 1.8163... d 0.0638... 
23 lower bound for length is 199.5 cm, so rod may fit into slot 
of length 199.8 cm 
24 875km/l 
25 LB of cylinder’s capacity = 325 ml, so the cylinder always 
contains more than stated on the label. 
Chapter 5 Answers 


5.1 Get Ready 


1 


a = 135°, b = 45°, c = 135° 2 40° 3 48° 


Exercise 54 


1 


a = 63° (corresponding angles) 

b = 49° (corresponding angles) 

c = 68° (angles in a triangle add up to 180°) 

p = 113° (corresponding angles and angles on a straight line) 

g = 67° (corresponding angles) 

r = 113° (alternate angles or angles on a straight line) 

1 = 81° (vertically opposite angles) 

m = 54° (alternate angles) 

n = 45° (angles of a triangle add up to 180°) 

y = 58° (alternate angles) 

z = 58° (alternate angles and angles on a straight line) 

g = 57° (isosceles triangle and alternate angles) 

h = 180 — 2 X 57 = 66° (angles of a triangle add up to 180° 

and alternate angles) 

k = 114° (angles of a triangle add up to 180° and angles on 

a straight line) 

a = 50° ( 2 sets of alternate angles) 

a aandp,bandg,cands,dandr 

b aandr,bands,candgq,d and p 

ce aandb,bandd,dandc,canda,p and q,q andr, 
rand s,s and p, aandq, aands, b and p, b andr, 
cand p,candr,dandg,dands 
The angles are on a straight line, or correspond to 
angles on a straight line. 

Angle BAC = Angle DCE = 56°, so they are corresponding 

angles 


Gat 


642 


AMSWeETS 


5.2 Get Ready 


1 a=50°,b =80° 
3 e=60° 


2 c=29°,d=29° 


Exercise 5B 


1 angles ina triangle, angles on a straight line 
2 same angle, same angle, angles in a triangle, angles in a 
triangle 
3 a b=d (alternate angles) 
a = c (corresponding angles) 
soat+b=c+d 
b The exterior angle is equal to the sum of the opposite 
two interior angles. 


5.3 Get Ready 
j= 148° 


Exercise 5C 


1 141° (angle sum of quadrilateral / equilateral triangle) 
2 126° (angles on a straight line / exterior angle of a triangle) 
3 a a= 132° (symmetry), b = 37° (angle sum of 
quadrilateral) 
b 66°, 114°, 114° (symmetry / angle sum of quadrilateral) 
4 113° (vertically opposite angles / angles on a straight line / 
angles at a point / angle sum of a quadrilateral) 


5.4 Get Ready 


a alternate angles b 90° 


Exercise 5D 


1 alternate angles 
2 


A 


5.5 Get Ready 
1 a East b 


c North-west 


Exercise 5E 


1 a 073° b 225° c 243° 
2 a 070° b 218° c 102° 
3 249° 

4 312° 

5 a 111° b 239° 

5.6 Get Ready 


a = 43° (alternate angles) 

b = 72° (opposite angles) 

c = 65° (angles sum of a triangle) 

d = 64° (angles on a straight line) 

e = 58° (angle sum of an isosceles triangle) 

J = 54° (opposite angles of a parallelogram) 

g = 126° (angles at the end of a parallelogram) 


Exercise 5F 


1 a 124° (isosceles triangle / angle sum of a triangle / 
vertically opposite angles) 
b 56° (angles on a straight line / corresponding angles) 
2 L=70°,M = 55°, N = 55° (alternate angles / angles ona 
straight line) 
3 a p=57° (exterior angle of a triangle / angle sum of a 
quadrilateral) 
b g=117° (exterior angle of a triangle / corresponding 
angles) 
alternate angles 
b 6 =d (alternate angles) 
a=C,parta 
soat+b=c+d 
c Opposite angles in a parallelogram are equal. 
5 a+b+c+d= 360° (angles in a quadrilateral) 
a + c= 180° (given in question) 
sob + d= 180° 


5.7 Get Ready 


1 Equilateral triangle 
2 Asquare is a quadrilateral with equal sides and equal 
angles. 


Exercise 5G 


Polygon | Number 
of sides 


Quadrilateral 


Pentagon 


Sum of 
interior 
triangles | angles 


Number of | Number 
diagonals of 
from one 


Hexagon 


Octagon 


Nonagon 


Decagon 


b in-3 iin —2 iii (m — 2) X 180° 
2 Angles not equal 
Exercise 5H 
1a 15 b 18 c 160° 
2 a 120° b 144° c 168° 
3 a 142° b 103° 
4 360 is not divisible by 25 
5 a a=32°,b = 30°, c = 42°, d = 63°, e = 44°, f= 27°, 
g = 59°, h = 63° 
b 360° 


6 a 135° (angle sum of isosceles triangle / angles on a 
straight line) 
b i The interior angles are all the same. 


ii Not all the sides are the same length. 


Exercise 5I 


1 a i 110° ii 143° 

b i 50° ii 36° 
2 a 72° b 45° ce 30° d 14.4° 
3 a 24 b 3960° 


4 144°, 98°, 129°, 128°, 107° and 114° 
5 Exterior angle = 12°, interior angle = 168°, angle BCA = 6° 
(angle sum of isosceles triangle) 
6 Angle BCD = 180 — e (angles on a straight line) 
So angle BCO = (180 — e) + 2 (by symmetry) 
And angle CBO = (180 — e) = 2 (isosceles triangle) 
So c = 180 — {(180 — e) + 2} — {(180 — e) + 2} (angles in 
a triangle) giving c = e 


Review exercise 


1 88 + 96 + 180, so the lines are not parallel. Ben is right. 
2 Angles ona straight line add up to 180°, 
but 120 + 50 # 180. 
3 a x=30° 
b_ vertically opposite angles 
c Angles around a point add up to 360°, 
but 125 + 135 + 125 # 360. 
5 ie 0 54 _ g30 
ii angle sum of an isosceles triangle 
b y=54 + 63 = 117° (exterior angle of a triangle) 
or 
y = 180 — 63 = 117° (angles on a straight line) 
5 N 


P 


6 a y=58° 
b alternate angles 
7 x= 130° (angles ona straight line) 
y=50° (alternate angles) 
8 x = 180 — (360 — 50 — 119 — 105) = 94° (angle sum of a 
quadrilateral / angles on a straight line) 
9 a x=180—2 xX 52=76° 
b angle sum of an isosceles triangle 

10 angle ABO = 90° (angle in a square) 
angle ABC = 180 — a = 120° (exterior angle of a regular 
polygon / angles on a straight line) 

x = 360 — 90 — 120 = 150° (angles around a point) 

11 a angle BDA = 180 — 127 = 53° (angles on a straight 

line) 
angle BAD = 180 — 2 X 53 = 74° (angle sum of an 
isosceles triangle) 
angle DAC = 90 — 74 = 16° 

b angle DCA = 180 — 127 — 16 = 37° (angle sum of a 
triangle) 

12 angle in equilateral triangle = 60° 
base angle in isosceles triangle = 
(angle sum of a triangle) 

p = 360 — 60 — 61.5 = 238.5° (angles around a point) 


180 — 57 _ e150 
5 61.5 


13 


15 


16 


17 


18 


19 


20 


21 


22 


Answers 


a i w= 25° (base angles of an isosceles triangle) 
ii x = 180 — 2 X 25 = 130° (angle sum of a triangle) 
b angle SQR = 180 — 130 = 50° (angles on a straight 
line) 
180 — 
y = B- 50 


triangle) 
a 030° 
b oN B 


& 


exterior angle = +> = 36° 


x = 180 — 36 = 144° (angles on a straight line) 
180 — 120 


= 65° (angle sum of an isosceles 


ax= = 30° (angle sum of an isosceles 
triangle) 
b angle ABD = 180 — 30 = 150° (angles on a straight 
line) 
y = 360 — 150 — 54 
quadrilateral) 
angle ACB = angle ABC = x + 20 (base angles of an 
isosceles triangle) 
angle BAC +2(x + 20) = 180° (angle sum of a triangle) 
angle BAC = 140 — 2x 
angle EFD = 360 — 2x — 65 — x — 90 = 205 — 3x 
(angles around a point) 
angle FED = angle EFD = 205 — 3x 
(base angles of an isosceles triangle) 
a_ interior angle = 180 — exterior angle 
(angles on a straight line) 
interior angle = 180 — z X interior angle 
interior angle = 108° 
360 
n 


108 = 48° (angle sum of a 


b exterior angle = 72° = 
n=5 

Angle CAB = 360 — x — 90 - 80-x 

(Angles at a point add up to 360°) 

= 190 — 2x = angle ABC 

(Base angles in an isosceles triangle are equal) 

Angle BCD = 190 — 2x + 190 — 2x 

(exterior angle of a triangle = sum of two interior opposite 

angles) 

= 380 — 4x = 4(95° — x) 

Angle PQR = angle PRQ = (180° — 20°) + 2 = 80° 

(base angles of an isosceles triangle are equal and Angles 

in a triangle add up to 180°) 

Angle PQY = 80° — 60° = 20° 

Since angle PQY = 20° and angle QPY = 20°, triangle POY 

is isosceles. 

Thus PY = QY 

(sides opposite the equal angles in an isosceles triangle 

are equal) 

5 minutes and 27 seconds past 1 


Answers 


Chapter 6 Answers 


6.1 Get Ready 


a Ask each classmate how much lunch money they get and 
calculate the mean of this data. 

b Use an internet air ticketing site or the Manchester airport 
site. 

c Search the internet for a government site that gives 
information on voting figures. 


Exercise 6A 


1 a_ secondary b secondary c primary 
2 a quantitative b qualitative c quantitative 
d quantitative 
3 a discrete b continuous ec continuous 
d discrete 
4 a Drug Ais effective at curing malaria OR Drug Ais not 


effective at curing malaria. 
b Collect data on patients that have been treated with 
Drug A and those that haven't. 


6.2 Get Ready 


If the answers are written down: 15 seconds 
If the answers are given orally (i.e. one student at a time): 
number of students in class < 15 seconds. 


Exercise 6B 


1 For example, rolling a dice or using the random function on 
a calculator or from a random number table 

2 A fraction of the population is chosen at random. 

3 For example, assign the numbers 1 to 60 to the workers, 
then take the first eight different numbers under 61 that are 
generated by the calculator 
(21, 32, 54, 34, 26, 45, 35, 22) 


6.3 Get Ready 


15 _ 3 10) 2 
1@ 375 b aos 
2 a 80 b 3 


Exercise 6C 
1 23 boys, 27 girls 
2 Randomly select 15 employees with less than six months’ 


experience and 40 employees with more than six months’ 
experience. 


Females 


They should be picked by simple random sampling. 


6.4 Get Ready 
1a4 b 6 


2 Ht | 


Exercise 6D 
1a 


Vehicle Frequency 


JT LAT LAT LAI 
Bus a 
HGV Ill 
C_ Bike Ill | 
Motorbike | | | 


b Motorbike c Car 


Weight 


57 <w <60 
— 
| 63<w<66 
66 <w <69 


b 57<w<60 c 6€<w<63 


6.5 Get Ready 
Tallying 


Exercise 6E 


1 Itis a biased question. 
2 A:open, B: closed, C: open, D: closed 
3 a No option for dissatisfied customers. 
New suitable question: 
What do you think of the new amusements? 
Very good LJ Good L_] Satisfactory LJ Poor L_] 
b Options overlap. 
New suitable question: 
How much money would you normally expect to pay for 
each amusement? 
47 Ll goers LO 
c Notclear what the options mean. 
New suitable question: 
How often do you visit the park each year? 


0-2 times L] 3-5 times L] 6-8 times LJ 


more than 8times L_] 
4 Do you like the new layout? Yes/No 


more than £8 LJ 


6.6 Get Ready 


1 a 15girls b 6 students 


Exercise 6F 
1a 


ia Saltand | Cheese and | Total 
Vinegar Onion 
[mates [ 7 | 7 [| 4 | 2 | 
iremebe| se [7 | 
[Tord | 12 | 3 | ot | 
13 


c 51 


b 
3a Shop floor | Total 
workers 
pw | 3 {| 2 | 6 
b 51 c 146 


Exercise 6G 


1 Yes, only one area sampled 

2 A: Biased. Not everyone in the hospital's area has a chance 
of being asked. 
B: Biased. Only people with phones have a chance of being 
asked and only in 10 towns, the sample is too small. 
C: Not biased. 
D: Biased. Only people already using the recycling facility 
are being asked. 

3 Students’ own discussions 


6.8 Get Ready 
The internet, supermarkets, high street shops 


Exercise 6H 


1 a 41000tonnes b Cars 
Cars 

6.3days b May c May 
799 b Stays the same 
More dairy d Numbers have decreased 


c 2004 


2 
3 


d May 


oo 92 & 


Review exercise 


1 a Itdoes not allow for sending no text messages. It does 
not include a time frame, e.g. per week. 
b_ Itonly includes people of one age. 

2 a The categories overlap. It does not include a time frame, 
e.g. per day. It does not allow for people who use their 
computer for more than 6 hours. 

b_ It only includes people of one age. 

It does not allow for never visiting the cinema. It is hard 

to decide what the categories mean. It does not include 

a time frame, e.g. per month. 


Answers 


b On average, how many times do you go to the 


cinema each month? 
0-1 times LJ 2-3 times - 4-5 times I 


more than 5 times L_] 
On average, how many emails do you send each week? 


o5 L] eto LI 1-15 LJ 16-20 


more than 20 L] 
It only includes women. It does not include people who 
never go to the cinema. 


Tigers 


Elephants 


England 


Italy 


a_ The first question does not allow for people who 
never visit the park and itis hard to decide what each 
category means. 

The second question has overlapping categories. 

b On average, how often do you go to the County 

Park each month? 


Never LJ 1-3 times LJ 
more than 6 times LJ 
How old are you? 


0-10 years CL] 11-20 years L] over 20 years L] 
a Biased, because it only includes those working on the 
night shift. 
b Not biased, because it uses a simple random 
sample. 
c Biased because the question starts with ‘Do you 
agree...’ 
6 girls 
12 boys 
a 5students 
19 students 


4-6 times 


b 26 students 


G46 


Answers 


Chapter 7 Answers 


7.1 Get Ready 


1 a 150g b 3cm c 5m d 300ml 


Exercise 7A 


1 600 cm 
84cm 

300 000 cm 
3000 kg 


a 21cm 510 cm 
d 

g 

a 

d 0.9kg 

a 

d 

7 


5.9cm f 48.3cm 
6700 cm 

8200 kg c 6kg 

0.43 kg 47kg 

7 litres c 5.9litres 


° 


2 


co er Ss Oo o 
9, 


3 2 litres 
45 litres 


4 7litres 


Exercise 7B 


8.8 pounds 

50 kg 

4 litres 

8 gallons 

17.5 pints 

360 cm 

60 miles 

96 km 

585p per gallon 


SOHN OO ABWH = 


Exercise 7C 


1 a 80 ounces 
2 180 inches 
3 a 132 pounds 


b 6 pounds 


b 60kg 


1.2 Get Ready 


60 minutes 
1 


4 

0.6 

18 minutes 

5 hours 42 minutes 
7 hours 42 minutes 


Ook WDM = 


Exercise 7D 


1 a 13km/litre b 6litres 

2 a 240° b 30seconds 

3 a 60litres/min b 18 minutes 30 seconds 
4 0.0625 litre 


1.3 Get Ready 


1 a 18km// b 6.5km// © 13.2km/l 


Exercise 7E 


1 4.24km/h 2 10km/h 

3 1 hour 12 minutes 4 306 km/h 

5 The speed for the 100 m was 10.32 m/s. The speed for the 
200 m was 10.36 m/s. The 200 m race was won with the 
faster average speed. 


7.4 Get Ready 

1a 83 b 13.3 c 26.0 d 12.9 
Exercise IF 

1 2.5q/cm? 2 0.777 cm? 3 1.96 g/cm? 


4 — The aluminium block has the greater mass by 155 kg. 


Review exercise 


1 a 110m, 70g, 40 litres b 400cm c 1.5kg 
2 No, 1.5km is 1500 m. 

3 80 km/hour 

4 432 miles/hour 

5 John’s speed: 20 km/hour. Kamala’s speed: 21 km/hour. 
Kamala had the greater average speed. 

320 seconds 

1.14 g/em? 

1930 g 


On 


Chapter 8 Answers 


8.1 Get Ready 


1 Notnecessarily, one could be an enlargement of the other. 
2 No 
3 No 


Exercise 8A 


1 QS is the hypotenuse of both triangles 
angle QPS = angle SRO = 90° (given) 
PS = QR (given) 
So the triangles are congruent (RHS) 
2 angle YZX = angle WVX (alternate angles) 
angle ZYX = angle VWxX (alternate angles) 
YZ = WV (given) 
So the triangles are congruent (AAS) 
And YX = XW, so X is the mid-point of WY 
3 PQ = PR (given) 
QS = RT (given) 
angle POS = angle PRT (isosceles triangle) 
So triangle PQS is congruent to triangle PRT (SAS) 
Therefore PS = PT and so triangle PST is isosceles 
4 Let the point where the line from L cuts the base at right 
angles be X. 
Now LM = LN (given) 
LX is common to both triangles 
angle LXM = angle LXN = 90° (given) 
So triangles LMX and LNX are congruent (RHS) 
As the triangles are congruent then MX = NX, so the line 
from L bisects the base. 
5 AD = DB (as D is the midpoint of AB) 
angle ADE = angle DBF (corresponding angles) 
angle DAE = angle BDF (corresponding angles) 
So the triangles ADE and DBF are congruent (AAS) 


8.2 Get Ready 


When you fold it over, the star fits exactly on top of itself. 
When you rotate the star, it fits exactly on top of itself in four 
different positions. 


Exercise 8B 


1a 


oa *~o aor 


Yes b Yes 


No d No 
Yes f No 


No rotational symmetry 
Rotational symmetry of order 2 
Rotational symmetry of order 3 
Rotational symmetry of order 8 
No rotational symmetry 
Rotational symmetry of order 2 


' Line of 
symmetry 
Isosceles triangle 


Answers 


8.3 Get Ready 


1 a i Anisosceles triangles has two sides the same length 
and two angles the same. 
ii An equilateral triangle has all three sides the same 
length and all three angles the same. 
b Yes 
2 A polygon with four sides. 


Exercise 8C 
1a 


Itis also an isosceles triangle. 

2 a No. Itcould bea rectangle, square, rhombus, 
parallelogram, trapezium or isosceles trapezium. 

No. It could be a rectangle, rhombus or parallelogram. 
No. It could be a rectangle or rhombus. 

Yes. Itis a rectangle. 


oa 


ooo 


Rotational symmetry of order 2 


8.4 Get Ready 
A and C 


Exercise 8D 


1 a Similar b Not similar 

2 All corresponding angles are equal so the pentagons are 
similar 
(angle CDE = angle HIJ = 150°) 


Gaza 


648 


Answers 


Exercise 8E 


1 15cm 
2 a 5.14cm 
3 15cm 


b 0448m 


8.5 Get Ready 
By inspection 


Exercise 8F 


1 a i AC and FE, BC and DF, AB and DE 
ii angle ABC = angle EDF, angle BCA = angle DFE, 
angle BAC = angle DEF 
b i JK and GH, KL and HI, JL and GI 
ii angle KUL = angle HGI, angle JKL = angle GHI, 
angle KLJ = angle HIG 
ce i PNand MN, ON and ON, PO and MO 
ii angle NPQ = angle NMO, angle PON = angle NOM, 
angle PNQ = angle MNO 
i SR and WU, ST and WT, RT and UT 
i angle STR = angle UTW, angle RST = angle TWU, 
angle SRT = angle TUW 

5.525cm b 7.225cm 
angle DEB = angle ACB (given) 
angle DBE = angle ABC (same angle) 
Therefore angle BDE = angle BAC (angles in a triangle) 
So triangle ABC is similar to triangle DBE 
b 646cm c 226cm = d 1.99cm 
angle BDE = angle BAC (given) 
angle DBE = angle ABC (same angle) 
Therefore angle DEB = angle ACB (angles in a triangle) 
So triangle ABC is similar to triangle DBE 
b 636cm ec 10cm 
angle ABM = angle CDM (alternate angles) 
angle BAM = angle DCM (alternate angles) 
angle AMB = angle CMD (vertically opposite angles) 
So triangle ABM is similar to triangle CDM 
b i 8cm ii 12cm 


a. 


Review exercise 
1a b 


2 AandC 
3 YandZ 
4 a angle ADB = angle ADC = 90° (given) 
AB = AC (sides of equilateral triangle) 
AD is common 
So triangle ADC is congruent to triangle ADB (RHS) 
b BD = CD (corresponding sides) 
BD+CD=BC=AB 
So BD = 4 BC 


5 AB = BC (given) 
AD = CD (given) 
BD is common 
So triangle ADB is congruent to triangle CDB (SSS) 
6 angle ACB = angle CED (vertically opposite angles) 
angle CAB = angle CED (alternate angles) 
angle ABC = angle EDC (alternate angles) 
So triangle ABC is similar to triangle EDC 
a 12cm b 39cm 
7 12.5cm 
8 a angle HJI = angle GJF (same angle) 
angle IHJ = angle FGJ (corresponding angles) 
angle HIJ = angle GFJ (corresponding angles) 
So triangle HlJ is similar to triangle GFJ 
b 3.43cm 
9 angle CAD = angle BAE (same angle) 
angle ACD = angle ABE (corresponding angles) 
angle ADC = angle AEB (corresponding angles) 
So triangle ACD is similar to triangle ABE 


a 2cm b 5.25cm 

Chapter 9 Answers 

9.1 Get Ready 

1a 10x b —12x? ce 2x? 
d x-4 e x+5x+6 
f x*-3r+2 

Exercise 9A 

1a ax+6 b 3p-—6 ce 4m+A4n 
d 15—3q¢ e 4%+2y—6 f 10¢+5 
g 4x?-8 h 3n?—6n+3 

2a ye+2y b g’—3g c 2x? + 10x 
d 4n ~ rn? e ab+ac f 3s? — 4s 
g 6i?+3¢ h 423— 1242 

3 a —2m-6 b —6r -—6 c —m?—5m 
d —8y’?—12y e —5p+10 f —3q + 3q? 
g ~2s°+6s h —12mn —3n?+ 15n 


Exercise 9B 


1a &-—3 b 9p0+6 ec llw+6 
d 7d—2 e 5a+ 3b f Sx+3y4+5 
2a y+20 b 9a-6 e —4x% — 15 
d ¢-3 e —5n f 11m? + 2m 
3 a ¢—16 b x +19 c gtg 
d 13c?—-22c e 4s?+14s-2 £ p?+q 
4 a 3s-4 b 15m+6 ce 5f? —3f 
d n?+4n e 2x-—x?+xy f 2p? + 5p 
9.2 Get Ready 
Ta 2 b 5 c 4 d 3y 
Exercise 9C 
Ta 3(x+2) b 2y — 1) c 5(p + 29) 
d 7(2¢ — 1) e 2(45 +t) f a + 25) 
g 5(3u + v + 2w) h i(x —y) 
i cla~ 1) j 3(2x?+ 3x41) 


2p\p — 1) I 
h(2 — 5h) 0 
5xly + t) b 
4y(2x-1) e 
mn(1 — k) g 
Fis+ fj 
ab(a2+ 62) m 
5x’y(3 —7y) p 


orf ao Ss = 


Exercise 9D 


1a (x+3)(x +5) 
pip + 1) 

(a — 5) (a — 7) 
2ly + 2\y + 4) 
2p + 5)(4p + 25) 
Tia + b)(a-—b - 


9.3 Get Ready 
1 24cm? 


Exercise 9E 


qq — 1) m 
pip? +2) ip 
3a(d—-2c) c¢ 
2pl2q + s + 4t) 

2xlx + 2} h 
yly? + 1) k 
2pri4q + 5s) a 


3y(3y + 1) 


x(4x + 3) 
sX{1+ s) 
2p(3q + 2h) 


12s(s — 2) 
cd(3d — 5c) 
Jab(2a — 6 +3) 


(x — yx + y) 
(2t — s)(2¢ +s +1) 
2(2d + 1)(d + 1) 


3(q + 1)(2q + 5) 


2) 


2 xX (x +2) 


b 
d 
f 
b 5(x — 1)(3x — 5) 
d 
f 


Qx(x + 1) (2x — 3) 


Ta wvt+7x+12 b 2+ 3x+2 
c x —3x- 10 d yt+y-6 
e yw—-y-2 f 22-54 +6 
g a?—9a+ 20 h 22+4%4+4 
i p?+8p+ 16 j k-14k +49 
k a+ 2ab + B 1 a@—2ab+ b 
2a 2x2-+3x+1 b 3x2-—2%-1 
e 297+ 11x + 12 d 3y°- 8y—3 
e 2p?+7p+3 f 62+7¢+2 
g 6s?+ 19s + 10 h 4x2 + 4x — 15 
i 12y?+ 5y - 2 j 6a?-7a+2 
k 902+ 12x + 4 | 4k2?—-4k +1 
3 a x? + 3xy + 2y* b x? + xy — 2y* 
c x — xy — 2y* d x2 — 3xy + 2y* 
e 6p? + Tpq — 3¢? f 6s? — 7st + 2¢? 
g 4a2+ 12ab + 9b? h 4a2— 12ab + 96? 
9.4 Get Ready 


1 a land —6,6 and 


1,2 and —3,3 and —2 


b 1and 15, —1 and —15,3 and 5, —3 and —5 


2 5and2 
3 -—3and —-5 


Exercise 9F 


1 3,5 

4,-2 

(x + 3)(x + 5) 
(x + 3) 

(x — 3)(x + 6) 
(x — 4)(x + 3) 
(x ~ 9)(x + 9) 


2 


g7-e an am 
wr rere s 


Exercise 9G 

1 a (x — 6)(x +6) 
ce (y — 12)(y + 12) 
e (w — 50)(w + 50) 


—6, -—4 

—4,2 

(x + 1)(x + 7) 
(x — 1}(x — 5) 
(x — 6)(x + 3) 
(x — 4)(x + 6) 


— mh Oo FO 


—6,-3 

—3,3 

(x + 4)(x + 5) 
(x — 1) 

(x — 4)(x + 7) 
(x — 2)(x + 2) 


b (x — 7x +7) 
d (5—y)(5+ y) 
f (100 — a)(100 + a) 


Answers 


g (x — 1x +3) h y(18 — y) 
i 4ab 

2 a 2800 b 50 ce 0.75 d 20000 

3 a (2x —7)(2x +7) b (3y — 1)(3y + 1) 
e (11¢ — 20)(11t + 20) d —(qg + 1¢ + 3) 
e 8 f Alp +q)} 
g 4(5p —-g + 2)(5p + q +3) 
h 100st 

4 a 3(x — 2x + 2) b 45(y — 5)(y + 5) 
ce 10(w — 10)(w + 10) d A(p — 4q)(p + 4q) 
e 3(2a — 3b)(2a + 3d) f 8x 

Exercise 9H 

1 a (5x + 1)(x + 3) b (2x + 1)(x + 5) 
e (3x + 1)(x+1) d (4x + 1)(2x + 1) 
e (3x + 2)(2x + 3) f (6x — 1)(% — 1) 
g (5x — 2}(x — 1) h (4x — 1)(3x — 2) 
i (4x + 32x — 1) j (2x + 3x — 5) 
k (7x + 2)(x — 3) 1 (3 + 2)\(x — 4) 
m (2y + 1)(2y + 5) n (6y — 1)(y — 2) 
o (3y — 5)(2y — 5) 

2 a 23x + Ax + 1) b 3(2y — 1)ly — 2) 
ce 5(x + 2)(x — 1) 

3 a (x — yx + 2y) b (x + y)(2x + 5y) 
c (3x — 2y)(2x + 3y) 


Review exercise 


AWN = 


16 


54-2 

a 5(m + 2) b yly — 3) 

a (at d\(x + y) b (a —b\c+d) 
we+x—12 

a a@+4a+4 b @—6c+9 

ec @+2d+1 d x +2xy+y? 

a x + 15x + 50 b y+ 18y + 81 

c x2—-2x-8 d x2-x-6 

e @-—76+6 f 27+ 11x44 12 

g 6p? +p-1 h 4c2 — a 

i 16y*-8y+1 

a (¢+5)(¢+6) b (x +7)? c (p+ 5)(p — 3) 
d (y— 6)? e (x—4)(x-1) f (s— 8s + 8) 
a (x+1)(x+ 7) b 11X17 

2(Y + 3}, 26 red flowers 

a (x —20\x+20) b (3¢—2)(3t+2 

e (10—y)\(10+y) d (5 — 2p)(5 + 2p) 

a 41 b 1.99 c 16 

8000 


Three consecutive numbers aren,n+ 1,n + 2. 
(n + 1)(n + 2) — n(n + 1) = (n? + 3n + 2) — (n? + n) 
=2n+2=2(n+1) 


6(x + 2) 

a Eachteam plays 3 games at home against the other 
teams. 
So total number of games = 4 X 3 = 12 

b 380 c a—a=ala—1) 

a (2x + 1)(x + 2) b (2w — 1)w + 3) 

ce (3a + 2)\(a + 4) d (3z — 2}(10z — 1) 

e (8y — 1y +3} f (3p + q\(2p — q) 


Gan 


ANSWeTS 


17 Let the top left number in the 2 by 2 square be n. 


Difference of products from opposite corners 


= (n + 1)(n + 6) — nin + 7) = (n? + In + 6) — (n2 + In) 


=6 


Chapter 10 Answers 


10.1 Get Ready 
1 5cm, 45cm2 


Exercise 10A 


1 a 40cm b 18m? c 35cm? 
d 54mm? e 30cm? f 54cm? 

2 Area 15cm’, area 25 cm2, base 6cm, area 32 cm2, 
height 8 cm 

3 a 5cm b 12cm 


Exercise 10B 


1 a 56cm? b 96m? c 75cm? d 98cm? 


10.2 Get Ready 


a A=lw 
b A=P 

c A= jbh 

d A=bh 

e A=}(a+bh 


Exercise 10C 


1 a 28m b 37m? 
2 60 

3 30 

4 6cm 

5 a i 32m? 
b 24m 
a 66cm 
30 cm? 
100 cm? 


ii 14m? 
c 13 d 9 
b 234cm2 


ON ® 


10.3 Get Ready 
1 


Tangent 


Exercise 10D 


1 a 220cm 

d 126cm 

a 145cm 

6.00 cm 

a 210cm 

a 7.54cm 

b i 45.2cm 
a 408cm 

71.7cm 


oh WN 


NO 


Exercise 10E 


1 a 201cm2 
297 cm? 
452 cm? 
2680 mm? 
19.6 m2 

a 10800 m2 
70.7 cm? 
13cm 

193 cm? 


2 


xaoane & 


NO oO1B Ww 


10.4 Get Ready 
la 


2 Any six out of: 


or Ep oy 


40.5mm 
68.8 m 
25.1 cm 


2.1km 


2.51cm 
14.6 cm 


507 cm? 
499 m2 
54.1 cm? 
262 cm? 
18.8 m2 
£2480 


17.6 cm 


2859 


2550 mm2 
0.709 m? 


£36.80 


3 a Cylinder b Cone 


ce Triangular-based pyramid d Square-based pyramid 
4 a eg. 


3cm 
3cm 
5cm 
b e.g. 
5cm 
2cm 
6cm 
6cm 
4cm 


10.5 Get Ready 


Ta 
3cm 
5cem 
5cm 


above side 


above side 


Answers 


Exercise 10G 
1 a Plan 


Sas wa See 


Front elevation Side elevation 


b Plan 


Eee), Gr 


Front elevation Side elevation 


c Plan 
[ 
5m 
Co ye 
5m 


3m 


Front elevation Side elevation 


d Plan 
2m 
2m 6m 


Front elevation Side elevation 


e Plan | 
4cm 
3cm 
6cm 
4cm 
5cm 5cm 
3cm 
6cm 3cm 


Front elevation 


Side elevation 


654 


PULIOVVOCTS 


f Plan 
5cm 
4cm 
G Zz “ 
5cm 
Front elevation Side elevation 
9 Plan 


Front elevation Side elevation 


b 


LE 


10.6 Get Ready 
1 a 192m b 576 cm? 


Exercise 10H 


1 a 396cm? b 378cm® Cc 204cm?3 
2 400cm? 


10.7 Get Ready 
la @ b 2a3 c a 


Exercise 10I 


1 a 78cm b 2250 mm? c 0.49875 m3 
d 216cm? 

2 a 225cm3 b 10500 cm? c 80.43 cm3 
d 84000 cm? 

3 9cm 


4 Volume = 3(x + 3x) x 2x x 2x = 823 cm? 
5 h=45y 


10.8 Get Ready 


1 


a 28.3.cm?(3s.f.) 
ce 314cm? (3s.f.) 


Exercise 10J 


1 


2 


on RW 


a 251cm% 

c 236cm? 

a 3607cm3 

c 0.101 257m? 
16007 m? 

114.4 cm3 

31.92 mm 

3.56 m3 = 3560 litres 


Review exercise 


1 


hWND 


> oof 


5cm 
150 boxes 


i—— 


19.6 cm? (3s.f.) 


13 600 000 mm? 
8930 cm 
650 acm 


7 a 5cm b i 19 boxes ii 8 chocolates 
8 a 11812cm2 b 83.52cm? 
9 a 6cm 
93cm 
Plan 


Front elevation Side elevation 


b 189 cm? 

10 Skirting board:3 x 4+ 2X 2 + 1, therefore cheapest 
= 3 x £30.50 + 1 x £18.75 + 1 x £14.00 = £124.25 
Coving: 20 m, therefore cheapest 
= 6 X £27.50 + 1 X £22.00 = £187.00 
Total = £311.25 

550 


11 Area = 28m, therefore =a 7 £19.64 to spend per m? 


Amy can afford Natural Twist with either underlay or 
Medium Blend with Cushion. 

12 Paving = 20 x £40 = £800, grass = 110 X £15 = £1650, 
total = £2450 

13 2X 7X 2.55 = 16m = 32 roses, so cost = £134.40 

14 Area=4x4—-(4X14+05X1X18+ 7x 1’) 
= 7.958 m? 
Cost = 7.958 x 4.60 = £36.61 


2 
15 a Volume of cup = aXWX4S 


can hold 150 mi. 

b Volume of squash required = 30 X 150 X 3 = 13500 ml 
= 13.5 litres 
1 bottle makes 0.8 X 7 = 5.6 litres 


= 159 ml, so the cup 


2 = 2.4, so 3 bottles are needed. 
ce £3.75 
16 a 700cm> b 13.51 kg 


17 Volume = 2 (1 +3) x 10 = 500m’, 
so time = 250 minutes = 4 hours 10 minutes 
18 a 3085m 
b Add 45.8 m to the straights making each one 105.8 m or 
add 29.1 m to the diameter of the bends, making each 
diameter 89.1 m 
19 200-50 7X 12 = 42.9cm? 
20 Volume of oil = 7 X 60? x 180 = 2036 752 cm’, 
so mass of oil = 8754 kg 
Surface area of tank = 2mr? + 2mrh = 90478 cm?, 
so mass of tank = 253 kg 
Total mass = 9007 kg = 9 tonnes 
21 a 315cm? b 0.6 g/cm 


Chapter 11 Answers 


11.1 Get Ready 


1 a 12345578891012 b 3.5,3.5,4.5, 4.6, 6.2, 8.7, 12.5 


Answers 


Exercise 11A 


12 

2 16litres 

3 a 16 b 16 
4 227 


11.2 Get Ready 
1a 44 b 204 


Exercise 11B 


1 3 

2 a 136 b 134 

3 £1292 

4 a 10 b 20 c 24 


11.3 Get Ready 


a Median = 20 
Mode = 20 
b Mean = 21to2s‘f. 


Exercise 11C 


1 a Mean £47, mode £17, median £22 

b The median is best. The mean has been affected by one 
high value and the mode is the lowest value. 

2 One advantage from: Is the most popular measure. Can 
be used for further calculations. Uses all the data. One 
disadvantage from: Affected by extreme values. Actual 
value may not exist. 

3 a 28 b 38 
c 64 (to the nearest whole person) 
d The mean because it is the highest average. 


11.4 Get Ready 

[Number | 1 | 2 | 3 | 4 | 5 | 6 | 
[Frequency| 1 | 4 | 4 | 3 | 3 | 1 | 
Exercise 11D 

1 a Frequency X number of siblings: 0, 8, 18, 12, 12, 0, 12,7 


Total f = 30 
Total f x x = 69 
b 2 c 2 d 23 
2 a 104 b 104 c 104 
3 a 17 b 18 ce 18.5 


11.5 Get Ready 


Pe er er Rea oe ar 


PIitouvvuiv 


Exercise 11E 


1a 700<x<70.1 
2 a £281—£320 
3 a 045<x%<0.50 


b 699<x <70.0 
b £321—£360 
b 040<x<0.45 


11.6 Get Ready 


a 60 b 08 c 0.00055 


Exercise 11IF 


1 425 2 181.0 seconds 3 54.23 seconds 


11.7 Get Ready 


1 1416 16 18 21 23 27 32 38 43 45 49 
2 36.0kg 43.4kg 43.5 kg 49.9 kg 56.2 kg 56.2kg 


Exercise 11G 
1 Median 


2 a Q,=50, 0, = 62,0, =70 b 20 c 42 
3 a Q,=8,0,= 13,0, = 19 b 11 c 19 
4 a Q, = 32,0, = 45,0, =52 b 20 c 47 
Review exercise 

1 a 35 b 3.6 c 4 

2 a Mode = £4, median = £5, mean = £9 


b The median, because the mode is close to the 

lowest value and the mean is affected by the 

single large amount of £38. 

One advantage from: unaffected by extreme values: 

can be used with qualitative data. 

One disadvantage from: may be more than one mode; 

may not be a mode. 

b Advantage: not influenced by extreme values. 
Disadvantage: actual value may not exist. 

c One advantage from: can be used for further 

calculations; uses all the data. 

Disadvantage: affected by extreme values. 

86 b 36 

5 a The mode is 7, the number of rooms that occurs most 

frequently. Ali has given the maximum number of rooms. 

b 63to1d.p. 


BSS 
ts¥) 


6 24to1d.p. 
7 45 
8 77 
9 a 10.5-10.7 b 10.2-10.4 
10 a Class Interval Frequency | Class 
(f ~—'|_s mid-point 
26=<w< 29 


29<w < 32 


4 
7 
12 
2 


b 33.6kgto3sf. 


11 
12 
13 
14 
15 
16 


17 


18 


19 


84.8 mm to 3 sf. 

19 minutes 

a 30<t<40 

13.0 minutes to 3 s.f. 
Year 11 — 26 pets (Year 9-76 pets, Year 10 — 72 pets) 
a Q, = 42kg, O, = 47kg, O, = 49kg 


b 27.4 minutes 


b 7kg c 11kg 
a 18 minutes b 15 minutes 
c Before: Q, = 14 minutes, O, = 22 minutes 


After: Q, = 11 minutes, Q, = 19 minutes 

d Before: interquartile range = 8 minutes 
After: interquartile range = 8 minutes 

e Before the introduction of the traffic management 
scheme the mean time taken to travel to work was 
higher than after the scheme was introduced. The 
interquartile range stayed the same, so the spread of 
times was similar before and after the scheme started. 


oun = £30000. The owner could say that the 


average salary is £30 000 and it is high enough. 

Mode/median = £10000. The workers could say that the 

average salary is £10 000 and too low. 

If 1 dog in 100 had three legs, then the mean number of 
— 399 _ 

legs = 00 ~ 3.99 

The majority of dogs have four legs. 


Mean = 


Chapter 12 Answers 


12.1 Get Ready 


Students’ accurate drawings 


Exercise 12A 


1-5 Students’ drawings 
6 The sum of the two shorter sides is less than the longest 


side. 
12.2 Get Ready 
1 
2 
3 


Exercise 12B 


1 
a — ee —_———— > 
5cm 4cm 
2a B bA 
Pp 
P 

A B 

3 P 
Qa 

12.3 Get Ready 
1 
2,3 

60° ‘ ae 
Exercise 12C 
1a A b B c 

B 

c A 

2a R 

Qa P 

b 


P R 


Answers 


—— 
——— 


Vi 
\ 


| 


12.4 Get Ready 
1 
<— any points 
on this circle 
2 ry 
AX XB 
ae 
3 
any points 
on this line 


Exercise 12D 


riitovvVviv 


3 15em Exercise 12F 
——— 1 a 1cmrepresents 2km 
— b i 6km ii 95km iti 4.2km 
p 2 a 13.5cm b 312km 
4 3 b 14.4km c 146° 


4 
a R 
12.5 Get Ready 
1 
any points 
inside this circle | | 
2 


<———————— any points 

this side of the 
XB perpendicular 5 
bisector of AB 6 


a 1:50 b 10cm 
a 1:5000000 b 3.66cm 


Review exercise 


By inspection 
By inspection 
By inspection 
By inspection 


OoahwWhNh = 


any points a 250mm b 324m 
inside this region Besham Corting 
. Alston Deetown 
Exercise 12E 
7 A 
D 
i B C 
8 Construction of angle of 30° at P 
9a 
c 8cm D 
12.6 Get Ready b 
1 a 50km b 25km es did 
2 a 400000cm b 30000cm at = 


Answers 


10 a Students’ drawings 13.3 Get Ready 


b 034° ce 214° _ - - 
11 Construction of bisector of angle ABC 7a a=" nae n bee 
a Exercise 13C 
1 a=25 2 b=-25 
3 ¢=3 4 d=-2 
5 e=1 6 f=-4=-09 
7 x=15 8 x=-2 
9 x=-3 10 «=2=06 
: 13.4 Get Ready 
1a x=2 b x=-& c x=0.9 
13 Construction of perpendicular bisector of a line 7 cm long i . 
14 Construction of perpendicular to the line ST from a point Exercise 13D 
above the line M 
15 a Locus of centre of wheel 1 p=20 2 g=10 
3 m=30 4 x=24 
5 y=% 6 x= 33 
= Road 7 n=2 8 t=—44 
' _ — 16 
' 9 x«=65 10 y=5 
13.5 Get Ready 
= —_1 — 412 
1aa=-2 b joes c x=113 
16 4 
Exercise 13E 
1 “=5 
2 31 
3 Jessica 80%, Mason 60%, Zach 70% 
4 x=8 
5 231 hours 
6 a (x — 4) = 32+) b 15cm 
7 149 units 
Chapter 13 Answers 
13.6 Get Ready 
1a6é6 b 2 c 4 
13.1 Get Ready 
1 a 4+2p+5q b —3+6z c 12m? + 36m Exercise 13F 
. 1 formula 2 identity 
Exercise 13A 3 expression 4 equation 
1a=4 2 b= 5 formula 6 formula 
3 c=25 4 d=18 7 expression 8 equation 
5 e=-15 6 f=-4 9 formula 10 equation 
7 g=6 8 h=05 11 equation 12 identity 
9 k=-26 10 m=—-35 
Review exercise 
13.2 Get Ready 1 ¢=45 
= = = 2 *=45 
Leg-t es ers 3 a x=25 b y=-25 
4 58° 
Exercise 13B 5 57cm 
1 x«=3 2 y=3 6 Uzma £18, Hajra £38, Mabintou £76 
3 4=2.25 4 y=2 7 A£8,B£12,C £4 
5 x=0.25 6 w=-4 8 =$= 14 
7 z= -0.25 8 x=-t 9 x=55 
9 x=1 10 y=2 10 y= 10 


Alliswer®rs 


Chapter 14 Answers 


14.1 Get Ready 


Taij ii02 bij ii 0.125 
c iz i106 did ii0.175 
Exercise 14A 
1 a £180 b 6kg ce £1.62 d 4.96 kg 
e £6 f 45 g 252km hh £52.50 
2 12 
3 £10 
4 1058 
7 
3 Z 
14.2 Get Ready 
1 £75 2 £16 3} 
Exercise 14B 
1a 1.64 b 1.03 c 1.14 d 14 
e 1134  f 1125 9 g 1.15 h 1.0236 
2a 14 b £21.56 


3 Helen £12504, Tom £25 008, Sandeep £33 344 
4 £621 


5 a £144 b 70kg c 2.784m 
d £1370.20 e 12852cm 

Exercise 14C 

1 a 0.93 b 08 c 0.84 d 0.73 
e 0.944 f 0.975 g 0.9275 h 0.992 

2 a £255 b £34 c £1020 

3 77.9kg 

4 £748 

5 a £5840 b £4672 

14.3 Get Ready 

1 £12.75 2 £1300 3a 

Exercise 14D 

1 a 50% b 25% c 40% d 20% 
e 25% f 25% g 60% h 12.5% 

2 90% 

3 45% 

4 a 20% b 60% © 11.25% d 8.75% 


Exercise 14E 


1 a +50% b +60% c —12% d —8% 

2 15% 

3 40% 

4 Shop C-—as percentage increases are 
A5.19%, B 4.77%, C 5.50% 

5 20% profit 

6 2.7% 


14.4 Get Ready 


12 2 03 3 1.25 


Exercise 14F 


1 a 1.728 b 0.6561 c 1.0608 d 0.52 
2 £1102.50 
3 a 1.1136 b £66816 
4 No. Itis the same as an increase of 68%. 
5 8years 
14.5 Get Ready 
1 1.15 2 0.85 3 1.04 4 0.96 
Exercise 14G 
1 £24000 2 £280 3 £620 
4 £180 5 421000 6 £270 
Review exercise 
a £240 b 5kg ce 10.5kg d £10.50 
16.7% 
18 years 


A(A £510, B £512, C £517.50) 
CompuSystems (Able £23 000, Beta £23 400, 
CompuSystems £24,240, Digital £24 000) 


oOhWN = 


6 72% 

7 £7800 

8 a 625% b i 

9 19.9% 

10 a Itwill be worth 32.8% of its original value. 


b 0.64 
11 «£275 
12 £8400 
13 £1600 
14 £665 
15 B(A 9.2% over two years, B 9.2025% over two years) 


Chapter 15 Answers 


15.1 Get Ready 


lal b 
2a y=!1 b 


Exercise 15A 
1a 


Answers 


—5 -4 -3 —2 nae 


2ax=-4 b y=2 c y=5 d x=-} 
3 a (1,3) b (—4,2) e¢ (-4,3) 
4 22 units, 28 units squared 


Exercise 15B 


=» wo fF Oe 


-5 -4 -3 -2 sae 


Answers 


2a Exercise 15C 


1 


ee i 2 
b i (2,0) ii (0, —8) 
c i2 ii 3.5 
3a 
3 


y= -2\ 


b all pass through (0,0) 


b They intersect at right angles. 
c e.g. 2x + 3y = 6 and 3x — 2y = 12 


15.2 Get Ready 
SEES cones pened nae a 5 b 55 ce 17.25 
6.25 square units el f —8.5 


d 0.225 


Answers 


Exercise 15D 3 
1 a (1,2) b (3, —0.5) c (—1.5,3) 
d (—2.5,—0.5) e (—4,0.5) f (-—0.5, —2) 
g (2.5, —0.5) h (0.5, 2.5) i (—2,3) 
j (4.5, —0.5) 
2 a (1.5, 0.5) b (4,1) ce (1.5, 1) 
d (3.5, 2.5) 
3 a (4,4) b (—2, 2.5) ce (1.5, —3.5) 
d (—3, 4.5) e (2, —2.5) f (2.5, —1.5) 
15.3 Get Ready 
1 


Exercise 15E 


1 a 30 b 10 c 2 
2 1 1 
d 5 eo. == f —“h 
2 a 23 b -—2,4 
c 46 d 3- 
3 a r 


Answers 


—5§ —4 -3 -2 -10 
Stubs LES Lozat ier 


=5 -4 -3 -2 -10 
=1 


4 e.g. (3, 2) 


5 


-t b (0,4) 


Exercise 15F 


1 


2 


b 
c 
a 


Gradient = 40. This represents the extra time needed 
(in minutes) for each extra kilogram of chicken. 

Cooking time = 40 minutes per kilogram plus 20 minutes 
You can’t have a negative weight of chicken. 

50°F 


b Gradient = 1.8. This represents the number of degrees 

Fahrenheit for each degree Celsius. 

A15,B 10,C 4 

b The gradients represent speed. A is the car (the fastest 
vehicle), B is the lorry, C is the cycle (the slowest 
vehicle). 


Depth (d cm) 
=> 2] ny W% 
o Oo oa Oo o 
Oo oOo Oo oOo oOo oO 


0 50 100 150 200 250 
Time (¢ seconds) 


b —2 
6 
c The depth of water is going down by2cm per second. 
The swimming pool is being emptied. 


15.4 Get Ready 

1 2,5,-1 
The gradient is the same as the coefficient of x. 

2 1,22 
The y-intercept is the same as the value of the number in 
the equation. 


Exercise 15G 


1 y=2%+5 
2ai4 ii 1 
b i3 ii —4 
c i2 ii 4 
d i —04 ii 4 
e i 1; ii —4 
f i} ii 0 
BA y=%&e+8 By=txt+2 C y=5-1e 
Dy=4-%x E y=~-2x-6 
4 y=54-2 
5 y=3x-10 
15.5 Get Ready 
1a -L2 b -13 e 22 


In a and b the product of the gradients is —1. 
In c the gradients of the parallel lines are the same. 


Exercise 15H 
Ta-j} bic -5 d -j e 6 


2 a y=2x +c for any value of c except 5 
b y= + cfor any value of c except —1 
© y=c-—x for any value of c except 4 

3 a y=c-—xx for any value ofc 
b y=c—4- for any value of c 
© y= 2x +c for any value ofc 

4 y=4x+3 

5 2x+y=0 

6 y=—-4x 

7 y=x-3 


15.6 Get Ready 
1 C 14:30, D 15:15, E 15:54 


Exercise 15I 


1 a 4km b 75 minutes 
d 6 minutes each time 

2 a £2.75 b 2kg 

3a t b 


Volume 


Depth 


Volume 


Depth 


4 Ab,Ba,Ce 


14.5 


= 
~ 


13.5 


Petrol consumption (km/I) 


—" 
(os) 


12.5 


60 70 80 90 


Speed (km/h) 
a 13.5km/l b 74km/h, 97 km/h 


Answers 


Review exercise 
1a 


ce 53km/h 
e 10km/h 
c £12.20 


Volume 


Depth 


Volume 


Depth 


100 110 


0 
0 10 20 30 40 50 60 70 80 90 100 © 


664 


Answers 


5 a 13 


- Atlantis 


Cost (£) 


as 10 20 30 40 50 60 70 80 
Number of sessions 
If Abbie plans to go to the health club more than 50 times 
a year, she should choose Atlantis. 
bi-2 i6 14 (3,2) 
6 a 120km b 0.5 hour c 80km/h - 
d 18:52 e 48km/h 
7 B(A gradient = 2, B gradient = 4, C gradient = 2.5) 


A: The temperature stays constant. 

B: The temperature rises at a constant rate. 

C: The temperature rises at a constant rate and then falls 
at a faster constant rate. 

D: The temperature stays the same and then falls at a 
constant rate. 

E: The temperature rises at a constant rate, stays the 
same for a period of time and then continues to rise at 
the same constant rate. 

F: The temperature rises at a constant rate, stays the 
same for a period of time and then falls at the same 
rate at which it rose. 

a Perimeter = 2 x (2x + y) = 24,so2x + y= 12 


11 a 4 b (-3,0) c 45 

12 a Fromthe top on the right-hand side: B, A, C 
b £40 
ce Cwould be cheapest. (A £32, B £30, C £25) 


20 a -1 b y=2x-2 


Chapter 16 Answers 


16.1 Get Ready 
1 18km 


Exercise 16A 

1a 1:3 b 
e 1:03 f 

a5 

; b 4:5 c 

#875 
1 


al 
4 b 


ab WN 
»-.2 = 


16.2 Get Ready 


1a 2:3 b 1:5 c 8:7 d 9:200 


Exercise 16B 


1 a 10g 
2 a 10kg 
3 108.5km 
4 £1080 
5 1.53m 
6 250 


b 30g 
b 15kg 


c 250g 


16.3 Get Ready 


1 20.65 2 6 3 241.5 


Exercise 16C 


1 a £4.26:£10.65 

© £14.21:£56.84: £99.47 
60°, 50°, 70° 

£36.50 

aL 

16 

18 

£52 


b 3609:240g 
d 6.3m:12.6 m:15.75m 


oo BWN 


16.4 Get Ready 


1 15 2 50p 3 80 mins 4 215 


Exercise 16D 
b 7 hours 


3 £33.75 
6 70cm 


1 a 3hours 
2 £64.05 
5 £3.24 


4 £4.50 


Exercise 16E 


a 160g b 150g 
2 hours 20 minutes 
a $320 

£120 

America by $10.25 
$58.50 


b £340 


OohwWNhd = 


16.5 Get Ready 


1a 52 b 16 c 60 hours 


Answers 


Exercise 16F 


1 a 4days b 5days 
2 2hours 3 9hours 
5 192cm 6 8 


4 Qdays 


Review exercise 

x fed 

21:4 

5E2 

a 0.5m 

45 litres 

10 

110 

Local professional (local $652.50, USA $684) 

Small bottle (large 0.25 p/g, small 0.22 p/g) 

10 2.33pm 

11 1.5km? 

12 a B b D 
c AandB, as they lie on the same line through the origin 
d D 


b 16m 


OMAN OTARWNH = 


Multiplication 


1 £249.50 
2 Yes, her Nan will have to give her £35.80. 
3 £48.46 


Area 
1 e.g. 


oH 


2 £210 

3 £248 

4 e.g. 1cm by 36cm, perimeter 74 cm; 2cm by 18cm, 
perimeter 40 cm; 3cm by 12cm, perimeter 30 cm; 4cm by 
9 cm, perimeter 26 cm; 6 cm by 6 cm, perimeter 24 cm 

5 £8 


Averages and range 


1 a Add2 b the same c double 
d double e123 4 5 8 19 
2 72 


3 The new mean is two larger. 
4 I 


— English 


Cumulative frequency 


0 10 20 30 40 50 60 70 80 90 100 
Marks 


Answers 


English 


The median for Maths (62) is larger than the Median for 
English (60). 
The Maths marks are more varied as The IQR is 20 
compared with the English IQR of 15. 
5 a May’s average hours of sunshine are higher than June 
so May had more hours of sunshine than June 
The number of hours of sunshine were more variable in 
June as the range was bigger. 
b i The mean and range take into account all of the data. 
ii The median and IQR are not affected by extreme 
values. 


Price comparisons 


1 Ahmed should use Cogas if he uses fewer than 3800 units 
per annum, otherwise he should use Ourgas. 

2 a Cable: C = 30 + 5m; Broadband: C = 6.5m 
b Broadband is cheaper for up to 20 months. 

3 a ACars: C = 60 + 0.32x; BMotors: C = 50 + 0.4x 
b ACars is cheaper for more than 125 miles a day. 

4 Quick Delivery for parcels up to 1.5kg and Parcels Fly for 
parcels over 1.5kg 

5 Pete's Mix if more than 3.33 m3, otherwise Concrete Sue 


Intepreting and displaying data 
1 


Cumulative frequency 


0 10 20 30 40 50 60 70 80 
Weight (g) 


11 pebbles 
2 10 workers 


3 Take arandom stratified sample. 
Stratified by school 9 from Avon, 10 from Moorside, 
14 Heaton, 12 Moortop, 15 Brambell 
Students must be chosen randomly (names in a hat) 
Or 
Take a systematic sample 2° students = 95 
Put numbers 1-95 in a hat and draw out a number. 
Go systematically through each school numbering all 
students and selecting the students with numbers divisible 
by the number drawn. 
Or 
Put all names in a hat and draw out 60 students — this 
sample may not contain students from every school. 
4 75 


Probability 


1 $,33% or 0.3 

2 When Mona has eaten one sweet there are 19 sweets left 
in the bag. There are still x chocolates. So the probability of 
Sam eating a chocolate is <5. 

3 The probability of the first sock picked being x, depends on 

the total number of socks in the drawer (i.e. the number of 

grey socks + the number of black socks) and the number 

of black socks at the start. When one black sock has been 

removed, the number of black socks and the total number of 

socks will both be lower by one. Therefore the probability of 

picking a black sock the second time will not be x. 

2 0.375 or 37.5% 

20%, + or 0.2 

0.1, 1 or 10% 

0.625, 2 or 62.5% 


N © oF f 


Trigonometry 


1 14cm 

2 12.0cm 

3 From corner of shed to top of roof at opposite end 
= V6? + 2? + 7? = 9.43 ft, so the bean poles will fit in the 
shed. 


Climbing Snowdon 


1 The 9am train is cheaper by £17. (£35 compared to £52) 
2 Rashid: time = 2.75 hours, distance = 7 km, 

speed = 2.55 km/h 

Chelsea: time = 3 hours, distance = 9km, 

speed = 3km/h 

Rashid is not the faster walker. 


Metres 


0 
0 1000 2000 3000 4000 
Feet 
b Height of Snowdon = 3560 0.3048 = 1085m 
Ben Nevis is higher. 
Music sales 


1 Sales in£ millions: 


Downloads 


The total sales between 2006 and 2008 increase each year 
and then decrease slightly in 2009. 
CD sales stay approximately the same from 2006 to 2007 
and then decrease, whereas download sales increase 
significantly each year before steadying out in 2009. 

2 Various answers are possible, for example, two frequency 
polygons. 


60 
50 
404 
30 
207 
104 


CDs (millions) 


fe i ees ar erel 
0 10 20 30 40 50 60 70 80 90 
Age (years) 


607 [> 
50+ Af 
4047 

304 
204 
104 


Downloads (millions) 


o+ FASE] 
0 10 20 30 40 50 60 70 80 90 
Age (years) 


Answers 


3 Suitable questions for a data collection sheet, for example: 


Are you male or female? Male L] Female L_] 
How old are you? 


o-14L] 15-291] 30-440) a5-s9L] 60-4 


75-89 LJ 90 or overL_] 
How much do you spend on music each month? 


204.99] #5-9.991] #10-14.99C] £15-19.99C] 


£20 or more CJ 
What kind of music do you buy most often? 


PopL] Classicall_] Jazz] Folk Other L_] 


Communication 


1 Students’ comparisons of costs for different numbers of 
months. For more than 18 months, ‘pay as you go’ is 
cheaper, otherwise monthly contract is cheaper. 

2 860.16 seconds 

3 13cm by 19 cm (285 ppi by 284 ppi) 

15 cm by 23 cm (247 ppi by 235 ppi) 
20 cm by 30 cm (185 ppi by 180 ppi) 
Ranji should print the photo at 13 cm by 19cm. 


Energy efficiency 


1 100mm: Space Combi (Economy roll £200, Easy Roll £175, 
Space Combi £40) 
150 mm: Space Blanket (medium) (Economy roll £300, 
Space Blanket (medium) £168) 
200 mm: Space Combi (Economy roll £400, Space Blanket 
(thick) £210, Space Combi £80) 

2 £18.66 

3 100 weeks 


Going on holiday 


1 155 points 
2 England (England €478.80, Malta €483) 
3 16:56 


All at sea 
1 12664m 


3 12:29 


Chapter 17 Answers 


17.1 Get Ready 


1 arc,mean 
a Start at square K, go 1 to the right, then 1 down and stop. 
Then go 2 up, and 1 to the left and stop. Then go 4 to the 
right, and 3 down and stop. 


G6G7 


Answers 


b Start at square C, go 1 up, then 1 left and stop. Then go 2 17.2 Get Ready 
up and 1 to the right and stop. Then go 3 down and stop. 
Then go 1 to the left and 2 up and stop. Then go 3 to the 
right and 2 down and stop. 

c Start at square A, go 3 to the right and stop. Then go 1 up 
and then 1 down and stop. 1 a,b 

d Students’ examples 


Aix =4,B:y = -3,C:y=2,Diy = —x 


Exercise 17B 


Exercise 17A 
1a (5) b(4) ee (4 


c Reflection in the line y = 1 
2345 67 8 2 ab 


c Reflection in the line y = x 
3a 


- Me wo fF OD He 


23 4 5 6 7 4 


b Reflection in the line x = 1 


17.3 Get Ready 


1 9 b i 90° clockwise 
2 90° clockwise 

90° anticlockwise 

180° 

150° anticlockwise 


aor. » 


Exercise 17C 
1 


ii 180° iii. 150° clockwise 


3 a_i 90° anticlockwise about the origin 


ii 180° about the origin 


iii 90° clockwise about the origin 
b 90° clockwise about the origin 


c 180° about the origin 
4 a i 180° about (3, 5) 


ii 90° clockwise about (2, 1) 


iii_ 180° about (0, 0) 


iv 90° anticlockwise about (0, 4) 
v 90° anticlockwise about (—2, 2) 
b 90° clockwise rotation about (2, 8) 


c i Translation my 


ii Translation ( 


4 
0 


Answers 


17.4 Get Ready 
12 y 
3 
2 
1 
1 2 #32 


3 They are both squares. 
They have a common vertex at (0, 0). 
The second square is twice as large as the first square. 


Exercise 17D 


1 a 48cm,52cm, 20cm 
b The perimeter is also 4 times as long. 


2 a,b 
c 6 
3 a Pis4cmby2cm, Qis 8cm by 4cm, Ris 12cm by 6cm. 
b i 12cm ii 24cm iii 36cm 
c i 8cm ii 32cm? iii 72cm? 
d i 2,same as scale factor 


ii 3, same as scale factor 
e i 4,sameas scale factor squared 
ii 9, same as scale factor squared 
f 96cm 


Exercise 17E 
1a 


, vt. % 


670 


Answers 


b Exercise 17F 


1ab y 


2 a,b 


- Me wo FP I DN CO OO 


Oo 12345678901 12% 


c Translation (3) 


d Translation ( 3] 


- KY wo FP OD Ne 


—1049 48 47 46 45 44 4 


c Rotation 180° about (4, 3) 


3 a,b 


b Rotation 180° about (1, 2) 


c_ Reflection in the x-axis 


4 Reflection in the line x =5 
5 Reflection in the x-axis 


Answers 


Review exercise 4 
1 
5 Students’ tile designs 
6 90° clockwise rotation about (—2, 3) 
2 
3 a 


8 a Reflection inthe line y =x 
b 


b 90° anticlockwise rotation about the origin 


ot oo ae eee Ree 


Answers 


jn = F , ———-— Chicken Cheese 


b Translation [3 


Exercise 18B 


1 a Golf b Athletics c 45 d 30 
2 ShopA Shop B 


Espresso 


Espresso 


18.3 Get Ready 


a 50, 54, 65, 72 
b 4.0, 4.3, 4.4, 4.6 
c 0.01, 0.1, 0.11, 0.12 


11 180° rotation about (1, 0) Exercise 18C 


12 180° rotation about the origin 1 a 36 b 28 ce 47 d 18,36 e 18 
2a 
0;4 56778 99 9 9 
Chapter 18 Answers 
1/0 2 4 5 7 
18.1 Get Ready : ; * 8 
1 360 
2 90 Key 2|1 stands for 21 
3 a 120 b 45 c 60 b 9minutes c 9minutes d 26 minutes 
e 7 minutes, 17 minutes f 10 minutes 
Exercise 18A 3 aslo 6 9 
1 | 6/3 3 4 5 5 8 8 8 9g 
7/2 4 4 4 4 
8/2 3 5 8 
9/2 4 
Key 7|2 stands for 72 
Chocolate b 74km c 69km d 42km 


e 64km,82km f 18km 
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18.4 Get Ready 


a2 +B occurs more frequently than A, which occurs more 
frequently than C. 

) The red category accounts for a higher proportion of the 
total than the green or blue categories. Red: 50%, green and 
blue: 25% each. 


Exercise 18D 


1 a 30°C b 33°C c G d CandF eA 
2 a Food b Pension c 25% 
3 a 70g b 10g c Fruitbix 
1 a Saturday b Thursday c 40 
18.5 Get Ready 
a 3 b 16 c 25 


Exercise 18E 


l A 


Frequency 
co 
4 


Oto2 3to5 6to8 Yto1l 12to14 
Number of games 


2a 135<w< 140 b 140<w< 145 


c 
16 
8 
6 
4 
2 
0 


125 130 135 140 145 150 
Wingspan (cm) 


3 a 139<w< 141 b 137 <w < 139 


c 

16 

14 

12 

10 
8 
6 
4 
ee 
0 


135 137 139 141 143 145 
Weight (g) 


aa a 
oO NOS 


Frequency 


Frequency 


Answers 


18.6 Get Ready 


a 5 b 175 ec 115.5 


Exercise 18F 


1 
2 
15 
10 
5 } 
0 
2 3 a 5 6 7 8 


Number of peas 


nN 
o ow 


Frequency 


2a 70<d<80 


b,c 
18 
16 
14 
12 
10 
60 70 80 90 100 


Noise level (decibels) 


Frequency 


on F-& GD 


Frequency 


24 25 26 27 28 29 
Trout length (cm) 


4 Girls, because their mode is 5 minutes and the boys’ mode 
is 9 minutes. 


Exercise 18G 


Answers 


b Exercise 18H 
1 a Cumulative frequency: 3, 10, 20, 35, 43, 48, 50 
b 
£ > 60 
z 5 60 
3 > 
> 2 40 
5 ‘e 
. z 30 
= =z 20 
S 19 
0 
0 5 10 15 20 25 30 35 40 
Age (years) 
Lifetime (hours) 2a 11 b 19 c 33 
3 a i 22 ii 74 
b 110 
2 c 18% 
3.5 
z 3 18.9 Get Ready 
3% a Qand12 
. = b 18 and 20 
o 
2 15 
Ee 4 Exercise 181 
0.5 1a 42 b 33,50 c 17 d 70 
0 2 a £6000 b £4000, £7500 c £3500 
5 10 15 20 2 30 35 40 3 a Median = £242 000, 0, = £222 000, O, = £256 000 
Distance (kilometres) b Range = £120000, interquartile range = £34 000 
25 
18.10 Get Ready 
so Median = 15 


Lower quartile = 8 
Upper quartile = 25 
Interquartile range = 17 


Exercise 18] 


fae! 
hg 
4 5 6 
Height (m) 
7 
2 2 
2 Faeyr neces TT 
> 
E 
3 a ee Se ee eee een ieee | 
5 29 30 31 32 33 34 35 36 37 38 #39 40 41 
uw . 
Height (m) 
| 3 a Male: min = 10, Q, = 20, Q, = 40, 0, = 50, max = 80 
0 10 20 30 40 50 60 70 90 Female: min = 10, Q, = 30, Q, = 50, Q; = 60, max = 80 
Age (years) b eat 


a ee ee eee ees eee 
0 10 20 30 40 50 60 70 80 90 
Age (years) 


674 


Answers 


The female members are older on average (higher 7 
median). The interquartile range is the same for males 

and females, but the range is slightly greater for females 

so their ages vary slightly more. 


Frequency 


Review exercise 
1 


ae 10 20 30 40 50 
Science mark 

8 James. The angle for the combined proportion must be 
between the Year 9 and Year 10 angles. 

9 On average, the prices are lower at Peter's garage than at 
John’s garage, as the median is lower. The range and 
interquartile range are both smaller for Peter's garage 
so the spread is less than for John’s garage. Both the 
cheapest and the most expensive cars come from John’s 
garage. 

10 a 88people b 38years c 5/—21 = 36years 
11 a 


1.30 1.40 1.50 1.60 1.70 1.80 1.90 
Girls’ height (m) 

b On average, the girls are taller than the boys, as the 
median is higher, but the boys’ heights are more 
variable as the range is larger. The interquartile ranges 
are the same so the variation in the middle of each 
group is similar. 

12 From a cumulative frequency chart, the median for the men 
is £240. On average, the men spent more than the women. 
13 a 23kqis the value of Q3. The heaviest bag weighs 29 kg. 


Number of students 
ao 
a ee 


4 
2 b 17kg c 13kg d 60 bags 
0 _ | 4 ES: 14 a 21 b 10 
Monday Tuesday Wednesday Thursday — Friday c Most of the high and low scores are scored by the 
Days of the week boys. More of the girls scored an average mark. 
d Tuesday 15 
S@ aie @ 
5/1 2 8 z= 
6/0 3 4 6 8 s 
ot 
7|4 7 8 9 = 
= 
8|7 3 
mw 
Key 5|1 means 51 kg 
b 5 c 87—46=41kg 
5 30mm 
6 
30 
16 
a 
5 20 
3 0 1 82 ©3060) 50té« 
Ww 


Minutes 


10 


b The delays were greater on Saturday, as the median 
and the quartiles are all higher. There was also more 
100 110 120 130 140 150 variation in the delays on Saturday, since both the 
Weight (w grams) range and the interquartile range are larger. 


Answers 


17 a b 
ry 
8 = 
z = 
3 & 
0 
40 50 60 70 80 90 100 
Speed (s mph) 
b 68mph c 76—61=15mph Weight (w kg) 
ce 57.5 d 35 
— a ha 20 20 batteries 
‘8 @ | Distance (dkm) | Frequency 
ocexs | 8 Chapter 19 Answers 
5<d<10 20 
19.1 Get Read 
10<d<2 25 ¥ 
1a 28 b 04 c —08 d -—2.6 
40<d<60 10 Exercise 19A 
1 a —______ 
-§ -4-3-2-10 12 3 4 § 
b 
b eee 
++ +++ Ht 
—-5 -4-3-2-10 12 3 4 § 
s c Oe) 
-§ -4-3-2-10 12 3 4 § 
z d — | 
-§ -4-3-2-10 12 3 4 § 
| cree anoint ea 6 
0 10 20 30 40 50 60 +>—+—_+—_+-+-+_ + + +--+ 
Distance (d km) -5 -4-3-2-10 12 3 4 5 
2a x4 b x>-1 c x<5andx>-—-2 
19 a s d x<Qandx>-3 e x<3andx>-—5 
hem tne ‘aha Adal - 
Frequency f x<5andx=>1 
19.2 Get Ready 
1 x= 10 
2 x=} 
3 —_-______¢ 
—+—+—+— ++ +++ + + + 


5 6 7 8 9 10 11 12 13 14 15 
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“xercise 19B 


x>4 

— 
—§ -4-3=-2-10 12 3 4 5 
x<1 
SD 


pt 
-5-4-3-2-10 12 3 4 5 


%=-2 
a 


+++ + +-++--++-+_ +++ 
-5 -4-3-2-10 1 2 3 4 5 
x> 1.6 


tt tt 
-5-4-3-2-10 12 3 4 5 


Pa 4< 45 b x>4 ec #25 d x>65 
sa x<3.25 b x>23 c se—2 d s=-4 
19.3 Get Ready 

l x24 2x>4 3x2 4x>3 


Exercise 19C 


1 a —1,0,1, 2,3, 4,5 

b —4,-3, —2,—-1,0,1 

Gc 1.2.3 

d —5, —4, -3, —2, -1,0, 1,2, 3,4 
> a =3,-—2,-1,0;1,2,3 

b —4,-3, —2, —1,0, 1, 2,3, 4, 5, 6, 7 

c 0,1,2,3,4 

d = —2, -1,0, 1, 2, 3, 4, 5, 6, 7, 8, 9 
3 a —2,—1,0,1,2,3 

b —1,0, 1, 2, 3,4 

c —1,0,1,2,3,4 

d -—7,—6, —5, —4, —3, —2, -1,0, 1, 2, 3, 4 
4 a —2,-1,0, 1,2, 3,4, 5,6 

b —4,-3, —2,—-1,0, 1, 2,3, 4, 5, 6,7 

c 0,1,2,3 

d —4,—3, —2,—1,0, 1, 2,3, 4, 5, 6, 7, 8, 9, 10 
19.4 Get Ready 
1 


-5 -4 -3 -2 - 


Answers 


Exercise 19D 
1 (1,1), (1,0), (1, —1), (0, 0), (0, -—1), (—1, -1) 


Answers 


i) 
& 
© 


Answers 


Exercise 19F 


1a C=50d+ 90 b €790 
2 P=5x+3y+z 

_ 45m +75f  3m-+ 5f 
Jaa ae 
4 P=4x+4y 
5 a T=2a+ 5c b P=2a+ 3c 


19.7 Get Ready 
1 60 miles 2 1.8 10” 


Exercise 19G 


i —cot+2 
1 x 5 2 2 
_vu-uU _* ~¥' 
3 a= ; 4 = 
6 met-= 6 ge” 
d % 3 3 
7 x=1T-2 8 n= 2h 53m 
_ 3W—2y _ 
9 p= ay 10 w=4-3A 
19.8 Get Ready 
aye at a 
1 u=v-at 2R T 3 m a 
ia l dy Exercise 19H 
1 r= |4 2x=P+y 
3 u=Vv'—2as 4 g=3 
_ (B-¥ _f+4 
5 =I 6 g9=] 
__1 9712 
ada ores: 
: a-—3 7 
4a y=3,y=%x+3,x+y=-1 2 6=757 10 T= >yAT3 
b y<3,y>2x+3,n+y>-1 ; ; 
c (—2,2),(—1, 2) and (—1, 1) Review exercise 
Ba y=2,x4=3,y=je-3,y=-x 19 
2 a b=3a b c=a+t+5 
<2.*%<3,y>i-3,y2- 
ote ee eee 3 a £130 b C=90+05m 
= 4 06 
: S —3q 
5 a 8 p=— 
19.5 Get Ready 6 a 1<x<4 b -1<x<5 ec x<2 
1 a 5347.76 b 2 or2% 7 a — 
ae a a 
Exercise 19E =§ —4 =3 =2 =-1 0 12 3 4 «5 
o——- 
1 a 120 b —25 b 
tH _—_ +++ +--+" +- 
2a 65 b 5 -5-4-3-2-10 12 3 4 5 
3 a 1570 b 120.576 
4 a 120miles b 8m/s es o 
5 a 5hours 5 minutes b 18Ib =h =4=9=2=1012 3 4 5 
6 a 12 b 9 
d oq——6 
>t _.—_ dT-—MHWT__ + 
19.6 Get Ready —-5 -4-3-2-10 1 2 3 4 5 
a 3200 b 9 8 —3,-2,-1,0,1 


ERNE eee oem fey oor en Beery ee 


Answers 


9 a t<55 b 5 Chapter 20 Answers 
10 —3,—2,—-1,0,1,2 
1 p<3 
12 0<x<4 20.1 Get Ready 
13 a L=xt+(e+44+%x+4=x4+244+44+2r4+8 1a 144 b 54.76 
= 4x +12 2 a 1681 b 276.93 
b 4x+12<50 e 0<%<95 3 a 225 b 102.55 
4a 25 b 12 
5 a 644 b 8.91 


Exercise 20A 


1 a 13cm b 10cm ce 10.4cm d 11.6cm 
2 a 12.6cm b 11.7cm c 144cm d 20.8cm 


Exercise 20B 


1 a 7cm b 35cm ce 123cm d 8.03cm 
2 a 152cm ob 577cm 
c iD 
10.1¢m 
E 78cm F 
ii 6.42cm 
15 a 2 b u=—4, 
dy +15 a= 
16 x= 3 ay 20.2 Get Ready 
17 a 248 br= P—2a The rounded lengths are 21 cm and 30 cm. The diagonal is 
w+ 2 approximately 37 cm. 
18 a Anytwo of: (1, 1), (1, 2), (2, 1) 
b 4 
= 0 fy=3x Exercise 20C 
1 a 150m b 6.92cm c 187cm 
2 3.47m 
3 52.4cm? 
4 a 3.20m 
b i 4.33m ii 2.33m 
c 8.66m 
5 Triangles 1, 2, 4 and 6 are right-angled triangles. 
6 2.85cm 
7 a 17inches 


b Height = 18 inches, width = 32 inches 


0123 45 67 8 * 
> 2,y=3, 2x +3y <20 20.3 Get Ready 


a 26 b 19.3 c 10.3 


Exercise 20D 


1 a 10 b 26 e V212 = 146 
d /424 = 20.6 e 29 f V117=108 
2ai5d ii /50 = 7.07 iii 5 
b 5? + 5* = 50, so triangle is right-angled at A. 
3 a 13 
b B,C, Elie on the circle. 


20.4 Get Ready 
1 ap br c gq 


Answers 


2ae b f cd Review exercise 
3 a AC b BC c AB 1 636m 
. 2 671cm 
Exercise 20E 3 230km 
1 a 0.3420 b 0.9542 ce 05 d 0.9461 4 194cm 
e 1 f 15.8945 g —0.7408 h 0.0699 5 20.6° 
i 07965 j 02538  k 03739 JI 0.0471 6 a 51.3° b 10.5cm 
2a 53.1 b 25.5 c 60 d 438 7 21.7m 
e 58.4 f 63.8 g 27 h 60 8 033° 
: & 9 116cm 
10 a Alan 
Exercise 20F b 52 seconds. Alan's time = ore = 28 seconds, 
1 a sine b cosine c tangent d_ cosine Bhavana's time = “00° + 8° _ 331 seconds 


Exercise 20G 


1 a 377° b 46.2° c 19.7° d 40.1° 

e 47.1° f 43.6° 
2 a 363° b 38.9° ce 323° 
3 a 41.0° b 57.2° c 98° x2 = 102, sox = 7.07 cm 
20.5 Get Ready 
lan 

35 20km 
X 
b 
a Area = 4 X 2.24 = 8.96 m2, so he needs to buy two 
— rolls of felt. 
b Two rolls of felt cost £24.00, two tins of adhesive cost 
£13.98, so total cost = £37.98 
13 No. It depends on the diagonal of the desk: 
3m d? = 2,3? + 1.62, d = 2.80 m, but the room is only 2.75m 

2 cosine wide. 
Exercise 20H Chapter 21 Answers 
1 a 547cm b 17.1cm c 11.6cm 

d 26.1cm e 10.4cm f 11.3cm 21.1 Get Ready 
2 a 18.1cm b 13.4m c 10.8cm 1 
3 a i 9.96cm ii 8.36cm 

b 5.30cm ce 13.7cm d 68cm? 
Exercise 201 
1 a i1.45m ii 5.44m iii 2.54m 

b 65.0° 
2a 168m b 64.5° c 24.5° 
3 a 469m b 883m 
4 a 287 cm b 16.5° 
5 a i 13.0km ii 10.9km 

b i 7.73km ii 23.8km 

ce i 20.7km ii 34.7km 

d 40.4km, 059.2° 2 
6 a 3.84cm b 16.8cm c 43cm? 3 


Answers 


Exercise 21A a 


y= w+ 2 


fe ree ited 
c iy=65 tix=21andx=-—21 
4a : 


i x=4.2andx = —02 i*=2 
b : 


i x=26andx = —06 ii x=1 
° REE 


c (0,4) d x=2andx=—-2 


i touches the x-axis at —2 ii x= —-2 


ix=25andx = —-1 ii x = 0.75 


Exercise 21B 


1 a x=Oandx=3 b x=-1landx=4 
c x=28andx = —1.3 d x=3.6andx = —1.6 
a x=04andx =2.6 b x=04andx =2.6 
c x=3.landx = —16 d x=3.2andx = —1.2 
a 


¢ x=15andx=—05 


21.2 Get Ready 


1 1,8, 27, 64, 125 
2 a 1000000 b —1000 


Exercise 21C 


Answers 


y= 1 +32 2 


ce x=-15,% = —-0. andx =3.1 
4 iC ii A iii D iv B 


21.3 Get Ready 
1a b 4 c 04 d 25 
2 As the value of x gets bigger, the value of 1 gets smaller. 


Exercise 21D 


5-10-15: 20: .% 


—10 -8 -6 —4 -20 
=) 


21.4 Get Ready 


1a 81 b 1 c i 
2a x=4 b x=2 c x=3 


Exercise 21E 


Stott 


c i 5.2 ii 2.5 
2 Aisy = (t),Bisy=3~,Cisy =5*,Disy=2 
3 a 10 b 320 c 17 minutes 
4 p=0.625, g = 16 
21.5 Get Ready 
1a 46 b 2.2 c 15 
2 Whenx =1,2+1l=14+1=2 

x 1 


3 a -2 b 2 


Exercise 21F 


1 a land2 b Oand1 c QOand1,—1and0,4and5 
d 2and3 

Za 17 b -13 c 48and0.2 

3 a 3.04 b 2.17 c 472 

4 a x(x +2)(x —2)=23-— 4x b x=8.6 
c 10.6 cm, 6.6 cm, 8.6 cm 


Answers 


Review exercise 5 a Whenx = —0.5,x?4 2 | 3 = =+0.75 
x 
When « = e424 3=2 
304 | 425 So there must be a solution to x2 + 2 +3=0 
between x = —0.5 and x = —1. 
b y b —0.60 
450 ebeaey tea 6 
y = 2.25x? — 20x 
400 t 


O 4123 4 5 67 8 9 10 * 
c i 80.25m ii 9.6 seconds 


ec 1x=0,%=3.2andx% = —1.2 
ii x = —18,%=1andx=28 


x=-1 
iy = 1.25 ii y= 1.6 andy = —3.6 


a0 


ey -2|-2]-1] 0] 1 [2] 3 | 
|» [-wl-s[o] 2 [2] o | -a| 
b ec x=0,y=3 
Pelefos| 1 [2] 3 | 4 | 
fyfet 4 efisi | 
b,c y 
c ix=—landx=2 ii 2.8 and —1.8 
d (0.5, 2.25) 


4a x-3x-2=x-2 
x?—3x-2-x+2=0 
x? — 4x =0 
b x=Oandx=4 c y=2-% d 


Answers 


9a Exercise 22A 
. 1 x=4,y=1 2 x=5,y=3 
Wy 3 x=1y=-2 4 x=2,y=1 
10 5 x=1,y=4 6 x=1,y=2 
9 7 x=-1,y=-1 8 x=-2,y=-1 
9 «=05,y=2 10 x=05,y=—-4 
8 1 «=3,y=1 12 x=2,y=-05 
7 13 x=-3,y=5 14 x=1,y=-3 
6 15 x=05,y=-1 
5 
22.2 Get Ready 
3 1 x=2,y=3 
2 x=1,y=2 
2 3 x=3,y=1 
14 
: Exercise 22B 
O 05 115 2 25 3 
b 1.5 seconds 1 7,12 
c 2.86 seconds 2 £18.50 
10a AS : 3 £8.80 
244. adbcusGborebsce tececbscsdlcesskees 4 Adult = £4.50, child = £3 
} 5 14g 
6 a 4a=30+1 or 4a —3b=1 
2a-—3=5-b or 2a+b=8 
b a=25cm,b =3cm 
7 Ann = £9/day, Mary = £12/day 
8 x=3,y=2 
22.3 Get Ready 
1 4a=3b+4 
3a = 24 — 3b 
2 a=4,b=4 
3 56 
Exercise 22C 
O 10 20 30 40 50 60 70 80 1a By=22,Ar+y=3,Cx—-2y=3 
b i 22 metres b ix=1,y=2 iix=3,y=0 iii x= —-1,y=—-2 
ii 9 metres and 71 metres 2a x=2y=0 b x=2625,y=225 c x=2,y=8 
iii 82 metres 
11 a 22.4 Get Ready 
1 a x(x —4) b y(2y +5) ce (2x — 1)(x + 3) 
d (3y + 4)(2y — 5) 
2a 8 b 1 c 149 
Exercise 22D 
1a 0,4 b 3,-5 c 0.5, 2.25 
b 3.2cm d 0,-2 e 0,1 f 0,1.75 
12 7.62cm 2a 2,4 b —1,-6 c 3,-4 
13 i C ii D iii A iv E v B d 3 e 9,-4 f 4-4 
14 k=0.25 g —5 h 10,—-10 
3a -5,-1 b 3,2 c 4-4 
Chapter 22 Answers cosa! ° ? 
"5 
4 a 3,-2 b 5,-2 c 7,=3 
22.1 ? 
Ee taeh eens d 7,-5 e3-25 ¢ 42 
Ta x=-15 b y=4 5 4 h 1,-2% 
2a -4 b 21 i " B 


Answers 


22.5 Get Ready Exercise 22H 
1 x+6x%+9 1x=0,%=5 2 £=2%=-18 
2 x*— 10x + 25 3x=15,x = -2 4 4=1,4=—-5 
3 x? + 2ax + a? 5x =0.5,x = 06 6 #=28=—075 
. 7x = 2.30,x = —1.30 8 x =4.48,x% = —3.73 
Exercise 22E 9x = 5.32, x = —1.32 10 x =3.27,x = —4.27 
1a (e+2R%—-4 b (x+5—25 M1 x= —-0576,%=-104 12 x=341,x = 0.586 
ec (x +6)? —36 d (x-—1)?-1 
e (x—7)—49 f (x — 12)? — 144 
g (x + 0.5)? — 0.25 h (x — 1.5)? — 2.25 piaboie na | 
i (x +2)+3 j (x +42+1 1 4x — 2x? 
k (x +5)? —45 1 (x-32 +2 2 + dx+1 
m (x — 10)? — 20 n (x — 13)2— 170 3 8 + 10x — 3x? 
o (x — 0.5)? + 0.75 p (x + 2.5)? — 11.25 
2 a Ax+3)—- 18 b A%Ax—1)2?+3 Exercise 221 
c 3(x — 2)? -—2 d 5(a + 5)? — 25 14-6 
3a p=4,q=8 b 8 2 4 
4 a (0,10) b (3,1) 3 12and 48 
5 a r=5,s=2 b 5 c x=2 4 722m 
5a vt+(x+1P=41 
22.6 Get Ready 2x? + 2x — 40 =0 
1 4=2,4=-2 xv@+x—20=0 
2 ~=3,xn=-2 b 4,50r —4, —5 
3 4=1,5=-4 6 12.36 cm, 15.72 cm and 20cm 
7 10cm by 10cm 
Exercise 22F 2 oe 
1a xv=3+V11 b x=-2+V3 10 cauath 
c x=—-54V37 d x=1+2V/2 
4 goes $ po See 
2 5 22.10 Get Ready 
2a x=-068,2=-732 b x=827,4=073 4 aMande 
c £=237,x% = —3.37 d 
f 


x= 0.87, x= —287 23 
e x= 0.88,% = —0.38 x = 0.93, x = —0.43 ‘ 
22.7 Get Ready a 
1x“2£=+V4-2 
x = 1.74,” = —5.74 
2 x=+V14-3 


x =0.74,x = —6.74 


3 x=+V841 
x = 3.83, 4 = —1.83 Exercise 22J 
1 fee 

Exercise 22G 

1 —0.586, —3.41 2 —0.807, —6.19 

3 0.606, —6.61 4 2.70, —3.70 

5 §:32, —1.32 6 4.30, 0.697 

7 —0.293, -1.71 8 1.54, 0.260 

9 1.64, —0.811 10 0.322, —0.622 
11° 1.39, 0.360 12 3.45, —1.45 
13 0.372, —5.37 14 5.11,—-411 
15 1.72, —1.52 
22.8 Get Ready 
1 2x? + 9x — 18 


2 6x? — 18% + 12 
3 24+ 12 


Answers 


Exercise 22K 

a graphs of the equations 
b: 
x=2,y=2,;x=-3,y = —-3 
x=4,y=7,x=-2,y=1 
4=3,y=—-05; "= -1y=15 
x=1,y = 1," = -1.67, y = 6.33 
x=1y=%3x=2,y=-1 

“4 =3.5,y = 21,4 = —05,y = -3 


Oo°hwh-=a 


22.12 Get Ready 


(2.83, —2.83) and (—2.83, 2.83) 
3 a y=1,y=11 b y=-9y= 
c x=-2,x=8 d x 
4 y=x4+1249,y =x — 4.49 


22.11 Get Ready 
1 


Exercise 22L 


1xv=27,y=544% 27,y 5.4 
2 43 12,y=42:% A2y 1.2 
3 x=68,y 1.8; x 1.8, y = 6.8 
4a x=2Zy=3 4% 3,y 2 
b x=4y=-24=-2,y=4 
ec x=22,y=54x4= -3,y=—-5 
5 a x= 0.449, y = 4.45; 4% = —4.45, y = —0.449 
b x = 1.49, y = 5.46; x 2.09, y = —5.26 
c x= 5.63, y = 8.26; 4 = —3.23, y = —9.46 
Review exercise 
1 ax=x+3 b x= +6 © x= +7.35 
2a y=x+2 b ¢=+2 c p=+3 
3 3cm 
4 a y=-landy=6 b ¢=2andt=—2 
c p=ilandp=—4 
5B ax=iy=2 b x=-1y=1 
© x=-2y=—-5 
6 a x=2,y= b x=08,y=24 
7 29.12m 
8 a h=0Owhent = 0or6,so the ball was in the air for 6 


14 
15 


16 
17 
18 
19 
20 
21 
22 


23 


seconds. 

b By symmetry of graph, maximum height is when ¢ = 3, 
giving height of 45m 

ce h=25whent = 1ort=5,so the ball was 25m above 
the ground after 1 second and 5 seconds. 


a k=O5andk=5 b m=-—O5andm=15 
ec n=—Bandn=2 

a p=4qg=-1 b x=-42V77 

x = 6.27 and x = —1.27 


a,b 
a (x~-1?+2 
d yA 


x = 2.41 and x = —0.414 
b 2 c 


&R 
ll 


(1, 2) 
x 


A(x + 3? ~ 36.a=4,p =3,q = —36 


a x=2,y=2 b x=O0,y=2 
c x=—-4y=3 

F = £12.50, g = 5p 

y = 2x —3and2y+x=—6 
x=—5,y =8 

a p=4,q=7 b (4,7) 

50p 

x=1,y =Oandx 1.33, y = 9.33 


a 5(x — 1) = (4 — 3x)(x + 2) 
5a — 5 = 8 — 2x — 3x? 
3x? + 7x — 13 =0 

b x= 1.22 and x = —3.55 

a 5x+x(2x + 1)= 95 
2x? + 64 — 95 =0 

b 2 =5.55andx = —8.55 


24 


25 


26 
27 


920 


x 


Answers 


Time for first 10 km = 0 


Time for second 10km = Jt 
10, _10 
[oat | 
10(% — 1) + 10x = 4a(x — 1) 
4x? — 24x +10 =0 
x = 5.55 and x = 0.450 
4.55 km/h 
x = —4.30, y = 0.697 and x = —0.697, y = 4.30 
x = 0.350, y = 6.70 and x = —5.15, y = —4.30 
= 3.41 and x = 0.586 


Total time = 4, so =4 


x? + y* = 16 is a circle with radius 4, centre the origin, 
So it intersects the x- and y-axes at +4. The point (1, 2) 
must lie inside this circle. Therefore any straight line that 
passes through (1, 2) must intersect the circle twice. 


28 x= 1.83, y = 4.65 and x = —2.63,y =—4.25 


Chapter 23 Answers 


23.1 Get Ready 


1a6 bi c 


col 


Exercise 23A 


1 a 1.75cem b 17.6cm ec 649m 

2 a 554cm2 b 9.25cm? ce 230cm? 
3 a 19.3cm b 41.6m 

4 70° 

5 5cm 

6 a 1710m? b 48.9m 

7 a 57.9cm b 235cm2 

23.2 Get Ready 

1a 10a b 3b 

2 *=45 

Exercise 23B 

1 a 97cm b am ce 527mm 
2 a 4mcm b 100am?2 ce 400a7m 
3 b 167cm 

4 a 8cm b 647rcm? 

5 a 36acm b 47cm ec 364+ 47cm 
6 Perimeter = Sar¥ + 5mX + $a(X + Y) = A(X + ¥) 


Fm EF 


690 


Answers 


23.3 Get Ready 


1 a 100 b 10000 c 1000000 
2 a 500 b 130000 ec 760000 
3 a 70 b 0.35 c 0.049 
Exercise 23C 
1 a 45239cm? b 4.5239 m2 
2 a 14cm b 1400 mm? 
3 a 40000cm? b 69000 cm2 c 6cm 
d 0.47 cm? 
4 a 5000000m2 b 300000m? c 4m 
d 0.056 m2 
5 a 1000 b 1000000 ec 8300000 mm2 
6 a 44800cm? b 3.6cm 
23.4 Get Ready 
1 a 2.211cm? b 145.6 mm? c 65.0mm?(to 3 s.f.) 
Exercise 23D 
1 a 60m b 480cm? ce 320cm3 
2 16400000 ms 
3 a 100cm? b 125cm3 c 0.0804 cm? 
4 53iacm? 
5 1590 cm? 
23.5 Get Ready 
1 a 10.240 b 32.2 cm?(to 3 sf.) 
2a 64 b 216 c 1331 
Exercise 23E 
1 268cm 2 4090 m? 3 831cm 
4 17.9cm 5 1940 cm? 6 5.04m 
23.6 Get Ready 
1 a 6.28cm'(to3sf.) b 576cm3 
Exercise 23F 
1 a 223cm> b 177m c 525m d 812cm° 
2 120acm? 3 540007 cm? 4 1610cm? 
5 731.257em$ 6 Sar 
23.1 Get Ready 
1 a 1000000000 b 4620 e 91.875m> 
Exercise 23G 
1 a 2000000cm° b 6750000 cm ce 0.45cm3 
d 0.0068 cm? 
2 a 7000mm? b 3750 mm? ce 25mm 
3 a 0.075m? b 0.0008 m? e 0.000125 m° 
4a 0831 b 5.61 e 1000/ d 0.00354! 
5 720000 litres 
6 1277 cubes 
7 Volume A = 12.5 m3 and volume C = 0.375 m? so shape A 


has the largest volume. 


23.8 Get Ready 


1 15cm? 2 36.3mm?(to 3 s.f.) 


Exercise 23H 


1 a 10950cm2 b 11700 cm? ce 3524cm? 
d 3m? e 684cm? f 1392cm? 

2 £94 

23.9 Get Ready 

1 3.2cm 2 72cm 3 642mm 

Exercise 231 

1 a 2403cm? b 33m? 

2 a 503cm? b 5890 mm2 c 302cm? 

3 a 1007cm? b 80acm? c 356acm? 

4 a 192cm? b 924cm2 


23.10 Get Ready 
(1.5, 3) 


Exercise 23] 


1 0 (0,0, 0), A (4, 0, 0), B (4, 0, 3), C (0, 0, 3), D (0, 2, 3), E (0, 2, 0) 


F (4, 2, 0), G (4, 2, 3) 
2 y 


x 


” A(1, 0,0) 


’ 


3 a 0 (0,0, 0), A (4, 0, 0), B (4,0, —3), C (0, 0, —3), D (0, —2, 0), 


E (4, —2, 0), F (4, —2, —3), G (0, —2, —3) 
b i (0, —2, —1.5) ii (4, -1, —1.5) 
4 (-2, -3,0),(—2, —3, —1),(—2,0, -1) 


Review exercise 


96 cm? 

110 cm2 

8 000 000 cm’ 
a 45cm? 
6.54 km? 

a 905m? 


b 60000 cm? 


b 492m 


SMO ONO ORWHN = 


12 vol = 2.77litres 


13 a (5, 2,0) b (2.5, 1,3) 


14 h=9% 

15 1700 cm 

16 Yes. Volume of a pyramid = 3 X base area X height and 
Volume of a cone = 5 X base area X height, so if the 
base areas and volumes are the same, then the heights 
must also be equal. 

17 18.3cm?(3s.f.) 


Chapter 24 Answers 


24.1 Get Ready 
a 0.05 b 04 


Exercise 24A 


1 a 700m 
b They stopped twice; once for 1 minute then again for 
2 minutes. 
c 9.5 minutes d 420m 
2 a Month 1;95m b 80m 
c Months 6 and 8. These correspond to June and August 
when it doesn’t rain much. 
3 a_ 18:00 hours, because people are making their evening 
meals 
b 102000 kilowatts 
d 22:00 


e 12:00, 16:36, 20:00 


24.2 Get Ready 


a A63.5,B 64.25 b C10.75 ce D549 d £166 


Exercise 24B 
1a fava | 

al a ts 
12-4 


oa oH Pee 
4 da pntn fainted " 4. + eke Ries 


2 


Petrol consumption (mpl) 


a 05 115 2 25 3 35 
Engine size (litres) 
b Negative correlation 
c The greater the engine size, the lower the petrol 
consumption. 


2a | 


700 ~- t x ste t Sowa we x +6 ad 
a 


500 4 + mM obraars } sue TSC om ; a a Mec 
Pye ccseusiat tatedisces cadtenssseseieia  ettal 
2004 SabEA hate ConouEnEE! todd tease coseaEeest state tad 
100 HS 


0 
8 9 10 11 12 13 14 15 16 17 18 


Screen size (inches) 


Selling price (£) 


Price (£1000) 


Answers 


b Nocorrelation 


c Screen size and selling price are not related. 
3a ; 


Number of fish 


Year after restocking 


b Negative correlation 

c The more years have passed since restocking, the 
smaller the number of fish. 

4 a Related —the lighter the car, the faster it will go. 

b Related —the longer the motorway, the greater the 
number of petrol stations. 

c Unrelated 

d Related —the greater the number of bicycles sold, the 
greater the number of cycle helmets sold. 


Exercise 24C 

1 ac ae 

8005 
700 
600 
500 <a 
400 SS 
300 
200 
100 


GNP (million £s) 


0 5 10 15 20 25 30 35 40 45 50 
Energy consumption (kW/capital) 
b (20, 800) 


2 ac 


Age (years) 


yoy. it 


Answers 


b Car prices cannot go negative, so the relationship only 
holds for cars up to 9 years old. Cars older than this will 
still be worth a small amount. 

3 a,b,d 


80 
75 
70 
65 
60 
55 
50 
45 
40 
35 


Mean low temperature (°F) 


30 40 50 60 70 80 90 
Mean high temperature (°F) 


c Ottawa. The high and low temperatures are the wrong 
way round. 


Exercise 24D 


1a 44 b 65 
2 a i 65°F ii 78°F 
b i 45 degrees ii 17 degrees 
3 a 
E 
= 
20 25 30 35 40 45 50 55 60 65 70 75 
Temperature (°C) 
b i 41.5°C ii 63°C 
c 2.461 45m 


Review exercise 
1 


No. of unemployed 


Jan Feb Mar Apr MayJun Jul Aug Sep Oct Nov Dec 
Month 
b 65 
c August, because more people go to the seaside in the 
summer holidays. 


2 a,b 


Art mark 


0 
30 40 50 60 70 80 90 100 
Science mark 
c Negative correlation 
d The higher the science mark achieved by a student, the 
lower the art mark. 


3 ad 


Temperature (°C) 


0 2 4 6 8 10 12 14 16 18 20 
Height (100s metres) 
b Negative correlation 


c The greater the height above sea level, the lower the 
temperature. 


4 a,c 


Length (mm) 
©o wo co 
wo : wo N wo ow co 


wo 
Oo 
on 


wo 
Oo 


55 60 65 70 75 80 85 
Temperature (°C) 


b Positive. As temperature rises so does the length. 

d 0.14 

e For every rise of 10°C, the length increases by 
approximately 1.4mm. 

The higher the price, the fewer the number of cameras 
sold. 


5 a 


Answers 


8 ac 
70 
60 
= Ss 
o 50 cs 
an CJ 
g =) 
Pr o 
E 40 = 
S 
‘Ss 
S 30 
= 
=i 
ra 
an 160 170 180 190 200 
Height (cm) 
10 b Positive correlation 
c The taller the athlete, the greater his or her weight. 
0 Using the line of best fit above, 74.2 kg 
60 866506—C(iC70:ti‘HK SS 8CHt*«O 9 abc 
Price (£) 
: 80 
a Asacar gets older, its value decreases. 
b 70 
= 60 
2 50 
a = 40 
ry 7) 
= = 30 
tJ 
a 20 
c= 
@ 10 
=| 
> 0 
0 2 4 6 8 10 12 14 16 18 20 22 24 
Months taking drug 
c This is unlikely to be a genuine piece of data as the 
0 H > 3 H 5 5 weight loss is so high in only 6 months. 
Age in years d_ Positive correlation 
e The drug is effective as the longer that the drug was 
ce £2450 ; 
taken, the greater the weight loss. 
d 1.9 years ie : 
10 a Positive correlation 
a_ The larger the weight of a child, the greater its height. b The greater the amount of fertiliser used, the higher 
b k the crop yield. 
c 20200kg 
d 2.5kg per 80m? 
e No, because there will be a limit on how high the crop 
yield can be, regardless of how much fertiliser is used. 
11 a,b 
3500 
& » 3000 
= isJ 
& 2500 
2 ‘Ss 
= 2000 
2 
E 1500 
rad 
1000 
500 
0 
0 2 4 6 8 
Day 
= x 
Weight (kg) cYy-k 
c 155.5cm 


2am 


694 


Answers 


12 a For every 100 m rise in height above sea level there is 
1° drop in temperature. 
OR For every 1 m rise in height above sea level there is 
0.01° drop in temperature. 
b Atsea level the air temperature is 19°. 


Chapter 25 Answers 


25.1 Get Ready 


1 9 

Exercise 25A 

1 1 
Tal b g c 5 d 1 
1 I 

- 4 . 1 

2 a 3 bj c 49 d 64 
e 16 f 152 g 1 h 2 

a i Zz k 10000 1 125 

25.2 Get Ready 

1 a 1000 b 

2 10° 

3 23500 

Exercise 25B 

1 a7x 10° b 6x 102 ec 2x 103 
d 9x 108 e 8x 104 

2 a 600000 b 10000 ec 800000 
d 300000000 e 70 

3 a 43x 104 b 5.61 x 105 c 5.6 x 10! 
d 3.47 x 10! e 6x10! 

4 a 39600 b 68000000 c 8020 
d 57 e 9.23 

5 7X 109 

6 4x 104 

Exercise 25C 

1a 5x 1073 b 4x 10-2 e 7x 107% 
d 9x10"! e 8x 10-4 

2 a 0.00006 b 0.08 ce 0.0000005 
d 03 e 0.000000 01 

3 a 47x 1073 b 987X10-' e 8.034 x 10-4 
d 1.5 x 10-4 e 6.01 x 107! 

4 a 0.0000843 b 0.0201 ce 0.000000 42 
d 0.7854 e 0.00094 

5 a 457 x 10° b 23x 1073 ec 3x 10% 
d 2356108 e 782x10-' £ 89x 104 
g 2X 10? h 5261073 i 6.034 x 103 
j 8.73 x 10-6 

6 a 0.000412 b 3000 ce 20650000 
d 0.000 004 e 327000000 f 075 
g 156.23 h 0.000000512 i 270000 
j 0.612 

7 1X 10-'m 


8 6.25 xX 10-2mm 


Exercise 25D 


a 45x 10* b 98x 107! 

ce 34x 10! d 1.86 x 10% 
2a 9X 10? b 45 x 10¢ 

c 3.708 x 10-8 d 6x 107” 
3 a Instandard form 

b 8.9 x 108 e 132*10* d 

e 6x 10-4 f Instandard form 

g 4.005107 h 9.08 x 1078 

i In standard form j 

k 6.7 x 10! 1 4x 10° 


5.6 < 108 


4.6 x 105 


4 6290000, 6.3 x 108, 63.4 x 10°, 0.637 x 10? 
5 0.000033, 3.35 x 10-5, 0.034 x 10-2, 37 x 1074 


Exercise 25E 


1a 8x10" b 9x 108 c 
d 43x 10-5 e 25x 108 f 
2a 4x10" b 25x 1073 c 
d 49x 10-1 
3 a 3.6 x 108 b 3.2 x 108 c 
d 1x 10"4 
4 3.2 x 10°mm2 
Distance _ 1.5 x 108 
By Te Speed 3 X 10° 
= 500 seconds = 8 mins 20 secs 
6 160m 


Exercise 25F 


1 a 2.1 x 108 b 2.4 1075 c 
d 4416 10-3 e 2684 10° f 
g 9.6 x 10% h 984 10-7 j 

2 a 5.38 x 10! b 6.20 x 10% c 
d 6.20 x 10-6 

3 a 7.45 x 108 b 1.36 x 10'9 c 
d 3.28 x 10" 

4 a 6x10 b 1991075 ¢ 

5 1:30.1 

6 6.28 x 10% 

25.3 Get Ready 

1 10 2 2 3 

Exercise 25G 

1a 3 b 7 c 
d 2 e } 

2a 3 b 10 c 
d 5 e 5 

3a b i c 
d 2 e 3 

4a 9 b 100 c 
d 8 e 125 

Bai b sin c 
d ; © 2 f 

2 

§ 5 

6 an=-l b n=6 c 

5 — i 

d n=> e n= > 


1.2 107! 
1x 1074 
1.6 < 1018 


3.5 X 108 


= 5 X 10? seconds 


5.2 x 10° 

9.84 x 108 
9.6 x 1075 
5.38 < 1078 


4.24 x 105 


1.6 X 1075 


alo 


25.4 Get Ready 
1 1,4,9, 16, 25, 36, 49, 64, 81, 100 


2a 6 b 10 
3 V9, /64 
Exercise 25H 
1a 2 b 3 ec 5 d 4 
2 a 10/2 b 4/2 ce 2/5 d 2/7 
3 x= + /30 
4a 3+23 b 5+ 3v3 c 34+V75 
d -5+V77 e 7-4/3 f 27+ 10V2 
5 2/10cm 
6 a 12cm b 4cm? 
7 3+ 2/2cm 
Exercise 25I 
v2 v5 v10 
1a sy b 5 Cc a 
d /2 e as. 
2a1+v2 b -1+3/2 ¢ 14+2¥5 
d -1+4V3  e 14+2/7 
3 56 ome 
4ax=3+77 b x=-52V11 
5 a 15cm? b /22cm 
Review exercise 
Tal b } c | di 
2a b 1 cy d 1 
3 a3 b 3 ey d 8 
4a 3 b 10 ec 2 d 4 
1 i 1 1 
5 a 3 b 7 c 5 d z 
6 a 2 b 5 
7 a Mars b 14x 10°km 
ce Saturn d Neptune 
e Minimum distance from Earth to Mars = 
2.3 X 108 — 1.5 x 108 = 8 X 10’ km 
—_ 8x10) _ 
Speed = se og 9132 km/h 
8 a i79x 10? ii 3.5 x 1074 
b 5x 10? 
9 93x 108 
10 n=$ 
2 2 
_ 3 a 
Wa k=5 b m=16 c 
12 9.43 x 10! 
13 «=58x 10-4 
14 a 1x 1079 b 2x 108 
15 ax=-2 bx=-4 ¢ x=3 d x=- 
16 Using a? — 6? = (a + b\la — b) 
1 1 1 1 
+ + +... +—— 
v24+1 V34+V2 V4+v3 10 + /99 
_Vv2-1, v3-V2, v4-v3 , 4 10— v99 
2-1 ° 3-2 4-3 °* * 400-99 
=-1+10=9 


Answers 


Chapter 26 Answers 


26.1 Get Ready 


1aQ 
2a 196 


Exercise 26A 


1 720 cm? 
4 1125cm2 


Exercise 26B 


1a 18 
2 8cm 


26.2 Get Ready 


Tal 
2 a 15.625 


Exercise 26C 
1 270cm? 2 


Exercise 26D 


3cm 
a 18 
a 28 
1.95cm 
10cm 


oP WN «a 


26.3 Get Ready 
1 (2:9 2 


Exercise 26E 
1 1000 cm? 


4 444cm 
6 0.101 m2 


b 16 c 90 

b 625 c 384.16 

2 270cm? 3 12cm? 

b 15 

b 10 

b 1331 

135 cm? 3 1327cm® 4 2.25cm> 
b 

b 1.2 

4:5 3 1:6 4 1:1 
2 3.91cm3 3 2950 cm? 

5 a 292cm? b 208cm* 


Review exercise 


2.25cm 
1.456 cm 
100 cm? 

a 20cm 
a 320cm? 
a 8cm 
3800 cm? 

a 1:4 


OANA TAWNH A 


b 
b 
b 


b 


6cm 
7.5 cms 
96 cm? 


1:8 


a All the edges of a cube are the same length, so the 


ratio between the edges of two cubes is a constant. 


b 1:6.25 


c The edges of a cuboid can be in any ratio, so two 
cuboids may not have the same ratio between every 


pair of edges. 


10 a 11.9cm b 25.6cm? 


Pe A 


Answers 


Chapter 27 Answers 


27.1 Get Ready 


1 a 50p b 75p ce £1 
2 a 20seconds b 40 seconds 
c 80 seconds d 160 seconds 


d £1.25 


Exercise 27A 
lai iy 


02 4 6 8 10 * 
b Yes, the graph is a straight line through the origin 


b k=2.25 


R 


ii £5.40 
c 13cm? 


iii £7.20 


oO 
roo 

3 

Ss 


27.2 Get ready 


1a x=18 b x=72 c x=75 


Exercise 27B 
1 k=15 
2 k=07 
3 a Pxh,soP=kh 
When P = 40.5, h = 18, giving k = 
SoP=$h 
b 72 c 12 
4a V«c,soV=ke 
When V = 10, c = 0.04, giving k = 250 
So V= 250c 
b 0.036 amps 
a E=m 
66 cm? 


ol 


b 21mm ce 11259 


fo7) 


27.3 Get Ready 


1a V=kT b P=kT 


Exercise 27C 
1aiMc«n ii M=kn 


b ile ii L = kh? 
c iP«# ii P= ke 
d iQ«yy i Q=ky 
eiWx<vVx iiw=kix 
f iAxt ii A= = 
g ix, iH=% 
h i Ud, i U=% 

1 k 
i iBxss ii =e 
jivetL ii v= 
a N«@ b N=ke 
H= ke 


Q=keé 
Fis inversely proportional to the square of r 
T is proportional to the square root of J 


oOohwhd 


274 Get Ready 


1 a 225 b 512 c 1331 d 9 e 8 


Exercise 27D 
0.8 


a 11.25m 
2.51 mm 


was orn) 
a 
cm 
aa 
_ 


b 14.1m/s 


ONOOAWHN = 
s 
ow 


27.5 Get ready 


1 
la Por 
Exercise 27E 
1 45 
2a 25 b 6 
3 a 3.6 b 2.67 
4 2.67 m3 
5 a 384hertz b 0.96m 
6 a 3.27 b 6.32 
7 500 


8000 
a S= b 
£ 


Review exercise 
1 0.75 + 0.5 = 2.25 = 1.5 = 5.25 + 3.5 =6.75 
+45=90+60=1.5 
2 a 960 b 560 


3 a Txb b Ris directly proportional to a 
c P«m? d Zags 
e His inversely proportional to y 

4 a S=1.5p 
b 


on oO 


10 


11 


12 
13 


14 
15 


£70 125 
Yes, the pressure will be 6 bars. 
10.2 units 

4 3 an 


3 [4 5 
45 | 80 125 


1.73 seconds 


Radius (r mm) Resistance (R ohms) 
10 —- 500 | 
15 222.22 
| 125 el 163.27 
14.14 250 | 
X«Vh,soX=kV/h 


WhenX =3,h= 
SoX =0.75Vh 
3.75 c 64 


eel k 


aa Sa 


When T = 20, m = 50, giving k = 


so T = 10,2 
m 


16, giving k = 0.75 


100/2 


b 88.9g 

a A b C 
a 540 b 1.82 
a = 16 b 5.44 
51.6 


Answers 


16 a y=kz 1 
= ky2 = 
b u=kv v Te 
gat 
w 
a=kxe 
w 
uw = kP? 
ki is a constant so uw is a constant. 
Chapter 28 Answers 
28.1 Get Ready 
1 2 { 3 t 
K+“ a S| a oe: 
0 ; 1 0 a 1 0 ny 1 
2 
Exercise 28A 
2 4 1 
1a 7 b 7 c 7 
2a 8 b 2 c BR 
dy e % 
3 ai b 3 c 0 
1 1 1 
4a 2 b 2 c q 
: 2 e 3 
: nae 4 2 2 
6 a 3 b 3 c 3 d 3 
7a w bz oF 
d > 0 
8a z 
Left-handed Right- Total 
handed 
135 182 
119 180 
254 362 
b i = ii 4 iii x 
1 7 
9a is b ‘a 
10 0.3 
Exercise 28B 
Taiz ii} iii} b 1 a 4 
2a 
; (2,H) (3,H) (4,H) - (5,H) = (6,H) 
all (27) (37) (47) (57) (6.7) 
2 3 4 5 6 
Dice 
~ 4 4 weed 
b i a3 ii > ili § 
a8 Spinner A 
Spinner B 
3 2 
4 3 2 | 1 0 
b i; ii} iii 0 


x 


3 a 
150 
; 1} (1,1) (2,1) (3,1) (4,1) (5,1) (6,1) b No, red is almost three times as likely as orange. 
Spinner 2/12) 22) 82) 42) 62) (6.2) oe ee aie 
b Drop the drawing pin more times, because the greater 
(13) (23) (3,3) (43) (5,3) (6,3) the number of trials, the more accurate the estimated 
1 2 3 4 6 probability. 
Dice 5 3 because the greater the number of trials, the more 
200 b Hd 
bit iil iii 1 accurate the estimated probability. 
2 : 6 Students’ own work 
5a R} (RR) (Buk) (VR) (Ba,R) 
PoxB y| (RY) (Buy) (WY) (Bay) 28.4 Get Ready 
(R,Bu) (Bu,Bu) (Y,Bu) (Ba,Bu) 1 a 50 b 18 c 30 d 40.5 
Box A Exercise 28F 
bit ii 1 iti 3 1 50 
; 12 4 4 2 10 
6 5 3 30 
7 = b — = 
28.2 Get Ready 5 30 
P ‘ 6 No, the draw is random so he could be unlucky. 
Ta 04 b 0.65 c 5 3 7a 2 b 65 c 80 
: 8 The doctor's estimate is a bit high, as the results from the 
Exercise 28C 240 patients suggests a probability of 0.083. 
3 2 i 
1a 0 b = ez 
2 09 28.5 Get Ready 
3 a 0.5 b 05 c 0.65 0.7 1 2 2 3 
las b = cz d = 
3 3 1 
4a 5 b 3 ct 6 7 5 16 
4 4 
da e 3 fo Exercise 28G 
1 7 2 
5 a 2 b 8 ° 4 d 3 1 0.32 
6a 5 b> cs 2 ; 
dz ez 3 06 
7 035 4 a 0.65 b 0.85 c 0.5525 
8 The events are not mutually exclusive. The probability is x. Bai bi c 3 
d + e 
Exercise 28D . a 15 
4 ‘i 6 a a b WT c yl 
RQ 
25 28.6 Get Ready 
3 0.35 3 8 13 55 
4 0.25 Taj bs c 5 d 
Bad b 2 
13 13 i 
6 a i 0.65 ii 0.85 Exertise 28H 
b 0.35+0.15+05=1 1a BagA Bag B Outcomes 
7a bi c é 4 
8 a6 3 D : white ww 2 
3 white 
5 3 Ss 
28.3 Get Ready 7 blue wh as 
1a a b 3 c 8 3 
2 # q 13 > ; white bw a 
Exercise 28E ° blue eal 
6 
1 a 3 blue bb 3 
28 bit ii 2 iti & 


5 


2 a First pencil Second pencil Outcomes 
3 
10 HB HB, HB a 
10 7 2 
* notHB HB, not HB 700 
3 21 
L 10 HB not HB, HB or 
i not HB a 
4 notHB not HB, not HB a 
21 
b a 
3 a Ryan Ibrahim Outcomes 
2 3 
5 orange orange, orange 35 
3 vane 
2 2 red orange, red 4 
2 1 
5 5 orange red, orange z 
8 red a 
3 
2 red red, red 3 
- 3 «19 
b i ia 7 7 
4 ai06 ii 0.3 
b 1st lights 2nd lights Outcomes 
07 stopped stopped, 0.28 
stopped a. stopped 
a 03 Not stopped stopped, 0.12 
not stopped 
06 07 stopped not stopped, 0.42 
, not ee stopped 
stopped 0.3 not stopped notstopped, 0.18 
not stopped 
c i 0.28 ii 0.54 iii 0.82 
5 a SpinnerA Spinner B Outcomes 
0.45 6 6,6 0.135 
6 = 
0.3 0.55 not 6 6, not6 0.165 
0.45 6 not 6, 6 0.315 
0.7 
not 6 ao, 
0.55 not6 not6,not6 0.385 
b i 0.385 ii 0.48 iii 0.315 
5 
: 2 1 g 3 
7 48 i% b is C3 
51 7 
dias er 
8 a HHH HTH HHT HTT 
THH TTH THT TIT 
- 4 = 3 
b i 7 i 
9 0.243 
10 54 


28.7 Get Ready 


ol 
wl] 
ll 


Answers 


Exercise 281 


- 7 - we 7 
Tbig it 7 iii 4 
5 a 35 a 15 
2big ii gz iii = 
3 4 
: ae a : i 
4 315 
5 0.74 
6 0.1325 
2 2 
yajq 7 
1 1 13 
8a a 7 c 7 
37 
9 
10 0.7816 
Review exercise 
4 4 7 
1a it b it c Wr 
7 8 3 
di eq fo 
2 3 8 
2a % b 0 c ra 
d e 5 
7 
3 8 
1 1 uU 
4a ra b q c my 
5 a 970r98 b 7or8 c 30 
6 Roll the dice 100 times, recording the results. If the dice 
is fair, each number should occur approximately 17 times. 
If Amy wanted to be more confident in her results, she 
could roll the dice more times. 
7 90 
8 a If Megan bought all the tickets, she is definitely right. 
Otherwise, she could be right, but there is no way of 
knowing because the winning tickets are drawn at 
random. 
b The winning tickets are chosen at random, so she may 
just have been lucky. 
- ob (12 —b) 
9 aig ii b 3 
10 2 
110.5525 
12 a 96 
b The original set of marked rabbits came from 
throughout the warren. The marked rabbits spread 
throughout the warren after being returned. The dye 
did not come off any rabbits. 
5 
13 iq 
14 a Sarah Jim 
‘ Daffodil 
1 Daffodil a 
9 j : 
0 Hyacinth 
: ig_— Daffodil 
9 Hyacinth a, 
; ; 
i Hyacinth 
2 
b 5 
15 a No.Horse Cis more likely to win, because of the four 


possible outcomes, two are a head and tail, but two 
heads and two tails are each only one outcome. 


Goa 


Answers 


b No. Horse 7 is more likely to win, because of the 36 
possible outcomes from rolling two dice, a score of 7 
occurs more often than any other score. 

16 Number of possible selections of six numbers = 


40 X 39 x 38X37 X 36X35 op 
SXEX4x3x2xT ~~ 4 Million 


So P(choosing correct six numbers) = 1 in 4 million 


1 a MM — 
17 ()§=gi=21x 105 
18 2 
19 i 
1 5 13 
20 a ag b Tt c 3 


21 Students’ investigations 


Chapter 29 Answers 


29.1 Get Ready 


1 ABF, ABE, AEF, BEF, BCF BCG, BFG, CFG, CDG, CDH, CHG, 
DHG, ADE, ADH, AEH, DEH, ABC, ABD, ACD, BCD, EFG, EFH, 
EGH, FGH 


Exercise 29A 


1 a i894cm_ ii 13.6cm 
b i 58.4° ii 72.9° 

2 AG? = AC? + CG? = AB? + BC? + CG? 

3 No. The longest needle that could fit in the box is 14cm. 

4 5cm 

5 a i141cm_ ii 7.07cm 


iii 153cm iv 15.8cm 


b 13.2cm c 61.9° d 56.2° e 14.1cm 
f 70.5° 
29.2 Get Ready 


The diagrams could show the same pole viewed from different 
sides. 


Exercise 29B 


1 69.3° 
2 a i 51.3° ii 49.1° iii 38.7° b 90° 
3 a 470m b 171m c 985m d 848m 
4 a 156m 

b i 26.6° ii 36.9° iii 22.6° 
5 a 86.5cm b 63.9° 
6 a 


b i 45° ii 45° 
c 1692 cm 


29.3 Get Ready 


1 a (—u,v) 
2 a 0.5and0.5 


b (—u, —v) 
b 0.64 and —0.64 


c (u, —v) 


c sin 30° and sin 150° give the same answer. 
cos 50° and cos 130° give the same value, but opposite 
signs. 


Exercise 29C 


30, 150 b 84.3, 275.7 


2a 
3 a sin@®=1s00=195 
b @=19.5, 160.5, 379.5, 520.5 
4 a cos 6° = —0.3s0 6 = 107.5 
b 6@= —252.5, —107.5, 107.5, 252.5 
29.4 Get Ready 
1 a 30cm b 54cm? c 18.4cm? 
Exercise 29D 
1 a 21.9cm b 29.2cm? c 15.4cm? 
d 30.0m? 
2 16.8m 
3 33.3° 
4 a 11.4cm?2 b 11.4cm? 
c The answers are the same because sin 25° = sin 155°. 
5 a 45° b 12.7cm? ce 102cm? 
6 3.41 cm? 
29.5 Get Ready 
1 a 0.866 b 13.6 
Exercise 29E 
1 a 8.06cm b 7.19cm c 635cm 
d 9.01cm e 15.0cm 
f f=6.06cm,g = 11.4cm 
29.6 Get Ready 
1 35.2° 
Exercise 29F 
1 a 450° b 63.6° c 23.6° 
d d= 43.3°, e = 63.7° 
2 a 13.3cm b 39.3° c 154.7° 


Answers 


3 a 9.72cm b 9.89cm ce 37.9cm?2 Chapter 30 Answers 
4 a 66.0° b 7.63cm 
5 a i 42° ii 55° 
b 9.79km ce 11.9km d 6.55km 30.1 Get Ready 
1 18 2«4=1 3 y=(t+1/P 


29.7 Get Ready Exercise 30A 


1a il b 3 c 224 
2 3.82 1a 12 b 0 c 48 
d 1 e —4 f 8 

Exercise 29G 2 : oa b 28 c 96 
1 a 880cm b 12.6cm c 5.01cm 3a 8 b 2 

d 842cm e 15.3cm f 16.1cm 4ai-—4 ii —3 iii 0 b 4,-4 
= lait 5ails ii -12 ii -30 b 3,-4 

6 ai -3 ii —4 iii 10 b 0,4 c =1,5 

29.8 Get Ready 7 a 16 b x2-4 c (x—4) 
1 a 508° b 72.3° c 548° 8a -8 b 4(2e+1) © 12(x+1) 
Exercise 29H 30.2 Get Ready 
1 a 547° b 81.2° c 46.0° d 131.2° 1 (2,5) 2 (4,3) 3 (-1,3) 
2 103.6° % 
3 a 68° b 91.0m Exercise 30B 
4 a 224cm_ b 127.7° ce 161cm? 1a 
5 16.7km 
6 7.71 cm,11.9¢m 


29.9 Get Ready 


1 a cosinerule b sinerule 
c_ sine rule or cosine rule 


Exercise 291 


1 a 70.5°, 59.0°, 50.5° b 424cm? 
2 a 9.68cm b 42.9° c 17.7cm 
3 a 7.32cm b 6.65cm c 787° b 
4 a 676cm b 75° c 13.1cm d 19.9cm 
5 a 039° (or 321°) b 148° (or 212°) 
6 50° 
7 a 70° b 443m 
8 a 73.2° b 26.2m c 67.3° d 22.6° 
9 20.5km 
Review exercise 
1 13cm 
2 85.5° 
3 5.89cm 
4 a 9.11cm b 19.2° c 
5 18.3cm 
6 76.3° : 
7a v3 b v3 
oe anise 2 g 
8 42° and 318 
9 10.9cm2 4 
10 a 105.7° b 10.7 cm? 2 
MW 22.2° 
12 a 21.8cm b 66.4cm? 4644429) 2 4 6 4 
13. 11.1¢m ik 
14 a 41.4° b 17.8cm -* 


15 a 451cm b 37° 


op 


om 


e 
a 
a 
b 
a 
b 
c 


i (0,3) ii (1,0) 
y = f(x) +2 
(2, 2.5) 
i y=f(x)+2 i y=1+2 

y 
y = fle +2) (PO 
p=-1g=4 f iy=fle+2) iy=S, 
(3, 2) b (1,5) 
Translation by +3 units parallel to the y-axis. 
y=f(x)+3 c y=4e-—224+3 
Translation by +2 units parallel to the x-axis. 
y = f(x — 2) 
y= (x = 27 


7 a a=2,b=5 b Translation of (3 
c,d 


y=xr+4e+9 


8 Translation by (_3) 


30.3 Get Ready 
1 


= 


or NWF TDN ODO OO OD & 


Oo 


12 3 4 5 6 7 8 9 10 * 
The first triangle has been stretched by a factor of 2 parallel 
to the x-axis. 

2 y 


= 
Oo 


oOo fe NM WwW FP TO ODlUNSGS CO UO 


012 3 4 5 67 8 9 10 * 


The first triangle has been stretched by a factor of 3 parallel 
to the y-axis. 


Exercise 30C 


(2, 2) is mapped to the point (1, 2) 
2 YA y = 4f(x) 


b y= 4x? 
c Stretch of magnitude 4 parallel to the y-axis 
Stretch of magnitude 3 parallel to the x-axis 


b (0,4) is mapped to (0, 12). (—2, 0) is mapped to (—2, 0) 


a Ya 
4-4 


| 90 180 270 360 450 540 ~ 


-24 


Answers 


O! 90 180 270 360 450 540 * 


—275 
c 
O| 90 180 270 360 450 540 * 
~2 
6a 


b 1 solution 
7 a Stretch of magnitude 2 parallel to the x-axis. 
boy 
4 
0 
et 
-4 
= ¢(% = & fe 
= 1g=ip) Wees(a—4) 
8 a p=4qg=~-11 
b (0,5) 
ce Stretch parallel to the y-axis of magnitude 0.6. 


0.6 (x? — 8x + 5) 


Exercise 30D 
1a 


=> 


ANSWe&P's 


2a 30.4 Get Ready 


1 


yD wo Fa Oe 


48 47 46 45 44 43 42 
46 =5 +4 43 -2 qu x 


ba ' 


3 a,b 


704 


Answers 
Exercise 30E 4 
1a y 


(6) x 
b y=—(x? +3) 
2a y 


y = f(-2) 


3 a 

y= -f(-2) 10 

b =-1, =-2 =-2-% 

(r t ) c y 5 
Review exercise 6 
1 a6 b 11 c a=0 
2 f(x -—1)=(x -—1% + 3x -—1) =x? +4-2 

= (¥ + 2)(x% — 1) 
2 


ce x=1andx=2 
7 a (180,0) 


by 


706 


Answers 


8 


9 Translation by ie: 


10 a,b Stretch parallel to the y-axis of magnitude 4 
Stretch parallel to the x-axis of magnitude 0.5 
11 a p=2,g=12 
b (2, 12) 
c Stretch parallel to the y-axis of magnitude 2 
d y= 2f(x) 


Chapter 31 Answers 


31.1 Get Ready 


a 20° b 65° c 40° 


Exercise 31A 


a = 25° 
b = 33° 
c = 40° 


d = 19° (angles on a line, isosceles triangle in a circle) 

e = 60°, f = 40°, g = 100° (equilateral triangle, isosceles 
triangle in a circle) 

h = 54°, i = 126°, j = 27° (right-angled triangle, angles on a 
line, isosceles triangle in a circle) 


ao kRWN = 


=>) 


31.2 Get Ready 
1 a=33°,b =57°,c = 90° 


Exercise 31B 


1 a=50° 
3. ¢= 136° 
5 f=60° 


31.3 Get Ready 


1 a 28° b 49° c 57° 


Exercise 31C 


a = 83° 

b = 90°, c = 52° 

d = 64°, e = 38° 

f= 110°, g = 55° 

h = 30° 

i=72° 

jJ=49° 

The line drawn from the centre of a circle to the midpoint 
of a chord is perpendicular to that chord. 


NO oO BhWD = 


8 k=68° 
The angle at the centre of a circle is twice the angle at the 
circumference, both subtended by the same arc. 

9 [/=90° 
The angle in a semicircle is a right angle. 

10 a angle DAB = 65° 

The angle at the centre of a circle is twice the angle at the 
circumference, both subtended by the same arc. 
b reflex angle DOB = 230° 
Angles about a point add up to 360° 
ce angle BCD = 115° 
The angle at the centre of a circle is twice the angle at the 
circumference, both subtended by the same arc so reflex 
angle BOD is twice angle BCD. 


31.4 Get Ready 


1 a 93° b 94° c 46° 
Exercise 31D 

1 a=40° 

2 b=82° 

3 c= 38° 

4 d= 50°, e = 100°, f = 40° 

5 g=58° 

6 h=74° 

7 i=71° 


Angles in the same segment are equal so angle SOR = 31°, 
and angles in a triangle add up to 180°. 

8 j=35° 
Opposite angles of a cyclic quadrilateral add up to 180° and 
the base angles of an isosceles triangle are equal. 

9 k=57° 
The angle between a tangent and a chord is equal to the 
angle in the alternate segment and the angles on a straight 
line (or in a triangle) add up to 180°. 


Review exercise 


1 angle OAD = 90° (angle between tangent and radius) 
angle AOD = 180 — 90 — 36 = 54° (angle sumina 
triangle) 
angle ABC = 5 x 54 = 27° (angle at centre is twice angle 
at circumference) 

2 a i 140° 
ii The angle at the centre of a circle is twice the angle 

at the circumference, both subtended by the same 
arc. 

b i 110° 
ii The opposite angles of a cyclic quadrilateral add up 

to 180°. 

a = 134°, b = 42° 

d = 90°, e = 67°, f = 67° 

g = 33°, h = 33° 

0 = 51° (angles in the same segment are equal) 

p = 26° (angles in an isosceles triangle add up to 180°; 

angle between a tangent and a chord is equal to the angle 

in the alternate segment). 

7 s = 94° (angles on a straight line add up to 180°; opposite 
angles of a cyclic quadrilateral add up to 180°) 


Ooh WwW 


10 


11 


t = 52° (angle between a tangent and a radius is a right 
angle; angles in a triangle add up to 180°) 

u = 26° (angle at the centre of a circle is twice the angle 
at the circumference, both subtended by the same arc) 
angle CBT = angle CBA (BC bisects angle ABT) 

angle CBT = angle CAB (angle between tangent and 
chord is equal to angle in alternate segment) 

angle CBA = CAB 

So triangle CAB is isosceles and CA = CB 

angle PMA = t X 132 = 66° (angle at the centre is twice 
angle at circumference) 

angle MAT = 66° (alternate angles, PM parallel to AT) 
angle OAT = 90° (angle between tangent and radius) 
angle OAM = 90 — 66 = 24° 

OA = OM (radii), so triangle AOM is isosceles 

angle OMA = 24° (base angles of isosceles triangle) 

OR = OP (radii), so triangle ORP is isosceles 


angle OPR = me = 80° (angle sum of isosceles 
triangle) 

0Q = OP (radii), so triangle OOP is isosceles 

angle OPO = 180 ee = 40° (angle sum of isosceles 
triangle) 

So angle OPQ = ; X angle OPR and OP bisects angle OPR 


Chapter 32 Answers 


32.1 Get Ready 


Ta 
b 
c 


(x + 4)(x + 1) 
(x — 3)(x + 2) 
(2x + 1}(x + 3) 


Exercise 32A 


1a ee b ay c 1 d x 
zetil yttl ef22 a tf 
at Meee ae 
sane. bo? omer | ms 
oo ea Soe 
32.2 Get Ready 
1a 30 b 12x e xx+1) 
Exercise 32B 
Tax b 2x c ik d * 
e 2 f 2 
5 3x 
2a & b 3 c 2 d a 
Ta. Was 
3a met b sel Fe ; 


Answers 


+5 a a 
(x + 2)(x + 3) (x + 2)x + 1) 
4 
1 esa) 
Exercise 32C 
1 a i 2x+1) ii 6(x + 1) 
2 
b 6(x + 1) c 3x1) 
2 a 15x b (x + 2)(x + 3) 
e x(x — 1) d (x + 1)(x + 2) 
e 2(x — 3) f x(x+ 1) 
x 
_ 3x +4 
4 a (x —2)(x + 2) b te 5) 
es = 1 
5 a (2x — 1)(x — 1) b rae 
6 x-1 
2(x + 1)(x + 3) 
7 2x2 + 7x +4 
8x(x + 1) 
8 3x 
(3 — x\(3 + x) 
9 a i (x+4)(x +5) ii (x + 5)(x + 6) 
3x + 20 
(x + 4)(x + 5)(x + 6) 
4 
10 Wee + ee 3) 
32.3 Get Ready 
i x+3 
1aa b > c a4 
Exercise 32D - 
x 12 KY x(x — 3) 
xy 2x 6 a(x + 1) 
2a > b 9 c y d a 
5 sxy Qala + 2) 
3a Gg b 3 ce xy? d ix +12 
27 5x 1x 2x 
4a 1 b 3 Cc 2y? d Ras 
(x + 1) - x 
5 a 5 b (x + 2)(x — 1) c Paes) 
1 _ 3(x + 4) 
d 3 e 3(3x% — 1) f ae ae 
x-2 
6 a (x — 2)(x +2) b eee 
7 a i (x+1)(x+ 4) ii (x + 2)(x + 4) 
b (x + 2)(x + 3) 
(x + 1 
8 x+1 
32.4 Get Ready 
1 a even b_ either ce odd d_ either 
e either 


Exercise 32E 
1 (2n-—1)+2m=Amin)-1 


9 oD 


PASIOVYODS 


2 nt (n+ 1)+ (n+ 2)+ (n+ 3)] =Man +6) =2 +3 2a i(}) ii (55) iii (~§) 
3 n+(n+1)+(n+2)=3n4+3=3(n +1) 0 
4 a (2n—1)2m = mln —1)] b They add up to (9) 

b (2n — 1)(2m — 1) =4mn — 2m — 2n +1 3a 

= 2(2mn ~m—n)+1 oa 

e (2n)(2m) = 4mn = 2(2mn) B 
5 (m—n\(m+n)=m2—nm+mn—n2= m2 — nr? 
6 (n+ 4P — n2 =n? + 8n + 16 — n2 = 8n + 16 = Bln + 2) DB 


Review exercise 
1 n+(n+1)+(n+2)+(n+3)=4n+6 


A 
(n + 3)(n + 2) — n(n + 1) = (n? + 5n + 6) — (n? +n} 
=4n+6 9 
2a x b aul c x q 22%) ; (3) 
2 ie ; oan ce trapezium 
x = x x T length of AD is 3 times th 
e rare f Tas g eT) ara d ene ee lel and the length of AD is 3 times the 
3a i bp 8 pie Se 4a y 
2 6x (5x — 3)(5x + 3) 
2x +7 x+2 
* G+ Wer2 ° +P Q c 
fi fe dt A 
(x + 1)(x + 5) ; 
4 a2 b x c 2 d 2s" 
5 3 A é 
x~-1 2 ax +1 
Satter F 1 85 bm 0 : 
5 a (n+ i\n+2)+n(nt+1)=n2+3n+24+n2+n b i (4) ii je 
=2n?+4n+2 0 —3 
= 2(n? + 2n + 1) c i They are the same. 
= 2(n + 1/2 ii They are parallel with the same length, but in opposite 
b 2(n + 1)? is always even. directions. 
6 (2n+ 1? — (2n — 1)? = (4n? + 4n + 1) — (4n2 ~ 4n + 1) 5 aandc,bandh,dandg 


= on 
100 — (x2 — 16x + 64) _ 36 + 16x — 2? 
4 


= (2+ x)(18 — x) 33.2 Get Ready 


4 

8 a 4-2=26~-4=28-6=2.... 1a 25 b 9.43 

The difference between each pair of consecutive even 
numbers is 2. Therefore if the nth even number is 27, 


Exercise 33B 
the next even number must be 2n + 2. 


b 2n + (2n + 2)+ (2n + 4) = 6n + 6 = Gln + 1), which ta B b 13 e V10 d /74 
must be a multiple of 6 ; £ i f 4/5 
9 (3n + 1? — (382 — 1)? = (9n? + 6n + 1) — (Sn? — 6n + 1) . 
= 12n = 4 X 3n, which must be a multiple of 4 b length AC = y(7? + 24”) = 25, so AB = AC and the 
16(2x — 1) triangle is isosceles. 
10 x(x — 1) 3 rhombus 
Chapter 33 Answers 33.3 Get Ready 
yA 
33.1 Get Ready 4 IN 
1 (2,2) ? 
2 
Exercise 33A ‘ IN 
eae oe dg ep ibe ie Mike 
a ae Se oa 
A 


Translation by (3) 
C 


2708 


Answers 


Exercise 33C d 
1 
a 
b 
2a 
a+b 

2a(s) (3) © (4) # (5) © (3) 7 
3 (75) 
4a iia) ii (3) b They are the same. 

c i Aa ii (,8] d They are the same. aa (73) i 5) " (30) i ae) 

bid ii 10 


5 a EDis parallel to AB, in the same direction and has the 
same length. 
bint+m iint+m+p ec n+m c 


p 
» 


—-2 : 5 7 20 
( 5) oA (_4) Z 8) 
They are parallel and the length of RS is 4 times the 


length of PQ. 
33.4 Get Ready 5 (16,8) 


3 Ge b ie c (6) 6 aba b_ midpoint of OB 
7 a AB,EF and GH 
Exercise 33D b i 5p—3q ii 6m—14n 
1a b 8 a 2m b 2m+n cmt+x dx=m+tna 


33.5 Get Ready 
. ta(j) 6 (3) (4) 
Exercise 33E 


te i(s) Hf) 


b ABCisa straight line such that the length of AC is 3 
times the length of AB. 
b—a b i(b—a) c ia+b) 
ja +b) b at+b c j(a+b) 
They are the same point. 
The diagonals of a parallelogram bisect each other. 
trapezium b n=2m—k 
- =. 1 oe 1 . 1 
ib-—a_ ii 7b iii a+ 7b iv a+b 
—b v 3(b — a) 
b EF and AB are parallel. The length of EF is $ times the 
length of AB. 
6 a ii(mt+n)— ii m+n) iii {(3n — m) 
b 3n—-m 
ce MQand MR are parallel with the point M in common, so 
MQ and MR are part of the same straight line. 
MR _ 4 
MO 


Ww Nh 


iv) 
r~y 
o2oeom 2 ® 


a 


wits) 


AALSVVETS 


7 a 2b b 2a+b c 4a+ 2b = 2(2a + b) 
d Sis the midpoint of OT. 
e 30 


Review exercise 


1 
~3 

2 a (4,5) b [_ e 5 
3 a b-a | ) 

b AP = 3{b — a) 

OP = 0A + AP = a + Sb — a) = (2a + 3b) 

4 a 2a+b) 

b 7a+ 6b 
5 a nee) ii 5 

b ie e (-7,4) 
6 a 2(a+ 2c) 


b OM = 6c + 3a = 3{a + 2e) = 20P 
OP and OM are parallel with the point 0 in common, so 
OP and OM are part of the same straight line. 

7 aatb 

b FE=FC+CD+DE=a—-b+a+bh=2a 
So FE is parallel to CD. 

c 2a—5b 

d FX=4{2a— 1h) =8a—% 
CX = (8a ~ 2b) — (a — b) = Ya +b) 
CE=a+ b 
CX and CE are parallel with the point C in common, so 
CX and CE are part of the same straight line. 


8 a i 5p ii 2q iii 4p — q 
b 3p— 8q 

9 a p+q) 
b RS = —OR + OS = — 5p + Hp +q) = 4q 


So RS is parallel to 0Q. 
10 a 2a-— 2b 


b QR =—2a — 2h +6a = 4a — 2b 
XY = —{MN + MQ +10R = —1(2a — 2b) +a 
+ (4a — 2b) = 2a 
So XY is parallel to OR. 

11 aa+hb 

b AX = 2(a +b) 
DX = —AD + AX = —2b + 2la +b) = 2a 
So AB is parallel to DX. 
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2D shapes 116, 118-19, 121, 146, 158, 166, 300 
3D shapes 145, 158-166 


acceleration 244 
accuracy 52, 54, 94, 298, 410-11 
acute angle 565-566 
addition 29, 609, 623 
adjacent side 383-4, 393, 594 
algebra 15-16, 25, 52, 132-3, 141-2, 144, 280, 285, 546, 607, 615, 
625-8 
algebra graphs 280 
algebraic 
equation 215, 584, 586 
expressions 15-16, 17-20, 25-6, 132, 211, 219-20, 357, 364, 
366, 370, 418, 473, 607 
form 582-3, 586-7, 590 
formulae 364, 366, 370 
fractions 418, 432, 443, 607-614 
method 430, 432, 433, 438-9, 440, 443, 445 
proof 615-17 
terms 20 
Al-Khwarizmi 607 
alternate angles 61-2, 69, 78, 117, 389 
analyse problems 276 
angle calculations 61, 65, 71 
angle line 553 
angle of elevation 392 
angle plane 553 
angle properties 61, 63, 65, 71, 116, 503 
anticlockwise rotation 69, 300, 308-10, 322, 557 
approximation 411 
arcs 153, 195-200, 448-53, 468, 578, 593, 598, 604 
arc length 449-50, 452-3, 468 
area 145-157, 276-77, 448-455, 457, 459, 468, 504-06, 510, 512-4 
560-63, 566-7, 570-4, 576-8 
area scale 505-507, 511-12 
area scale factor 505-7, 512 
arithmetic 1, 8, 12, 24-6, 43, 151, 263 
arithmetic operations 1 
arithmetic sequence 25 
asymptotes 407, 414 
averages 173, 178-81,189, 278-9 
axis of symmetry 67 


bearings 68-70, 78, 298, 379, 388 

bias 83, 86, 92-3, 96-8, 101-3, 282 

BIDMAS 7, 11-12, 16-17, 25, 211, 213, 220, 368 
bisecting angles 198-9 

bisector 116, 197-201, 209-10 

bivariate data 474, 486 

box and whisker plots 347, 349 

box plots 346-9, 352-4 

brackets 7, 132-44, 211, 213 


calculator use 1 

Celsius 259 

centre of enlargement 313-14, 319 

change in position 620, 627 

circle 448-54, 468, 470-1, 593-606 

circle geometry 593, 601 

circle sectors 448 

circle theorems 298, 597, 601, 603, 605 

circumference 145, 153-5, 200, 452-3, 493, 521, 526, 593-4, 
598-9, 601-2, 604-6 

class interval 89-91, 101, 182-5, 188-9, 191, 282, 333-9, 341 

clockwise 69, 78, 300, 308-10, 318-20 

closed question 92, 101 

coefficients 214, 427, 429 

column vectors 301, 621-2, 628-30, 633-5 

common factor 2-3, 135-6, 139, 142-3, 264, 272, 432, 608, 616 

communication 292 

comparative bar chart 331 

compass 68, 197-200, 202, 209, 305, 309 

complex formulae 369 

composite bar charts 331-3, 349 

composite shape 458, 469 

compound interest 229-32, 235 

compound measures 105, 109-10, 112, 114 

conditional probability 543, 545-6 

cone 455-6, 458-60, 464-6, 468-70, 472, 509, 511, 513 

congruence 117, 130 

congruent triangles 116-18, 123, 128-30, 146-7, 195, 207, 301, 
304-5, 308, 319 

consecutive integers 615 

consecutive terms 22-6 

constructing angles 198 

constructing triangles 195 

construction 197, 209 

conversion 41, 108 

coordinate plane 435 

coordinates 239-43, 300, 304, 363 

correlation 473, 478-81, 486-9 

corresponding angles 61-2, 80, 124, 126-7, 129 

corresponding sides 124, 126-7, 129, 311, 315 

cosine 384-5, 393, 550, 557-8, 567-71, 574-5 

cosine rule 567, 575 

cube 5, 11, 158, 457, 460-62, 470, 498, 508-9, 513, 519-26, 556 

cube number 5, 11, 13 

cube root 5-8, 11-12, 457, 498, 520-22 

cubic functions 397, 403-5, 413 

cubic proportion 515, 521 

cuboid 158-9, 161-2, 168-9, 286-7, 412, 415, 458-9, 463, 467-8, 
506, 508, 510, 513, 551-3, 555, 574-6 

cumulative frequency graphs 282-3, 342-6, 348-9, 352 

curves 579, 581-2, 584-5, 587, 589-90, 592 

cylinder 59-60, 125, 164-5, 167, 448, 458-60, 462, 464-6, 469-70, 
472, 509-11, 553 
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data 
collection 83, 86, 89-92, 97, 101, 103, 291 
continuous 84-5, 89, 101, 183, 333-4, 349, 408 
discrete 84-5, 101, 174, 180, 188, 333-4, 347, 349 
display 282 
grouped 183-5, 188-9 
interpretation 83, 282, 328, 356 
logging 89, 101 
primary 84-5, 101 
processing 356 
qualitative 84, 101, 178 
quantitative 84-5, 101, 173, 174 
recording 83 
representation 328, 356 
secondary 84, 98-9, 101 
database 98-101 
decagon 75, 118 
decimal point 41, 43, 50, 56 
decimals 28, 41-45, 48-52, 57, 111, 213, 220, 223, 285, 293-4 
denominator 22, 29-30, 32, 34, 36-7, 41-3, 47-8, 51, 56, 59-60, 
215, 220, 223, 234, 432, 446, 499-503, 608-11, 613, 616—17 
density 105, 112-15, 171-2, 282-3, 338-41, 349, 354-6, 367 
depreciation 226, 231 
depression 67-8, 78, 388-9 
diameter 57, 59-60, 153~7, 164-6, 172, 287, 395, 433, 435, 451-3, 
457-8, 470, 472, 492, 494, 509-10, 514, 521, 593, 602 
difference 24—5 
dimensions 458, 466-7, 469, 510, 512, 551, 619, 630-3 
direct proportion 268-9, 491, 515-18, 525 
displacement 589, 620-1, 626-7, 633 
distance 365 
distance—time graphs 249, 254, 259 
distribution 186-7, 189, 279, 347, 349, 352-3 
division 2, 6-7, 12, 32-4, 47, 154, 156, 205, 248, 276, 368, 612 
dual bar 331, 350 


Einstein, Albert 364 

elevation 67-8, 78, 145, 159-61, 168-9, 388-9, 392, 395 
elimination 419, 442 

energy efficiency 294 

enlargement 124, 129, 205, 300, 311-23, 384, 587-8, 590 
equally likely outcomes 529, 546 

equation of a circle 436, 440, 443 

equations 211, 218-20, 249, 251, 410 

equidistant 201-2, 207 

equilateral triangles 63, 66, 122, 129, 155, 196, 199, 470, 577 
equivalent fractions 29-30, 36 

equivalent ratio 265, 272 

estimating 47, 56, 282 

evaluate 10, 16-17, 25, 369 

expand brackets 132 

experiment 89, 91, 101, 254, 406 

exponential functions 397, 408-9, 413 

expression 16, 25, 53, 211, 218 

exterior angle 63-6, 76-8, 82 

extrapolation 484, 486 


factorising 132, 135, 139, 141, 143, 369, 417, 424-5, 429, 432-3, 
439-40, 442, 607-9, 611-17 


factors 1-4, 11, 13-14, 56, 126, 135, 143, 311, 313, 315 
Fahrenheit 259 
formulae 17, 145, 211, 218-19, 276, 293-4, 296, 347, 357, 364-70, 
372, 518-19, 560, 571 
fraction problems 35 
fractional indices 490, 497 
fractional powers 20-1 
fractions 19, 28-37, 41-2, 51, 56-7, 211, 213, 215, 223, 267, 272, 
285, 497, 502, 536, 539, 541, 607-17 
frequency 
curve 283, 342 
density 338, 340, 356 
diagrams 333-5, 342, 349 
graphs 282, 342-6, 349, 352 
polygons 335-6, 349 
tables 180-3, 185, 188-91, 278, 334-7, 340, 342, 353, 355 
front elevation 159-60, 166 
function 590 
function notation 579-80 


geometric problems 619, 630-1, 633-4 
geometric proofs 619 

gradients 244-55, 258-60, 437, 475, 487, 489 
grid method 137-8, 143 

grouped frequency tables 334 


hemisphere 460, 465, 470 

heptagon 73 

hexagon 75, 76, 77, 80, 198, 200, 201, 626, 630, 636 
highest common factor (HCF) 2-4, 11, 14, 28, 135, 263 
histogram 283, 333-41, 349, 354-6 

hypotenuse 286, 374-6, 378-80, 383, 385-6, 388-9, 391 
hypothesis 84—5, 101 


identity 211, 218-20 
imperial units 105-8, 114, 293 
improper fraction 29-34, 37 
included angle 560-1, 565, 568 
independent events 539, 541, 546 
index 
laws 10, 15, 18-20, 25, 132 
notation 1, 10 
number 10, 12 
indices 1, 10, 12, 18, 21, 25-6, 490-91, 497, 502, 607 
inequalities 357-64, 366, 368, 370-3 
integers 5, 25, 37, 41, 51, 57, 211, 214, 357, 360-1, 363-4, 371-3, 
409, 412, 429, 434, 440, 443, 492, 499-503, 615-18 
interior angle 63, 65-6, 72-8, 82, 217 
interpolation 484, 486 
interpretation 274, 278 
interquartile range 173, 186-9, 192, 278-9, 328-30, 345~9, 352—3, 
355 
intersection 423, 438, 440, 442-3, 445 
inverse operation 8, 12, 232, 235 
inverse proportion 270-1, 515, 520-21, 523-7 
investigation 84-5 
isometric paper 158 
isosceles triangles 63, 67, 75, 79, 118, 122-3, 218, 380—1, 393, 
593-4, 596, 604, 623 


kite 67, 123, 153, 304 


latitudes 485 

law of indices 10, 12 

leading questions 97 

length 504, 506-12 

letter symbols 15-16, 25 

like terms 16, 18, 132, 134, 211, 217, 219, 357 

line diagrams 473 

line graphs 473-6, 486 

line of best fit, 473, 481-9 

line of symmetry 119-23, 129, 305, 319, 380, 398-400, 413-14 
line segment 197-8, 202, 210, 242-4, 257, 381-2, 393 

linear equations 211-17, 357, 359, 368, 370, 418, 425, 438, 439 
linear graphs 418 

linear inequalities 359, 361, 370 

linear scale factor 505-9, 511-12 

lines of symmetry 118-23, 407 

loci 194, 201-4, 208, 298, 418, 435~7, 443 

lower bound 52-6 

lower limit 360, 370 

lower quartile 186, 189, 328, 344, 347-9, 353 

lowest common multiple (LCM) 1-4, 11, 14, 28-9, 36, 215, 220 


magic square 38 

magnitude, 585, 588, 590, 620, 622-3, 625-7, 629, 633-4 

maps 61, 205, 207, 264, 296 

mass 112-14, 422, 497, 510, 519, 523, 525-7 

mean 10, 37, 93, 109, 145, 173-85, 187-92, 278-9 

measurement bias 97 

measurement systems 105 

median 173-5, 177-91, 278-9, 328-30, 334, 344-9, 351-3, 355 

metric units 27, 61, 105-7, 113-14, 293, 461 

mirror line 119, 128, 304-7, 319 

mixed numbers 28-9, 31-4, 36 

modal class 183-4, 188, 190, 334-7 

mode 173-82, 188~90, 328-30, 383-5 

multiples 1-3, 12 

multiplication 1, 5-7, 11-12, 17, 31, 43, 56, 133, 135, 142, 205-6, 
213, 215, 220, 274, 612 

multiplication tables 1 

multiplier 224-6, 230-5 

mutually exclusive outcomes 533-6, 541, 546 


negative 
correlation 479 
integers 1 
numbers 1,5 
powers 491 
Neptune 15 
net 145, 158, 167 
notation 15-16, 357-8 
nth term 15, 24-6 
number line 1, 357-61, 370-1 
number sequence 26 
numerator 29, 32, 34, 37, 423, 47-8, 51, 59-60, 608-11, 613, 
616-17 
numerical 
expressions 15 


Index 


fractions 608, 616 
observations 84, 101 
scale 93 


observation 87-92, 101 

obtuse angle 568, 570 

octagon 75-7, 201, 562 

open question 92, 101 

opposite side 383-4, 393 

order of operations 7, 16 

origin 253, 316, 318, 435-6, 447, 516-7, 525, 589, 634 
outcomes 529, 531-6, 538-9, 541-6, 548 


parabola 397-8, 413, 418 

parallel lines 61-2, 64, 66, 71, 78, 126-7, 201, 203, 251-2, 258, 
504 

parallel sides 123, 149, 166, 171, 393 

parallel vectors 626 

parallelogram 65-6, 72, 78, 123-4, 130, 146-50, 155-6, 166, 534, 
571, 578, 620, 622, 624, 632-5 

patterns 15, 22, 191, 304 

pentagon 77, 118, 124, 150, 258 

percentages 55, 222-234, 235-7, 296, 333, 344 

perimeter 17, 37, 55, 145-6, 150-2, 155, 166, 218, 220, 240, 262, 
277, 311-13, 367, 372, 448-53, 471, 500 

perpendicular lines 61, 116, 129, 146-7, 197-8, 202-3, 207, 210, 
251-3, 258, 260, 305, 380, 387, 390, 435, 554, 567, 576-7 

pie charts 291, 325-8, 349-51, 531, 535 

pixels 293 

plan 159-60, 166 

plotting points 239, 241, 257 

polygons 62, 64-5, 68, 70, 72-9, 81-2, 116, 122-3, 305, 335-8, 
349, 351, 353 

position-to-term definitions 15, 22-3, 25 

position vectors 627 

positive correlation 479 

positive numbers 1, 53 

powers 7-8, 10, 12, 15, 20-1 

prediction 15, 483-5 

price comparisons 280 

prime factor 2, 11, 41-2 

prime numbers 1, 2, 4, 14, 144 

prism 158, 162-4, 168-9, 171, 462-3, 466, 469-70, 508, 510-110, 
513, 577 

probability 284-5, 528-9, 531, 533, 539, 541, 546 

probability tree diagram 541, 545-6 

projection 554 

proportion 87, 97, 124, 126, 263, 266-73, 325, 351, 477, 515-16, 
517, 519-20, 522, 525 

protractor 196, 198 

pyramid 116, 286, 455-6, 458-9, 468, 472, 553-6, 573, 578 

Pythagoras’ Theorem 286, 298, 374-80, 382-3, 386, 388, 390-3, 
396, 465, 550-2, 554-6, 564, 566-8, 570, 575-6, 597-9, 
601-3, 619 


quadrants 300, 558, 574 
quadratic 
curve 426, 438, 443 


ye 


rar} 


equations 397-8, 413, 418, 424, 428-33, 438-44, 446 
expressions 139, 141, 418, 428, 443, 607 
formula 430-31, 440, 441, 443 
functions 398-9, 401, 413, 418 
graph 398, 413, 418 
quadrilateral angle properties 63, 65 
quadrilaterals 63-7, 71-2, 78, 117, 122-3, 152, 196, 208, 217, 220, 
512, 566, 571, 601-2, 604, 621, 623, 625, 631-2, 635 
quantum mechanics 615 
quartile range 173, 186-7, 189, 328-9, 344-9 
questionnaire 92-4, 97-8, 101-3, 291 


radius 20, 145, 153-7, 164-7, 170-2, 195, 197~201, 203, 283, 326, 
383, 392, 449, 451-3, 455-8, 460, 462, 464-5, 468-72, 594, 
596, 598-9, 604 

random sample 85-7, 101, 104 

range 173, 188-9, 278, 346 

rate 114 

ratio 124, 263-8, 272, 384, 391, 393, 504-5, 508, 510, 512-4, 550, 
557, 559 

ratio problems 265 

rationalise 499-503 

real-life situations 116, 254 

reciprocal 9, 12, 21, 34, 252, 258, 397, 406-7, 413, 491, 520, 565, 
613, 617 

recurring decimal 41-2, 51-2, 56 

reflection symmetry 119, 128 

reflections 119, 128, 300, 304-7, 316, 318-19 

reflective symmetry 323-4 

region 203, 208, 362 

resolution 293 

resultant 624, 634 

reverse percentages 232-4 

rhombus 74, 122, 196 

right-angled triangles 63, 123, 245, 286, 312, 374-5, 379-85, 
387-8, 390-1, 393-4, 435, 501, 550-1, 554, 557, 560, 568, 
622 

rotational symmetry 116, 118-23, 128-9 

rotations 300, 308-10, 316, 318-19, 418, 557, 589-90 

rounding 45, 47-8, 56 

rule 22, 25 


sample 101 

sample space diagram 529, 531—2, 546-7 

sample survey 85-6 

sampling 83, 85, 87, 97, 282 

sampling error 97 

sampling methods 83 

scalar 619, 626-7, 630, 634 

scale drawings 117, 158, 205, 207-8, 264, 296, 298, 300, 505 
scale factor 205, 311-17, 319-22, 384, 506-13, 587-8, 590 
scalene triangles 63 

scatter diagram 477-9, 481-7, 489 

scatter graphs 473, 477-89 

scientific calculator 8, 12, 383 

sector 593 

segment 449, 550, 560-1, 563, 578, 593, 601—4, 622, 633 
semicircles 145, 153, 157, 202, 451-3 

sequence 22, 25 


sequence of numbers 23-5 

side elevation 159-60, 166 

similar shapes 116, 123, 125, 407-8, 504-12, 514 

simple equations 211-12 

simultaneous equations 418-24, 438-46 

sine 383-5, 393, 550, 557~8, 560-6, 571, 574-5 

sine rule 563, 575 

special quadrilaterals 122 

special triangles 122 

speed 105, 110, 244, 254, 257-8, 365, 435 

sphere 457-8, 464-5, 468-72, 509, 527 

square 5 

square number 5-6, 11, 13-14, 23 

square proportionality 515, 521 

Square root 5-8 11-12, 21, 156, 369, 374, 425, 429-30, 498-9, 502, 
505, 507, 519-21, 524-7, 568 

standard form 490-98, 501, 503, 545 

statement of proportionality 518-26 

statistical problem-solving 83-4, 101 

Statistics 84, 92, 101, 328, 349, 485, 546 

stem and leaf diagram 328-30, 349, 351 

straight-line graphs 239, 241, 249, 397 

strata 87~—8, 101, 282 

Stratified sample 87-8, 101, 282 

stratum 87, 101 

substitution 15, 17, 218-20, 357, 419, 442, 609 

subtraction 7, 12, 16, 25, 29, 43, 56, 378 

surds 429, 490-91, 493-4, 497, 499-503, 622-3 

surface area 448, 462-5, 467-70, 506-7, 511-13, 527 

survey 89-90, 96, 100-1, 103, 190, 192, 279, 282, 328, 353 

symmetry 75, 116, 118-23, 129-30 


table of values 241, 398-400, 403-5, 407-10, 414-15 

tally 89-91 

tangent 153, 384-5, 392-3, 593, 595-6, 604 

temperatures 84, 100, 175, 248, 358 

term 15-6, 25 

terminating decimal 41-2, 56 

term-to-term definitions 15, 22-3, 25 

tessellation 116, 118 

tetrahedrons 508, 576 

three dimensions 448, 466-7, 469, 550-1 

time 365 

time intervals 288 

total interest 230 

transformation 300, 302, 306-7, 309-10, 312-24, 579, 582, 584—6, 
588, 590, 592 

transforming shapes 304—9 

translations 300-4, 316-19, 558, 581-2, 584, 590-1, 621, 623 

trapezium 67, 123, 146-50, 166, 171-2, 276~7, 305, 309-10, 393, 
443, 636 

tree diagrams 541-2, 544-5, 548 

trend 481, 486 

trial and improvement 280, 410-15 

trials 536, 538, 546 

triangle angle properties 63, 65 

triangle law 624-5, 627-33 

triangles 116 


trigonometry 286, 298, 374, 376, 378, 380-93, 396, 550-3, 557-8, 
571-3, 575-6 
two-way tables 94-6, 101, 103 


unitary form 264, 272 

unitary method 268, 272 
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